UNIT-I

POWER SYSTEM NETWORK MATRICES

[CONTENTS: Definitions of important terms, Incidence matrices: Element node incidence
matrix and Bus incidence matrix, Primitive networks and matrices, Performance of
primitive networks, Frames of reference, Singular transformation analysis, Formation of
bus admittance matrix, examples]

INTRODUCTION

The solution of a given linear network problem requires the formation of a set of equations
describing the response of the network. The mathematical model so derived, must describe the
characteristics of the individual network components, as well as the relationship which governs
the interconnection of the individual components. In the bus frame of reference the variables are
the node voltages and node currents.

The independent variables in any reference frame can be either currents or voltages.
Correspondingly, the coefficient matrix relating the dependent variables and the independent
variables will be either an impedance or admittance matrix. The formulation of the appropriate
relationships between the independent and dependent variables is an integral part of a digital
computer program for the solution of power system problems. The formulation of the network
equations in different frames of reference requires the knowledge of graph theory. Elementary
graph theory concepts are presented here, followed by development of network equations in the
bus frame of reference.

ELEMENTARY LINEAR GRAPH THEORY: IMPORTANT TERMS

The geometrical interconnection of the various branches of a network is called the topology of the
network. The connection of the network topology, shown by replacing all its elements by lines is
called a graph. A linear graph consists of a set of objects called nodes and another set called
elements such that each element is identified with an ordered pair of nodes. An element is defined as
any line segment of the graph respective of the characteristics of the components involved. A graph

in which a




direction is assigned to each element is called an oriented graph or a directed graph.
It is to be noted that the directions of currents in various elements are arbitrarily
assigned and the network equations are derived, consistent with the assigned
directions. Elements are indicated by numbers and the nodes by encircled numbers.
The ground node is taken as the reference node. In electric networks the convention
is to use associated directions for the voltage drops. This means the voltage drop in a
branch is taken to be in the direction of the current through the branch. Hence, we
need not mark the voltage polarities in the oriented graph.

Connected Graph : This is a graph where at least one path (disregarding
orientation) exists between any two nodes of the graph. A representative power

system and its oriented graph are as shown in Fig 1, with:

e = number of elements = 6 | = number of links = e-b = 3
n = number of nodes = 4 Tree = T(1,2,3) and
b = number of branches =n-1=3 Co-tree = T(4,5,6)

Sub-graph : sG is a sub-graph of G if the following conditions are satisfied:

e sGisitself a graph

e Every node of sG is also a node of G

e Every branch of sG is a branch of G
For eg., sG(1,2,3), sG(1,4,6), sG(2), sG(4,5,6), sG(3,4),.. are all valid sub-graphs of
the oriented graph of Fig.1c.

Loop : A sub-graph L of a graph G is a loop if
e L isaconnected sub-graph of G
e Precisely two and not more/less than two branches are incident on eachnode
inL
In Fig 1c, the set{1,2,4} forms a loop, while the set{1,2,3,4,5} is not a valid, although
the set(1,3,4,5) is a valid loop. The KVL (Kirchhoff’s Voltage Law) for the loop is
stated as follows: In any lumped network, the algebraic sum of the branch voltages

around any of the loops is zero.
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Fig 1a. Single line diagram of a power system

Fig 1c. Oriented Graph




Cutset : It is a set of branches of a connected graph G which satisfies the following
conditions :

e The removal of all branches of the cutset causes the remaining graph to have
two separate unconnected sub-graphs.

e The removal of all but one of the branches of the set, leaves the remaining
graph connected.

Referring to Fig 1c, the set {3,5,6} constitutes a cutset since removal of them isolates
node 3 from rest of the network, thus dividing the graph into two unconnected sub-
graphs. However, the set(2,4,6) is not a valid cutset! The KCL (Kirchhoff’s Current
Law) for the cutset is stated as follows: In any lumped network, the algebraic sum of

all the branch currents traversing through the given cutset branches is zero.

Tree: It is a connected sub-graph containing all the nodes of the graph G, but
without any closed paths (loops). There is one and only one path between every pair
of nodes in a tree. The elements of the tree are called twigs or branches. In a graph
with n nodes,

The number of branches: b =n-1 (¢D)
For the graph of Fig 1c, some of the possible trees could be T(1,2,3), T(1,4,6),
T(2,4,5), T(2,5,6), etc.

Co-Tree : The set of branches of the original graph G, not included in the tree is
called the co-tree. The co-tree could be connected or non-connected, closed or open.
The branches of the co-tree are called links. By convention, the tree elements are
shown as solid lines while the co-tree elements are shown by dotted lines as shown
in Fig.1c for tree T(1,2,3). With e as the total number of elements,

The number of links: I=e—-b=e-n+1 ¥
For the graph of Fig 1c, the co-tree graphs corresponding to the various tree graphs
are as shown in the table below:
Tree T(1,2,3) [T(1,4,6) |T(24,5) | (2,5,6)
Co-Tree | T(4,5,6) [T(2,3,5) |T(1,3,6) |(1,3.4)




Basic loops: When a link is added to a tree it forms a closed path or a loop. Addition
of each subsequent link forms the corresponding loop. A loop containing only one
link and remaining branches is called a basic loop or a fundamental loop. These
loops are defined for a particular tree. Since each link is associated with a basic
loop, the number of basic loops is equal to the number of links.

Basic cut-sets: Cut-sets which contain only one branch and remaining links are
called basic cutsets or fundamental cut-sets. The basic cut-sets are defined for a
particular tree. Since each branch is associated with a basic cut-set, the number of

basic cut-sets is equal to the number of branches.

Examples on Basics of LG Theory:
Example-1: Obtain the oriented graph for the system shown in Fig. E1. Select any

four possible trees. For a selected tree show the basic loops and basic cut-sets.

P

Fig. E1b. Oriented Graph of Fig. Ela.




For the system given, the oriented graph is as shown in figure E1b. some of the valid
Tree graphs could be T(1,2,3,4), T(3,4,8,9), T(1,2,5,6), T(4,5,6,7), etc. The basic
cut-sets (A,B,C,D) and basic loops (E,F,G,H,I) corresponding to the oriented graph
of Fig.Ela and tree, T(1,2,3,4) are as shown in Figure E1c and Fig.E1d respectively.

Fig. E1d. Basic Loops of Fig. Ela.




INCIDENCE MATRICES N

Element—node incidence matrix:
A

The incidence of branches to nodes in a connected graph is given by the element-node

A A

incidence matrix, A. Anelement aij of A is defined as under:
aij = 1 if the branch-i is incident to and oriented away from the node-j.

= -1 if the branch-i is incident to and oriented towards the node-j.
= 0 if the branch-i is not at all incident on the node-j.

~

Thus the dimension of A is e x n, where e is the number of elements and n is the
number of nodes in the network. For example, consider again the sample system

with its oriented graph as in fig. 1c. the corresponding element-node incidence

matrix, is obtained as under:

Nodes 0 1 5 3
Elements

1 1 -1

2 1 -1
— 3 1 -1
=

4 1 -1

5 1 -1

6 1 -1

It is to be noted that the first column and first row are not part of the actual matrix and
they only indicate the element number node number respectively as shown. Further, the

sum of every row is found to be equal to zero always. Hence, the rank of the

matrix is less than n. Thus in general, the matrix A satisfies the identity:

n

2 ajj =0 Vi=L2,....e. )




Bus incidence matrix: A

By selecting any one of the nodes of the connected graph as the reference node, the

corresponding column is deleted from A to obtain the bus incidence matrix, A. The
dimensions of A are e x (n-1) and the rank is n-1. In the above example, selecting
node-0 as reference node, the matrix A is obtained by deleting the column
corresponding to node-0, as under:

Buses 1 9 3
Elements
1 -1
- A

2 -1 b | Branches
A: 3 . _1 =

4 1 -1 _

5 1 -1 Wl Links

6 1 -1

It may be observed that for a selected tree, say, T(1,2,3), the bus incidence matrix
can be so arranged that the branch elements occupy the top portion of the A-matrix
followed by the link elements. Then, the matrix-A can be partitioned into twosub

matrices Ap and Aj as shown, where,

(i) Ap is of dimension (bxb) corresponding to the branches and
(i) Aris of dimension (Ixb) corresponding to links.

A is a rectangular matrix, hence it is singular. Ap is a non-singular square matrix of
dimension-b. Since A gives the incidence of various elements on the nodes with

their direction of incidence, the KCL for the nodes can be written as

AT =0 (4)

T. . .
where A" is the transpose of matrix Aand i is the vector of branch currents. Similarly

for the branch voltages we can write,

v=A Ebus (5)




Examples on Bus Incidence Matrix:
Example-2: For the sample network-oriented graph shown in Fig. E2, by selecting a

tree, T(1,2,3,4), obtain the incidence matrices A and A Also show the partitioned
form of the matrix-A.

Fig. E2. Sample Network-Oriented Graph

nodes
[e\n 01 2 3 4]
11 1-10 0 ol
|2 1 0 -1 0 O]
. 3 1o 0o o
A=Elements |4 0 0 0 -1 1]
| 5 00 1 -10]
l6 01 -1 0 0]
/7 00 1 0 -1
L
buses
[e\b 1 2 3 4}
1 -1 0 0 O©
' 2 0 -1 0 ©
| 3 0 0 0 -
|
A=Element5\ 4 0 0 -1 1|‘
| 5 0 1 -1 0]
|| 6 1 -1 0 ol
| 7 0 1 0 -1
| ]




Corresponding to the Tree, T(1,2,3,4), matrix-A can be partitioned into two sub-

matrices as under:
buses
l b\b1l 2 3
| 1 -1 0 0 0]
Ap=branches| 2 0 -1 0
3 0 o0 o

|
|
L4 0 0 -11

buses
P\b 12 3 4]
5 01 -1 0|
Al=links] 6 1-1 0 o~
7 01 O 71|
L ]

Example-3: For the sample-system shown in Fig. E3, obtain an oriented graph. By

selecting a tree, T(1,2,3,4), obtain the incidence matrices A and A Also show the
partitioned form of the matrix-A.

&4

Fig. E3a. Sample Example network

Consider the oriented graph of the given system as shown in figure E3b, below.




Fig. E3b. Oriented Graph of system of Fig-E3a.

Corresponding to the oriented graph above and a Tree, T(1,2,3,4), the incidence

matrices Aand A can be obtained as follows:

T [ 1T 11-1

R 21 1[I 2 -1

., 3T T A= 3 -1
/o T 4 -1
T 1T 5 I[1
6 _l l 6 'l 1
7 T 7 [ 1[-1
5 T T 8 -1 1
9 _1 1 9 '1 1

Corresponding to the Tree, T(1,2,3,4), matrix-A can be partitioned into two sub-

matrices as under:

elb| 1| 2| 3] 4 eb |1 (2| 34
1] -1 5 1 -1
Ap=| 2 -1 Al=| 6 1] 1
3 -1 7T 111]-1
4 -1 38 -1 1
g |-1 1




PRIMITIVE NETWORKS

So far, the matrices of the interconnected network have been defined. These
matrices contain complete information about the network connectivity, the
orientation of current, the loops and cutsets. However, these matrices contain no
information on the nature of the elements which form the interconnected network.
The complete behaviour of the network can be obtained from the knowledge of the
behaviour of the individual elements which make the network, along with the
incidence matrices. An element in an electrical network is completely characterized
by the relationship between the current through the element and the voltage across it.

General representation of a network element: In general, a network element may

contain active or passive components. Figure 2 represents the alternative impedance

and admittance forms of representation of a general network component.

Epp r'y Ep p

Vpg = Ep - Eq pq

Fig.2 Representation of a primitive network element

(a) Impedance form (b) Admittance form




The network performance can be represented by using either the impedance or the
admittance form of representation. With respect to the element, p-q, let,
Vpq = voltage across the element p-g,

epq = source voltage in series with the element p-
0, ipg= current through the element p-q,

Jpg= source current in shunt with the element p-
d, zpq= self impedance of the element p-g and
ypg= self admittance of the element p-g.

Performance equation: Each element p-q has two variables, vpgq and ipg. The
performance of the given element p-g can be expressed by the performance
equations as under:

Vpq + €pq = Zpgipg (in its impedance form)

ing + joa = YpaVpq (in its admittance form) (6)

Thus the parallel source current jpg in admittance form can be related to the series
source voltage, epq in impedance form as per the identity:

Jpa= - Ypa €pq (7)

A set of non-connected elements of a given system is defined as a primitive Network
and an element in it is a fundamental element that is not connected to any other element.
In the equations above, if the variables and parameters are replaced by the
corresponding vectors and matrices, referring to the complete set of elements present in
a given system, then, we get the performance equations of the primitive network in
the form as under:

v+e=[z]i

i+tj=[ylv (8)

Primitive network matrices:
A diagonal element in the matrices, [z] or [y] is the self impedance zpg-pq or self
admittance, ypg-pg. An off-diagonal element is the mutual impedance, zpg-rs or mutual

admittance, ypg-rs, the value present as a mutual coupling between the elements p-q and
r-s. The primitive network admittance matrix, [y] can be obtained also by




inverting the primitive impedance matrix, [z]. Further, if there are no mutually
coupled elements in the given system, then both the matrices, [z] and [y] are
diagonal. In such cases, the self impedances are just equal to the reciprocal of the
corresponding values of self admittances, and vice-versa.

Examples on Primitive Networks:

Example-4: Given that the self impedances of the elements of a network referred by
the bus incidence matrix given below are equal to: Z1=72=0.2, Z3=0.25, Z4=75=0.1

and Ze=0.4 units, draw the corresponding oriented graph, and find the primitive
network matrices. Neglect mutual values between the elements.

1| o
0 -1

A=| 0 0 -1
1 -1 0
0 1 -1
1 0 -1

Solution:
The element node incidence matrix, A can be obtained from the given A matrix, by
pre-augmenting to it an extra column corresponding to the reference node, as under.

1 -1 0
1 -1
1 0 -1




Based on the conventional definitions of the elements of A , the oriented graph can
be formed as under:

Fig. E4 Oriented Graph

Thus the primitive network matrices are square, symmetric and diagonal matrices of
order e=no. of elements = 6. They are obtained as follows.

02| o0 0 0 0 0

0 | 02 0 0 0 0

1= 0 0 | 025 0 0 0
0 0 0 0.1 0 0

0 0 0 0.1 0
0 0 0 0 0 0.4

And

50 | 0 0 0 0

0 | 50 0 0 0

VI=| o 0 4.0 0 0 0
0 0 0 10 0 0

0 0 0 10 0
0 0 0 0 0 25




Example-5: Consider three passive elements whose data is given in Table E5 below.

Form the primitive network impedance matrix.

Table E5
Self impedance (zpg-pq) Mutual impedance, (zpg-rs)
Element
number Bus-code, Impedance in Bus-code, Impedance in
(p-a) p.u. (r-s) p.u.
1 1-2 j0.452
2 2-3 j0.387 1-2 j 0.165
3 1-3 j0.619 1-2 j0.234
Solution:
1-2 2-3 1-3
1-2 j 0.452 | j 0.165 | j 0.234
2-3
[z] = j 0.165 | j 0.387 0
1-3j 0.234 0 ] 0.619
Note:

e Thesize of [z] is e x e, where e= number of elements,

e The diagonal elements are the self impedances of the elements

e The off-diagonal elements are mutual impedances between the corresponding

elements.

e Matrices [z] and [y] are inter-invertible.




FORMATION OF Ygus AND Zpus

The bus admittance matrix, YBuUS plays a very important role in computer aided power
system analysis. It can be formed in practice by either of the methods as under:

1. Rule of Inspection

2. Singular Transformation

3. Non-Singular Transformation
4. Zpus Building Algorithms, etc.

The performance equations of a given power system can be considered in three
different frames of reference as discussed below:

Frames of Reference:

Bus Frame of Reference: There are b independent equations (b = no. of buses)
relating the bus vectors of currents and voltages through the bus impedance matrix
and bus admittance matrix:

Esus = Zsus Isus
Isus = YBus EBus 9)

Branch Frame of Reference: There are b independent equations (b = no. of branches
of a selected Tree sub-graph of the system Graph) relating the branch vectors of
currents and voltages through the branch impedance matrix and branch admittance
matrix:

Esr= ZBr IBR
Isr = Y8R EBR (20)

Loop Frame of Reference: There are b independent equations (b = no. of branches of a
selected Tree sub-graph of the system Graph) relating the branch vectors of currents and
voltages through the branch impedance matrix and branch admittance matrix:

ELoor = ZLoor lLoor
ILoor = YLoor ELooP (12)

Of the various network matrices refered above, the bus admittance matrix (Y BuS)

and the bus impedance matrix (Zus) are determined for a given power system by
the rule of inspection as explained next.

Rule of Inspection

Consider the 3-node admittance network as shown in figure5. Using the basic branch
relation: I = (YV), for all the elemental currents and applying Kirchhoff’s Current
Law principle at the nodal points, we get the relations as under:

Atnode 1: 11 =Y1V1+ Y3 (V1-V3)+Ys (V1 V2)
Atnode 2: 12 =Y2V2 + Y5 (V2-V3)+Ys (V2 — V1)

At node 3: 0 = Y3 (V3-V1) + YaV3 + Y5 (V3—V2) (12)
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Fig. 3 Example System for finding YBuUS

These are the performance equations of the given network in admittance form and
they can be represented in matrix form as:

I1 | =[(Y1+Y3+Ye)-Y6 -Y3 Vi
b | = Y6 (Y2+Y5+Ys) -Ys5 V2
0| = -Y3 -Ys  (Y3+Ya+Ys)| | Vs (13)

In other words, the relation of equation (9) can be represented in the form
Isus = Ysus Esus (14)

Where, YBUS is the bus admittance matrix, IBus & EBus are the bus current and bus
voltage vectors respectively.

By observing the elements of the bus admittance matrix, YBus of equation (13), it is
observed that the matrix elements can as well be obtained by a simple inspection of
the given system diagram:
Diagonal elements: A diagonal element (Yii) of the bus admittance matrix,
YBUS, is equal to the sum total of the admittance values of all the elements
incident at the bus/node i,
Off Diagonal elements: An off-diagonal element (Yij) of the bus admittance

matrix, YBUS, is equal to the negative of the admittance value of the
connecting element present between the buses | and j, if any.

This is the principle of the rule of inspection. Thus the algorithmic equations for the
rule of inspection are obtained as:

Yii= ZVij (=12,....... n)

Y=-y
i i (j=12,.....n) (15)




Fori=1,2,....n, n=no. of buses of the given system, yij is the admittance of

element connected between buses i and j and yii is the admittance of element
connected between bus i and ground (reference bus).

Bus impedance matrix

In cases where, the bus impedance matrix is also required, it cannot be formed by
direct inspection of the given system diagram. However, the bus admittance matrix
determined by the rule of inspection following the steps explained above, can be
inverted to obtain the bus impedance matrix, since the two matrices are inter-
invertible.

Note: It is to be noted that the rule of inspection can be applied only to those power
systems that do not have any mutually coupled elements.

Examples on Rule of Inspection:

Example 6: Obtain the bus admittance matrix for the admittance network shown
aside by the rule of inspection
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Example 7: Obtain Ygus for the impedance network shown aside by the rule of
inspection. Also, determine Ygus for the reduced network after eliminating the
eligible unwanted node. Draw the resulting reduced system diagram.
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SINGULAR TRANSFORMATIONS

The primitive network matrices are the most basic matrices and depend purely on
the impedance or admittance of the individual elements. However, they do not
contain any information about the behaviour of the interconnected network
variables. Hence, it is necessary to transform the primitive matrices into more

meaningful matrices which can relate variables of the interconnected network.

Bus admittance matrix, YBus and Bus impedance matrix, ZBus
In the bus frame of reference, the performance of the interconnected network is

described by n independent nodal equations, where n is the total number of buses (n+1
nodes are present, out of which one of them is designated as the reference node). For

example a 5-bus system will have 5 external buses and 1 ground/ ref. bus). The




performance equation relating the bus voltages to bus current injections in bus frame
of reference in admittance form is given by
Isus = Ysus EBus a7
Where EBus = vector of bus voltages measured with respect to reference bus
Isus = Vector of currents injected into the bus

YBUS = bus admittance matrix
The performance equation of the primitive network in admittance form is given by
i+j=[ylv
Pre-multiplying by Al (transpose of A), we obtain
Ai+A = A Ty v (18)
However, as per equation (4),
Ali=0,
since it indicates a vector whose elements are the algebraic sum of element currents
incident at a bus, which by Kirchhoff’s law is zero. Similarly, At j gives the
algebraic sum of all source currents incident at each bus and this is nothing but the
total current injected at the bus. Hence,

Alj = Igus (19)

Thus from (18) we have, IBUS = Al [y] v (20)
However, from (5), we have

v =A EBUS
And hence substituting in (20) we get,

lbus = A [yl A EBus (21)
Comparing (21) with (17) we obtain,

YBUS=A'[y] A (22)

The bus incidence matrix is rectangular and hence singular. Hence, (22) gives a
singular transformation of the primitive admittance matrix [y]. The bus impedance
matrix is given by ,

1

ZBus = YBusr (23)
Note: This transformation can be derived using the concept of power invariance,
however, since the transformations are based purely on KCL and KVL, the
transformation will obviously be power invariant.




Examgles on Singular Transformation:

Example 8: For the network of Fig E8, form the primitive matrices [z] & [y] and
obtain the bus admittance matrix by singular transformation. Choose a Tree
T(1,2,3). The data is given in Table ES8.

@ ®

e imed
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Fig E8 System for Example-8

Table E8: Data for Example-8

Elements | Self impedance| Mutual impedance
1 j0.6 -
2 j0.5 J 0.1(with element 1)
3 jo.5 -
4 j0.4 J 0.2 (with element 1)
5 jo.2 -

Solution:

The bus incidence matrix is formed taking node 1 as the reference bus




The primitive incidence matrix is given by,

| j0.6 j0.1 00 jo.2 0.0 |

I |
0.1

%% jos 00 00 99

[2]5/ 00 00 jo5 00 00|

|| j0.2 00 00 jo4 o.o’
lo0 00 00 00 jo.2]

The primitive admittance matrix [y] = [z]'1 and given by,

[~j2.0833 j0.4167 0.0  j1.0417 0.0 ]
j0.4167 —j2.0833 0.0 —j0.2083 0.0
yl=l 0.0 0.0 -j2.0 0.0 0.0 \

|j1.o417 ~j0.2083 0.0 —j3.0208 0.0 \|

L 00 0.0 0.0 00 -j5.0]/

The bus admittance matrix by singular transformation is obtained as
[-j8.0208 j0.2083  j5.0 |

t .
Yeus=A[ylA=]j0.2083 —j4.0833 2.0 |
| j5.0 j2.0 ~j7.0]
I ]

[j0.2713 j0.1264 j0.2299]

1 |
ZBUS=Ygus =|j0.1264 j0.3437  j0.1885

| j0.2299 j0.1885 j0.3609|
]




SUMMARY

The formulation of the mathematical model is the first step in obtaining the solution
of any electrical network. The independent variables can be either currents or
voltages. Correspondingly, the elements of the coefficient matrix will be impedances
or admittances.

Network equations can be formulated for solution of the network using graph
theory, independent of the nature of elements. In the graph of a network, the tree-
branches and links are distinctly identified. The complete information about the
interconnection of the network, with the directions of the currents is contained in the
bus incidence matrix.

The information on the nature of the elements which form the interconnected
network is contained in the primitive impedance matrix. A primitive element can be
represented in impedance form or admittance form. In the bus frame of reference,
the performance of the interconnected system is described by (n-1) nodal equations,
where n is the number of nodes. The bus admittance matrix and the bus impedance
matrix relate the bus voltages and currents. These matrices can be obtained from the
primitive impedance and admittance matrices.




EORMATION OF BUS IMPEDANCE MATRIX

[CONTENTS: Node elimination by matrix algebra, generalized algorithms for ZBus
building, addition of BRANCH, addition of LINK, special cases of analysis,
removal of elements, changing the impedance value of an element, examples]

NODE ELIMINATION BY MATRIX ALGEBRA

Nodes can be eliminated by the matrix manipulation of the standard node equations.
However, only those nodes at which current does not enter or leave the network can be
considered for such elimination. Such nodes can be eliminated either in one group or by

taking the eligible nodes one after the other for elimination, as discussed next.

CASE-A: Simultaneous Elimination of Nodes:
Consider the performance equation of the given network in bus frame of reference
in admittance form for a n-bus system, given by:

I =Y E

BUS BUS BUS (1)

Where IBus and EBus are n-vectors of injected bus current and bus voltages and
YBuUS is the square, symmetric, coefficient bus admittance matrix of order n.

Now, of the n buses present in the system, let p buses be considered for node-
elimination so that the reduced system after elimination of p nodes would be retained
with m (= n-p) nodes only. Hence the corresponding performance equation would be

similar to (1) except that the coefficient matrix would be of order m now, i.e.,

| =Y E
BUS BUS BUS (2)

new

Where YBuUSs is the bus admittance matrix of the reduced network and the vectors

IBus and Eus are of order m. It is assumed in (1) that Isus and EBus are obtained
with their elements arranged such that the elements associated with p nodes to be

eliminated are in the lower portion of the vectors. Then the elements of YBus also
get located accordingly so that (1) after matrix partitioning yields,




m p
I mlY Y E
BUS-m _ A B BUS-m
| o|Y Y E
BUS-p C D BUS-p

©)
Where the self and mutual values of YA and YD are those identified only with the

nodes to be retained and removed respectively and Yc:YBt is composed of only the
corresponding mutual admittance values, that are common to the nodes m and p.

Now, for the p nodes to be eliminated, it is necessary that, each element of the
vector IBus-p should be zero. Thus we have from (3):

I =YE +YE

BUS-m A BUS-m B BUS-p

I =YE +YE =0

BUS-p C BUSm D BUSp (4)

-1
EBus-p=- YD Y

Solving, C EBUS-m ®)

Thus, by simplification, we obtain an expression similar to (2) as,
-1
Isus-m={YA-YBYD "Yc} EBuS-m (6)

Thus by comparing (2) and (6), we get an expression for the new bus admittance
matrix in terms of the sub-matrices of the original bus admittance matrix as:

new -1

Y
BUS ={Ya-YBYDYC} (7)
This expression enables us to construct the given network with only the necessary

nodes retained and all the unwanted nodes/buses eliminated. However, it can be
observed from (7) that the expression involves finding the inverse of the sub-matrix

YD (of order p). This would be computationally very tedious if p, the nodes to be
eliminated is very large, especially for real practical systems. In such cases, it is
more advantageous to eliminate the unwanted nodes from the given network by
considering one node only at a time for elimination, as discussed next.




CASE-B: Separate Elimination of Nodes:

Here again, the system buses are to be renumbered, if necessary, such that the node
to be removed always happens to be the last numbered one. The sub-matrix Yp then
would be a single element matrix and hence it inverse would be just equal to its own

reciprocal value. Thus the generalized algorithmic equation for finding the elements
of the new bus admittance matrix can be obtained from (6) as,

Yijnew = YijOId —Yin Ynj | YnnV i,j =1,2,...... n. (8)

Each element of the original matrix must therefore be modified as per (7). Further,
this procedure of eliminating the last numbered node from the given system of n
nodes is to be iteratively repeated p times, so as to eliminate all the unnecessary p

nodes from the original system.

Examples on N limination:
Example-1: Obtain Ygus for the impedance network shown below by the rule of

inspection. Also, determine YBus for the reduced network after eliminating the
eligible unwanted node. Draw the resulting reduced system diagram.

The admittance equivalent network is as follows:




The bus admittance matrix is obtained by Rol as:

-9.8 54
YBus= | -16 10
4 10-14

The reduced matrix after elimination of node 3 from the given system is
determined as per the equation:

New -1
Yeus =YA-YBYDYc
nn 1 2
v hew_ 1| -J8.66 | j7.86
BUS -
2| J7.86 | -}8.66

Alternatively,

Vi = v S Yis Yai Y Vij= 12
Y11= Y11-Y13Y31/ Y3z =-j8.66
Y22=Y22—-Y23Y32/ Y33 =-}8.66

Y12=Y21=Y12-Y13Y32/Y33=)7.86

Thus the reduced network can be obtained again by the rule of inspection as shown
be low.

o ,
R
4

¥ -10.% ‘doﬂ-% ‘_ Y s
[ ¢ |




Example-2: Obtain Yus for the admittance network shown below by the rule of

inspection. Also, determine YBus for the reduced network after eliminating the
eligible unwanted node. Draw the resulting reduced system diagram.

1[50 0 [j20 []j10

3(j20 | 0 [-j72]j50 Yc Yo

41 j10 | j72 | j50 [-j81

New -1

Y
BUS = YA-YBYD YC
n/n 1 2

Yy ew 1 -j32.12 | j10.32

BUS -

D)

j10.32 | -j51.36

Thus the reduced system of two nodes can be drawn by the rule of inspection as
under:




Zpus building
FORMATION OF BUS IMPEDANCE MATRIX

The bus impedance matrix is the inverse of the bus admittance matrix. An alternative
method is possible, based on an algorithm to form the bus impedance matrix directly
from system parameters and the coded bus numbers. The bus impedance matrix is
formed adding one element at a time to a partial network of the given system. The
performance equation of the network in bus frame of reference in impedance form using

the currents as independent variables is given in matrix form by

[z ]i

s bus
When expanded so as to refer Foan bus syg%sem, (9) will be of the form ©)

E1:Zn |1+le|2+ ....... +.Zlklk...+Zln In

=Z1+27ZI
Ex kL1 k22 + ... + 2wl k+0+ Zn 1y

E
n:Zn1|1+Zn2|2+ ......... +an|k+D+Znn|n (10)

Now assume that the bus impedance matrix Zpus is known for a partial network of m
buses and a known reference bus. Thus, Zpus of the partial network is of dimension
m x m. If now a new element is added between buses p and g we have the following
two possibilities:




(ii)

p is an existing bus in the partial network and q is a new bus; in this case
p-q is a branch added to the p-network as shown in Fig 1a, and

both p and q are buses existing in the partial network; in this case p-q is a
link added to the p-network as shown in Fig 1b.

1 L ———
.
Partial
Network
p @ @
q
BUS i
m -
0| | _ Ref

Fig 1a. Addition of branch p-q

. .
o
Partial
Network
ped
BUS q |
m |
0 | —E— Ref

Fig 1b. Addition of link p-q




If the added element ia a branch, p-g, then the new bus impedance matrix would be
of order m+1, and the analysis is confined to finding only the elements of the new
row and column (corresponding to bus-q) introduced into the original matrix.

If the added element ia a link, p-g, then the new bus impedance matrix will remain
unaltered with regard to its order. However, all the elements of the original matrix
are updated to take account of the effect of the link added.

ADDITION OF A BRANCH

Consider now the performance equation of the network in impedance form with the
added branch p-q, given by

Ellz Z Z Z z T1 1

A im wl o]

2 21 Z Z Z qu 2|

| ‘ ||Z 22 2p 2m

‘EP ‘:| p1 L Z Z qu I”|‘ (11)
| | || p2 pp pm | |

(Bl 15 2 Z z z p!

| | | m2 mp mm mq m|

Sl L Z qu I

L] @ Zop Zam 1o

It is assumed that the added branch p-q is mutually coupled with some elements of the
partial network and since the network has bilateral passive elements only, we have

Vector ypg-rs is not equal to zero and Zij= Zji V i,j=1,2,...m,q (12)

To find Zai:

The elements of last row-q and last column-q are determined by injecting a current of
1.0 pu at the bus-i and measuring the voltage of the bus-q with respect to the reference

bus-0, as shown in Fig.2. Since all other bus currents are zero, we have from (11) that

Ek = Zkili= Z«i vk=1,2,..i....p,...m,q (13)
Hence, Eq=Zqgi; Ep=Zpi.........

Also, Eq=Ep -Vpq ; S0 that Zgi = Zpi - Vpq V 1=1, 2,...1........p,....m, #q (14)
Jofind vpq:

In terms of the primitive admittances and voltages across the elements, the current

through the elements is given by




-1 11y

iy y v
|_rsJ |_ rs,pq rs,rsJ_ rsJ

||—rlpﬁ—| pa,Pd /. Pq,a—|§|—) Pq—|

1_—
-
Partial
Network vV
Pr—e o

Z i
BUS
m-

0]

Fig.2 Calculation for Zg;

where i yq is current through element p-q
irs is vector of currents through elements of the partial network
V pq IS voltage across element p-q
Y pq , pq IS self — admittance of the added element
Y pa.rs IS the vector of mutual admittances between the added elements p-q and

elements r-s of the partial network.

Vrs is vector of voltage across elements of partial network.
Yrs, pq IS transpose of Y pq.rs -

Yrs rs is the primitive admittance of partial network.
Since the current in the added branch p-q, is zero, ipq =0 . We thus have from (15),

=y v+ -
nq Papd pa Ypgrs\rs =0 (16)

40




. V)
Solving, v pg=— y—g‘i& or

Vv ;pq,rs (q_ I )
m=— (17)

pa, pq

Using (13) and (17) in (%4), we get

Z=2 y"Li-Zs
i+ y i=12..mi#q (18)

P4, pq
To find zaq:
The element Zqq can be computed by injecting a current of 1pu at bus-g, Iq= 1.0 pu.
As before, we have the relations as under:

Ek = Zkq lq = Zkq Vk=12, . 1i...p,...m,q (19)
Hence, Eq=Zqq; Ep=Zpq; Also, Eq=Ep - Vpq; so that Zgq = Zpq - Vpq (20)
Since now the current in the added element is ipg = —lq=-1.0 , we have from (15)
i =y v - -
A pa.papa+Ypg sV rs=-1

: v
Solving, vpg=-1+ -y&“&

B Y _
V ypq,{] E—Es )
=l y Pa, pq (21)
Using (19) and (21) in (20), we get
2 2 g B
qq pq + y (22)
pa,
Special Cases

pq

The following special cases of analysis concerning Zgus building can be considered
with respect to the addition of branch to a p-network.

Case (a): If there is no mutual coupling then elements of y pq ,rs are zero. Further, if
p is the reference node, then Ep=0. thus,

Zpi=0 i=12..m:i#Q
And qu =0.
Hence, from (18) (22) Zgi=0 i=12...m;i#Q
Z =1

And a  pd,pq \ (23)




Case (b): If there is no mutual coupling and if p is not the ref. bus, then, from (18)
and (22), we again have,

Z

i=Zp, i=12..m;i=q

Z +1
W=Zpg P9.Pa (24)

ADDITION OF A LINK

Consider now the performance equation of the network in impedance form with the
added link p-1, (p-1 being a fictitious branch and | being a fictitious node) given by

[El—l W%ll le Z1p Zim Zlq —W I —||

51 la 7 22 | 12 |
.Z 22 ZZ p ZZm !
‘Ep |-t 7 Z 7 qu 'p|\ (25)
| || p2 pp pm | |
| Em | | %ﬂ Zm2 Zmp me qu " Im‘
El 1Z 7 71
L \ J L " 12 ZIi ZIm ||JL l J

It is assumed that the added branch p-g is mutually coupled with some elements of the
partial network and since the network has bilateral passive elements only, we have

Vector ypg-rs is not equal to zero and Zij= Zji V i,j=1,2,...m,L (26)

To find Zji:
The elements of last row-I and last column-I are determined by injecting a current of
1.0 pu at the bus-i and measuring the voltage of the bus-q with respect to the
reference bus-0, as shown in Fig.3. Further, the current in the added element is made
zero by connecting a voltage source, e| in series with element p-g, as shown. Since
all other bus currents are zero, we have from (25) that

Ek = Zki li= Zi vk=1,2,.. i...p,..m,l (27)
Hence, el=EI=ZIi; Ep=Zpi; Ep=Zpi.........
Also, el=Ep-Eq-Vpg;
Sothat ZIi = Zpi-Zgi-Vpq V i=1,2,...1....D,...q,....m, #] (28)




To find vpq:
In terms of the primitive admittances and voltages across the elements, the current
through the elements is given by

[ipt ] B [ Yo, p yP|,I’S—||_VpI—|

I |
1Ty Yy v
U e vl wl

‘l\ﬂr

Partial
Network p

Z !

BUS

Ref.

Fig.3 Calculation for Zj;

where ipl is current through element p-q

I ,Iis vector of currents through elements of the partial network

\Y
ol is voltage across element p-q

is self — admittance of the added element

pl.pl
yu. 1S the vector of mutual admittances between the added elements p-q and
elements r-s of the partial network.
Vys is vector of voltage across elements of partial network.

Yrs, pi IS transpose of Y py s .

Yrs rs is the primitive admittance of partial network.




Since the current in the added branch p-1, is zero, ipi = 0 . We thus have from (29),

i=y v+ ~=0
N AL (30)

. v
Solving, vpi = —lﬁ'& or

flll‘lz _
v yplerr_ES)

Pl — o (31)
y
However, e
y pl,rs=y pg, rs
y =Y
And pl.pl pa, po (32)

Using (27), (31) and (32) in (28), we get

ng, s Zn_ Zs|_)

=27 y y
l i —Zgi + i=12...mi=l (33)
Pa, pq
To find Z)i;
The element Zj1 can be computed by injecting a current of 1pu at bus-I, 11 = 1.0 pu.

As before, we have the relations as under:

Ek=Zki I = Zk Vk=1,2,...1i..... Ps---q,....m, | (34)
Hence, e1=EI1=2Z)1; Ep=Zp ;

Also, e=Ep-Eq-vpl;

SothatZi =Zpl-Zgl-vpl Vi=1,2,...1....p,...q,....m, #] (35)
Since now the current in the added element isipi=-l1 =-1.0, we have from (29)
i :y V +-~ -
Pl plplpl Yol rsVrs=—1
\' Yol rs Vrs
Solving, p=-1+
plg_ B
v B Es)
P=-1+ y (36)
pl. pl
However,
;lpl,rs:;/ pq, rs
y =Y
And ol pl - (37)

Using (34), (36) and (37) in (35), we get




(

s Z rl— Zsl )
7 1+y%
=2 p—Zg+ y (38)
Pg, g
Special Cases Contd. ...

The following special cases of analysis concerning Zgus building can be considered
with respect to the addition of link to a p-network.

Case (c): If there is no mutual coupling, then elements of ypars are zero. Further, if p
is the reference node, then Ep=0. thus,
Z

i=—Zgi,i=12..mi=l
L =-7+1
I al pa.pg (39)
From (39), it is thus observed that, when a link is added to a ref. bus, then the
situation is similar to adding a branch to a fictitious bus and hence the following
steps are followed:

1. The element is added similar to addition of a branch (case-b) to obtain the
new matrix of order m+1.

2. The extra fictitious node, | is eliminated using the node elimination algorithm.

Case (d): If there is no mutual coupling, then elements of y pq,rs are zero. Further, if p
is not the reference node, then

21i = Zpi - Zqi

0= Zpl— Zgl— Zpgpq
= Zpp+ Zag— 2 Zpq+ Zpapq (40)




UNIT-II
POWER FLOW STUDIES

MODIFICATION OF Zgus FOR NETWORK CHANGES

An element which is not coupled to any other element can be removed easily. The

Zpus is modified as explained in sections above, by adding in parallel with the
element (to be removed), a link whose impedance is equal to the negative of the
impedance of the element to be removed. Similarly, the impedance value of an
element which is not coupled to any other element can be changed easily. The Zbus
is modified again as explained in sections above, by adding in parallel with the
element (whose impedance is to be changed), a link element of impedance value
chosen such that the parallel equivalent impedance is equal to the desired value of

impedance. When mutually coupled elements are removed, the Zpus is modified by
introducing appropriate changes in the bus currents of the original network to reflect
the changes introduced due to the removal of the elements.

Examples on Zgus building

Example 1: For the positive sequence network data shown in table below, obtain
ZBus by building procedure.

p-q Pos. seq.
SI. No. reactance
(nodes) .
inpu
1 0-1 0.25
2 0-3 0.20
3 1-2 0.08
4 2-3 0.06

Solution:
The given network is as shown below with the data marked on it. Assume the
elements to be added as per the given sequence: 0-1, 0-3, 1-2, and 2-3.

@ 0.5»6 @

31 0.08

0.20

@ o @

Fig. E1: Example System
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Consider building ZBus as per the various stages of building through the
consideration of the corresponding partial networks as under:

Step-1: Add element—1 of impedance 0.25 pu from the external node-1 (g=1) to
internal ref. node-0 (p=0). (Case-a), as shown in the partial network;

P-network

Zeus® =[] 0.25

© ©

1
1
ZBUS( )= 1 0.25]




Step-2: Add element-2 of impedance 0.2 pu from the external node-3 (q=3) to
internal ref. node-0 (p=0). (Case-a), as shown in the partial network;

P-network @

ZBUS(U @ 0.2 @

1 3
) 110251] 0
Zeus = 3| 0 0.2

Step-3: Add element-3 of impedance 0.08 pu from the external node-2 (q=2) to
internal node-1 (p=1). (Case-b), as shown in the partial network;

P-network 0.08

1O}

Z pus™® @

1 3 2
@®) 110.25| 0 10.25

ZBUS =3 0 0.2 0
2[0.251 0 ]0.33

Step-4: Add element—4 of impedance 0.06 pu between the two internal nodes,
node-2 (p=2) to node-3 (q=3). (Case-d), as shown in the partial network;




P-network @ 0.06

Zpus© | i

3 2 |

1
110.25] 0 ]0.25]0.25
@ 3/ 0 102 0 |-0.2
2
|

0.25]| 0 ]0.33[0.33
0.25]-0.2 | 0.33 [ 0.59

The fictitious node | is eliminated further to arrive at the final impedance matrix as
under:

1 3 2

1/0.1441 10.0847 10.1100
Zgus"™  =3[0.0847 |0.1322 [0.1120
2/10.1100 | 0.1120 | 0.1454

Example 2: The Zpus for a 6-node network with bus-6 as ref. is as given below.
Assuming the values as pu reactances, find the topology of the network and the
parameter values of the elements involved. Assume that there is no mutual coupling
of any pair of elements.

Wro =
N O O] O] |-

ZBus =

S

Ol | O V| O
O| O | O] Ofw
Ol wW| O V| O~
W O] Ol O PO|»

Solution:
The specified matrix is so structured that by its inspection, we can obtain the

network by backward analysis through the various stages of Zgus building and p-
networks as under:

48




@ 1.0 pu @
Zpus™ @
p- Network _@
R:f.
Z 50" @ 1.0 pu @
p- Metwork @
Zpus® |
p- Network @
@ 2.0 pu @
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Z pus™ @

p- Network
@ 2.0 pu @

Zpus =[]
b M=k @ 2.0 pu (}

Thus the final network is with 6 nodes and 5 elements connected as follows with
the impedance values of elements as indicated.

2.0 pu

1.0 pu
1.0 pu

2.0 pu

Fig. E2: Resultant network of example-2

50




Example 3: Construct the bus impedance matrix for the system shown in the figure
below by building procedure. Show the partial networks at each stage of building
the matrix. Hence arrive at the bus admittance matrix of the system. How can this
result be verified in practice?

jo.1 j0.6 j0.1

Solution: The specified system is considered with the reference node denoted by
node-0. By its inspection, we can obtain the bus impedance matrix by building
procedure by following the steps through the p-networks as under:

Stepl: Add branch 1 between node 1 and reference node. (g =1, p = 0)

Zpus = 1 @
p-network @ -

1
&us(l:l = 1[J0 l]

Step2: Add branch 2, between node 2 and reference node. (q =2, p = 0).

p-network @ @

51




1 2
1| jG1 0
Zj'us = Jr .
2| 0 jo1s

Step3: Add branch 3, between node 1 and node 3 (p =1, g =3)

s(2)

Zpu
@ @
p-network

1fjo1 o o1
z,. =2 0 jo15 0
31 j01 0 jO5

Step 4: Add element 4, which is a link between node 1 and node 2. (p=1,q=2)

()

Zsu 5(3)

p-network

®
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1 2 3 !
ifjor o jor o jol
2l 0 jo15 0 -j015
31701 0 jO5  jol
[[jo1 —j015 jo1 085 |

Now the extra node-I has to be eliminated to obtain the new matrix of step-4,
using the algorithmic relation:

Yijnew = YijOIOI —YinYnj/Ynmn Vij=123

1 2 3

7008823 j0.01765 0.08823
Z,. =| 7001765 j0.12353 j0.01765
7008823 7001765 0.48823

Step 5: Add link between node 2 and node 3 (p = 2, g=3)

€

Zpus' D
p-network @

@)
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Z, = Zy —Z, = jO01765~ j0.08823 = - j0.07058
Z,=2, -2, =j012353- j001765 = j0 10588

Zy =2y -2y = j0.01765— j0.48823 = — 1047058
Lp=Zy—Zy+Zga
= /0.10588~ (- j0.47058 )+ j04 = jO.9T646

Thus, the new matrix is as under:

1 2 3 1

1[ j0.08823 j0.01765 j0.08823 - j0.07058
2| j0.01765 ;0.12353 j0.01765  j0.10588
T3 j008823 j0.01765 j0.48823 - j0.47058
}|- j0.07058 j0.10588 — j0.47058 j0.97646

s

Node I is eliminated as shown in the previous step:

1 2 3

1[j0.08313 j0.02530 j0.05421
Z,, =2|j0.02530 j0.11205 j0.06868
3| j0.05421 j0.06868 j0.26145

Further, the bus admittance matrix can be obtained by inverting the bus
impedance matrix as under:

1 2 3
1[- jl41667 16667  j25

v, =1z, ]7=2| jless7T -108334 j25
3L j25 j25 =50

As a check, it can be observed that the bus admittance matrix, YBuUS can also be
obtained by the rule of inspection to arrive at the same answer.
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Example 4: Form the bus impedance matrix for the network shown below.

Solution:
Add the elements in the sequence, 0-1, 1-2, 2-3, 0-3, 3-4, 2-4, as per the various
steps of building the matrix as under:

Stepl: Add element 1, which is a branch between node-1 and reference node.

1
Zo = 1[1.25]

Step2: Add element 2, which is a branch between nodes 1 and 2.

1 2
[ 125 j125
72l 125 j1.5

Step3: Add element 3, which is a branch between nodes 2 and 3

I g 3
1[j125 j1.25 j1.25
Z,.,=20j125 j15 j15
3125 j15 1.9

Step4: Add element 4, which is a link from node 3 to reference node.
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s

Eliminating node I,

1 j1.25
2| j125
3] 125

I j1.25

1

2

{

.25 125 ;.25

A5 15 15

A5 9 19

15 19 315
2 3

J0.75397  jO.65476  j0.49603
Z,.=|j0.6547¢6 078571 059524

j0.49603 j0.59524 j0.75397

Step5: Add element 5, a branch between nodes 3 and 4.

1

Z

3

4

[ j0.75357
J0.65476
70.49603

| j0.49603

J0.e547¢
Jh.e547s
J0.59524
JU59524

J042603
J0.59524
G387
JO75397

Step 6: Add element 6, a link between nodes 2 & 4.

1
2
Zpe =3
4
i

049603 ]
J0.59524
J0.75397

JU.5397 |

[ j0.75397
065476
j0.49603
0.49603

| j0.15873

/0.65476
70.65476
70.59524
70.59524
70.19047

J0.49603
70.59524
70.75397
70.75397

~ j0.15873

70.49603
70.59524
7075397
70.95397

- j0.35873

Eliminating node | we get the required bus impedance , matrix

j0.15873 |

70.19047
— j0.15873
— j0.35873

j0.67421 |
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1 2 3 4
j07166 j0.6099 j0.5334 j0.5805

1
2| j0.6099 ;07319 j0.6401 j0.6966
w3l /05334 j0.6401 07166 j0.6695
4| j0.5805 ;06966 j0.6695 07631

Example 5: Form the bus impedance matrix for the network data given below.
Self Impedance | Mutual Impedance
Element | BUS | Zpg,pq Bus Zpa, rs

p-q_| (pu) r-s (pu)
1 T-2(0) | j06
2 T-2(2)| jo4 | 1-2(1) | jo2

Solution:
Let bus-1 be the reference. Add the elements in the sequence 1-2(1), 1-2(2). Here,
in the step-2, there is mutual coupling between the pair of elements involved.

1-2(1) z2=j)06
@ = @
Ref. 1-2(2) z2=j04

Stepl: Add element 1 from bus 1 to 2, element 1-2(1). ( p=1, g=2, p is the
reference node)

-

Ziws = 2 [§0.6]

Step2: Add element 2, element 1-2(2), which is a link from busl to 2,
mutually coupled with element 1, 1-2(1).

3 i
ZM=2306ZM

Where

b diow =8
+}’u[2),12[1) 12 e

Fuaga)n()
Z.,=Z,=0(asbus] is reference)

Zzz = Z.sz = _Zzz
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Consider the primitive impedance matrix for the two elements given by

1-2(1) 1-2(2)
1-201)[ jos j0.2
1-2(2)| jo2 jo4

Thus the primitive admittance matrix is obtained by taking the inverse of [z] as

121) 1-2(2)
1- 2.1.[_ j2.0 j1.0 }

= a0 1.0 -j3.0

Thus,

yizan1z = 11.0;  mazaz; = -13.0
So that we have,

AR R
- j30
7 =gy e T FBORONS " Ea) _ o,  JHULONOA) o
RECTEVREIEN =80
2 [
2[ jo6 - j04
Zm = Z ;
L-j04  jose

Thus, the network matrix corresponding to the 2-node, 1-bus network given, is obtained after eliminating the
extra node-1 as a single element matrix, as under:

2
Zy =2[j0.3333]

INTRODUCTION

Inathree phaseac powersystemactive and reactive power flowsfromthe generatingstationto
theloadthroughdifferentnetworksbusesandbranches. Theflowofactiveandreactive poweris
called power flow or load flow. Power flow studies provideasystematicmathematicalapproachfor
determinationof various busvoltages, there phase angle active andreactive power flowsthrough




differentbranches, generatorsand loads under steady state condition. Power flow analysis is used
to determine the steady state operating condition of a power system. Power flow analysis is
widely used by power distribution professional during the planning and operation of power
distributionsystem.

P_':] 9
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There three methods for load flow studies mainly
1. Gauss siedelmethod

2. Newton raphsonmethod

3. Fast decoupledmethod.

a. OBJECTIVE OF LOAD FLOWSTUDY

i
V./a, - P,. Q, i IVJL)J_ : Py Qs

i. Powerflowanalysisisveryimportantinplanning stages of new networks
or addition to existing ones like adding new generator sites, meeting
increase load demandand locating new transmissionsites.

ii. Theload flow solution gives the nodal voltages and phase anglesand
hence the power injectionatall the buses and power flowsthrough

interconnectingpowerchannels.

iii. Itis helpful in determining the best location as well as optimal
capacity of proposed generatingstation, substation and newlines.
iv. Itdeterminesthe voltage of the buses. The voltage level at the certain

buses must be kept within the closed tolerances.
v. System transmission lossminimizes.
vi. Economic system operation with respect to fuel cost to
the power needed
vii.  The line flows can be known. The line should not be

generateall




overloaded,itmeans, weshouldnotoperatetheclosetotheirstability
orthermallimits.

BUS CLASSIFICATION

Abusisanodeatwhichoneormany lines,one ormany loadsand generators are connected. Ina
power system each node or bus is associated with 4 quantities, suchasmagnitude of voltage,
phageangleofvoltage,activeortrue power and reactive power in load flow problem two out of
these 4 quantities are specified and remaining 2 are required to be determined through the
solution of equation. Depending on the quantities that have been specified, the buses are classified
into 3 categories.

VARIABLES AND BUS CLASSIFICATION

Buses are classified according to which two out of the four variables are specified

e Loadbus:Nogeneratorisconnectedtothebus. Atthisbusthereal and reactive power
are specified.it is desired to find out the volatage magnitudeand phaseanglethrough
load flowsolutions.Itisrequiredto specify only Pd and Qd at such bus as at a load bus
voltage can be allowed to varywithinthepermissiblevalues.

e Generator bus or voltage controlled bus: Here the voltage magnitude

corresponding to the generator voltage and real power Pg corresponds to its rating are
specified.lt is required to find out the reactive power generation Qgand phase angle
ofthebusvoltage.

o Slack(swing) bus: Forthe Slack Bus, it isassumed that the voltage magnitude |V|

and voltage phase ® are known,whereas real and reactive powersPgandQgareobtained
throughtheloadflowsolution.




UNIT-I111
SHORT CIRCUIT ANALYSIS

Power System Fault Analysis
Introduction

The fault analysis of a power system is required in order to provide information for the selection of
switchgear, setting of relays and stability of system operation. A power system s not static but
changesduringoperation (switching on or offof generatorsandtransmissionlines)andduringplanning
(additionofgeneratorsand transmission lines). Thus fault studies need to be routinely performed by
utility engineers (such as intheCEB).

Faultsusually occur ina power system due to either insulation failure, flashover, physical damage or
human error. These faults, may either be three phase in nature involving all three phasesinasymmetrical
manner, or may be asymmetrical where usually only one or two phases may be involved.Faultsmay also be
caused by either short-circuits to earth or between live conductors, or may be caused by broken
conductors in one or more phases. Sometimes simultaneous faults may occur involving both short-
circuit and broken- conductor faults (also known as open-circuit faults).

Balanced three phase faults may be analysed using an equivalent single phase circuit. With asymmetrical
three phase faults, the use of symmetrical components help to reducethecomplexityofthecalculationsas
transmission lines and components are by and large symmetrical, although the fault may be
asymmetrical.

Fault analysis is usually carried out in per-unit quantities (similar to percentage quantities) as they
give solutions which are somewhat consistent over different voltage and power ratings, and operate
on values of the order ofunity.

In the ensuing sections, we will derive expressions that may be used in computer simulations by the
utility engineers.

Equivalent Circuits - Single phase and Equivalent Single Phase Circuits

Inabalanced three phase circuit, since the information relating to one single phase gives the information
relating to the other two phases as well, it is sufficient to do calculationsinasinglephasecircuit.Thereare
twocommonformsused. Theseare(i) to take any one single phase of the three phase circuit and (ii) to take
anequivalent singlephasecircuittorepresentthefullthreephasecircuit.

Single Phase Circuit
A N

lp=las

Z
Ve =V
S T P =Vas

Ea

Figure 2.1 - Single Phase Circuit

Figure2.1showsonesinglephase“AN" ofthethreephasecircuit“ABC N™.Sincethe system is balanced,
there is no current in the neutral, and there is no potential drop




acrossthe neutralwire. Thusthestar point “S” ofthe systemwould be atthe same potentialas the
neutralpoint “N”. Also, thelinecurrentisthesameasthephase current, the line voltageis V3timesthe
phasevoltage, andthetotalpower is3times the power inasingle phase.

I=lp=1,V=Vp=V./N3and S = Sp= S1/3

Working with the single phase circuit would yield single phase quantities, which can then beconverted to
threephasequantitiesusingtheaboveconversions.

Equivalent Single Phase Circuit

Ofthe parametersinthesingle phase circuitshowninfigure 2.1, the Line Voltage and the Total Power
(ratherthanthe Phase VVoltage and one-third the Power) are the most important quantities. It would be
useful to have these quantities obtained directly from the circuit rather than having conversion
factors of V3and 3respectively. Thisisachievedinthe EquivalentSinglePhasecircuit, showninfigure
2.2,bymultiplyingthevoltagebyafactorofv3togiveLineVoltagedirectly.

A >
|=\/3|L=\/3|As Vi :\/3VAS

E|_ =\/3EA PT z

Figure 2.2 - Equivalent Single Phase Circuit




The Impedance remains asthe per-phase impedance. However, the Line Current getsartificiallyamplified

by afactor of \'3. Thisalso increases the power by a factor of (V3)2, whichistherequired correction to
getthetotalpower.

Thus, working with the Equivalent single phase circuit would yield the required three phase quantities
directly, otherthanthecurrentwhichwouldbe3l.

Revision of Per Unit Quantities

Perunitquantities, like percentage quantities, areactually fractional quantitiesofa reference quantity.
These have a lot of importance as per unit quantities of parameters tend to have similar values even
when the system voltage and rating change drastically. The per unit system permits multiplication
and division in addition to addition and subtraction without the requirement of a correction factor (when
percentage quantities are multiplied or divided additional factors of 0.01 or100 mustbe broughtin,
which are not in the original equations, to restore the percentage values). Per-unit valuesarewritten
with“pu”afterthevalue.

For power, voltage, currentand impedance, the per unit quantity may be obtained by dividing by the
respective baseofthat quantity.

) 7 I
Spr: = v Vpr: = I Ipu = Z i :i
* base Ifbme I'!’ﬂsg g Z-bﬂ.:e?

ExpressionssuchasOhm’s Law canbeapplied for per unitquantitiesaswell. Since Voltage, Current,
Impedance and Power are related, only two Base or reference quantities can be independently defined.
The Base quantities for the other two can be derivedthere from. Since Powerand Voltage are the most often
specified, theyare usuallychosento define theindependentbasequantities.

Calculation for Single Phase Systems

If VAbase and Viase are the selected base quantities of power (complex, active or reactive)

and voltage respectively, then
V. 1 4
Base current 1, =—Dose base _ " base
V, I
base base
Ifb I’r 2 base I’r : base
Base Impedance Lipeeg =—— = =
A IV VA4
base base” base ““hase

Inapowersystem, voltagesandpowerareusuallyexpressedinkVandMVA, thusitis usual toselectan
MV ApaseandakVpase and to expressthemas




MVA

Base current /5 —_bee in kA, [--10%10% = 10°]
kaase
KV pase : 332/1 6
Base Impedance Z = ———— m Q, [+ (107)7/10"=1]

base
= MVA,,,
In these expressions, all the quantities are single phase quantities.

Calculations for Three Phase Systems

Inthreephasesystemsthelinevoltageandthetotalpowerareusuallyusedrather than the single phase
quantities. It is thus usual to express base quantities in terms of these.

If VAsgase and ViLase are the base three-phase power and line-to-line voltage respectively,

VA 3VA VA,
Base current Lypye =58 =28 = hase
beue? 37 base V3 Vubmg
) ' [l 3
) V- base (1." 3 r V base V_lea:e
Base Impedance Zyo = = =
V“ibam ‘%Pr:ibase V‘{i gbase
MVA,
Base current Lo = I_—”bm in kA
v SJﬁrVLI.bam
J{? 2
Base Impedance Zyoos # in Q
MVA; 4.,

i a L I | a 4 "4 -4 4 " 4 Fal A -1 4

Itisto be noted that while the base impedance for the three phase can be obtained directly from the VAsgnase
and Vi Lbase (Or MV Az ghase and KV Lbase) Without the need of anyadditional factors, the calculation of base
currentneedsanadditional factor of 3. However thisis notusually aproblemasthevalue of currentis
rarely required asa final answer in power systems calculations, and intermediate calculations can be

done withavariable V31 pase.
Thus in three phase, the calculations of per unit quantities becomes




S et (MVA)

S pu =
‘[VA.u,ﬁbase
= acmal (1‘ I }
pu
]‘ LLba..e
|3V,
I, = Iacma,(/l'{).M and
"‘117"43&054!
MVA,,..,
Zpu = acrual("")'Wﬂ
LLbase
P and QO have the same base as S. so that
- acmal ( ‘IH ) i acmal ( 11\ Ell)
= MVA4uo O MVA; 40,
Similarly. R and X have the same base as Z. so that
MVA,, MVA,
3gbase 2 a ao‘base
Rpu = RacmaI(Q} : T b oK ) X acmal(Q) * r
F LLbase LLba'e

The power factor remains unchanged in per unit.

Conversions from one Base to another

Itisusualtogivedatainperunittoitsownrating [ex: Themanufacturerofacertain piece of equipment,
suchasatransformer, would notknowtheexactratingofthe power systeminwhichtheequipmentisto
be used. However, he would know the rating of his equipment]. As different components can have
different ratings, and differentfromthe systemrating, itis necessary toconvertall quantities toacommon
base to do arithmetic or algebraic operations. Additions, subtractions, multiplications and divisions will give
meaningfulresultsonlyiftheyaretothesamebase. Thiscan bedoneforthree phasesystemsasfollows.

17
M VA*waseGnen 7 kv LLbaseGiven

SpuNew T panen * U puNew " puGiven'
M V{wbase\ew k VLL

and

baseNew

MV. "13c‘ba¢e\'cu k VLJL

baseGiven
Z =

pu puGiven * -
M '119'ba.>eGnen l‘] L

LbaseNew




Example:

A200MVA, 13.8kV generatorhasareactance0f0.85p.u.andisgenerating 1.15pu voltage. Determine
(a) the actual values of the line voltage, phase voltage and reactance, and (b) the corresponding
quantitiestoanewbaseof500MVA,13.5kV.

(a) Linevoltage =1.15*13.8=15.87kV Phase
voltage = 1.15* 13.8/+/3=9.16kV
Reactance = 0.85*13.8%/200 =0809Q
(b) Line voltage = 1.15* 138/135 =1176 pu
Phase voltage = 1.15* (13.8/+3)/(135/+/3)=1.176 pu Reactance
=0.85*(13.8/135)2/(500/200) = 0.355

pu

Per Unit Quantities across Transformers

When a transformer is present in a power system, although the power rating on either side of a
transformer remainsthe same, the voltage rating changes, and so does the base voltage acrossatransformer.
[Thisis like saying that full or 100% (or 1 pu) voltage on the primary of a 220kV/33 kV transformer
correspondsto 220 kV while on the secondary it corresponds to 33 kV.] Since the power rating
remains unchanged,theimpedanceandcurrentratingsalsochangeaccordingly.

While a common MV Asgase can and must be selected for a power system to do analysis,acommon
VLLbase Must be chosen corresponding to a particular location (or side of transformer) and changes in
proportion to the nominal voltage ratio whenever atransformerisencountered. Thusthe currentbase
changesinverselyastheratio. Hence theimpedancebasechangesasthesquareoftheratio.

For a transformer with turns ratio Np:Ns, base quantities change as follows.

Quantity Primary Base | Secondary Base

Power (S, P and Q) Shase Shpase

Voltage (V) Vibase Vibase - Ns/Np = Vabase
Current (1) Shase/N3Vibase | Sbase/N3Vibase - Np/Ns = Spase/N3Vabase
ImpEdance (Z’ R and X) Vlbase /Sbase Vlbase /Sbase . (NS/NP ) =V 2base /Sbase

Example :
Gg:l%% I Transmission Line I%% I > Load

5 Figure2.3-CircuitforExample T2

T1




Inthesinglelinediagramshowninfigure2.3,eachthreephasegeneratorGisratedat
200 MVA, 13.8kV and has reactances of 0.85 pu and are generating 1.15 pu. Transformer Ty is
ratedat500MVA, 13.5kV/220kV and hasareactance of 8%. The transmission line hasareactance of 7.8

Q. Transformer T2 hasarating of 400MVA, 220kV/33kV andareactance of 11%. The load is250 MVA at
apower factor of 0.85 lag. Convertall quantitiestoacommonbase of 500 MVA, and 220kV onthe lineand
drawthecircuitdiagramwithvaluesexpressed inpu.

Solution:

The base voltage at the generator is (220*13.5/220) 13.5kV, and on the load side is (220*33/220) 33kV.
[Since we have selected the voltage base as thatcorresponding tothevoltageonthatside of the transformer,
we automatically getthe voltage onthe other side ofthe transformer asthe base onthat side ofthe
transformerandthe above calculation is in fact unnecessary.

Generators G

Reactanceof0.85pucorresponds0.355puon500MVA, 13.5kV base(seeearlierexample)
Generator voltage of 1.15 corresponds to 1.176 on 500 MVA, 13.5 kV base

Transformer T1

Reactanceof8%(or0.08pu)remainsunchangedasthegivenbaseisthesameasthe new chosenbase.

Transmission Line

Reactance of 7.8 Q2 corresponds to 7.8 * 500/2202 = 0.081 pu
Transformer T2

Reactanceof11%(0.11pu)correspondsto0.11*500/400= 0.1375pu(voltage
baseisunchangedanddoesnotcomeintothe calculations) Load

Loadof250MV Aatapowerfactorof0.85correspondsto250/500=0.5puata powerfactorof 0.85
lag (powerfactorangle= 31.79°)

resistanceofload=0.5*0.85=0.425pu andreactance
ofload=0.5*sin31.79°=0.263pu

The circuit may be expressed in per unit as shown in figure 2.4.

—> j0.355

1.176pu :

1.176pu

j0.08 0.081 0138 0.425+j0.263

Figure 2.4 - Circuit with per unit values




Symmetrical Three Phase Fault Analysis

Athreephasefaultisaconditionwhereeither(a)allthreephasesofthesystemareshort- circuitedto eachother, or
(b) allthreephaseofthesystemareearthed.

3 ¢ fault a 3 ¢ 0 earth tault a

Supply N b | Supply * b
side \,\ side Y

c é_ c

Thisisingeneralabalanced condition, and we needto only knowthe positive-sequence
network to analyse faults. Further, the single line diagram canbeused, asallthreephasescarry
equalcurrentsdisplacedby120¢.

Typically,only5%oftheinitialfaultsina powersystem, arethreephase faultswithorwithout
earth. Of the unbalanced faults, 80 %are line-earthand 15% are double line faults with or
without earth and which canoften deteriorateto 3 phase fault. Brokenconductor faults
accountfortherest.

Fault Level Calculations

Inapower system, themaximum the faultcurrent (or fault MVVA) thatcan flow intoa zero impedance fault
isnecessary to be known for switch gear solution. This can either be the balancedthree phase valueor
the value atanasymmetrical condition. The Fault Level defines the value for the symmetrical condition.
The fault level is usually expressed in MVA (or corresponding per-unit value), with the maximum fault
currentvaluebeingconvertedusingthenominalvoltagerating.

MV Abase = V3. Nominal Voltage(kV).lbase (KA)
MVAFautt= 1/3.NominaIVoItage(kV). Isc (KA)

where

MV Arauit— Fault Levelatagiven pointinMVA
I base —Rated orbase line current
Isc —Shortcircuitlinecurrentflowingintoa faultThe

perunitvalueoftheFaultLevelmaythusbe writtenas




MVAsase =V'3 . Nominal Voltage(kV) . Isase (kA)
MVArau = V'3 . Nominal Voltage(kV) . I, (kA)
where
MVApq;: — Fault Level at a given point in MVA
Fraee — Rated or base line current
I, — Short circuit line current flowing in to a fault

The per unit value of the Fault Level may thus be written as

V'3 . Nominal Voltage . I BE
Fault Level = — : — % ===
+/3 . Nominal Voltage . 7 N 31

sc.pu

base base

The per unit voltage for nominal value is unity. so that

Fault Level (pu) = %

pu

- MVA,,.,
Fault MVA = Fault Level (pu) x MVA,,, = —————

pu

The Shortcircuitcapacity(SCC) ofabusbar isthefault levelofthebusbar. The strength ofabusbar(or
theabilitytomaintainitsvoltage)isdirectlyproportionalto its SCC. Aninfinitely strong bus (or Infinite bus
bar) hasaninfinite SCC, withazero equivalentimpedance and will maintain itsvoltage underall
conditions.

Magnitude of short circuit current is time dependant due to synchronous generators. Itis initially at its
largest value and decreasing to steady value. These higher fault levels tax Circuit Breakers adversely so
that current limiting reactors are sometimes used.

TheShortcircuitMVAisabetterindicator ofthestresson CBsthantheshortcircuitcurrentasCB hasto
withstand recovery voltage across breaker following arc interruption.

Thecurrentsflowingduringafaultisdeterminedbytheinternalemfsof machinesin thenetwork, bythe
impedancesofthemachines,andbytheimpedancesbetweenthe machinesandthe fault.

Figure 2.6 showsa partofa power system, where the rest of the systemattwo points of coupling have been
represented by their Thevenin’sequivalentcircuit (or by avoltagesourceof 1putogetheritsfaultlevel
whichcorrespondstotheperunitvalue ofthe effective Thevenin’s impedance).




FaultLevel=8pu Fault Level =5 pu

T

Figure 2.6 — Circuit for Fault Level Calculation

WithCB1andCB2open,shortcircuitcapacitiesare SCCatbus1=8
p.u.givesZy1=1/8=0.125pu SCCatbus2=5p.u.givesZg
=1/5=0.20pu
Each of the lines are given to have a per unit impedance of 0.3 pu.
Z1=7,=03p.u.
WithCBlandCB2closed,whatwouldbetheSCCs(orFaultLevels)ofthebusbarsinthe

system? @ v=1pu V=1pu vy

€ 0.125pu 0.2pu Zin
JTLZf g }
il il

System Equivalent Circuit Thevenin’s Equivalentat3
Figure 2.7a Determination of Short circuitcapacities

o
w
°
c
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This circuit can be reduced and analysed as in figure 2.7b.

0.4253 05 0.425

E=1@ l E=1 % _ _1
= _l_ | _T_:

Thus, the equivalentinputimpedance is given byto give Zinas 0.23 pu atbus 3,
so that the short circuit capacity at busbar 3is given as

| SCC3 |=1/0.23 =4.35 p.u
The network may also be reduced keeping the identity of Bus 1 as in figure 2.7c.
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Figure 2. 7¢ Determination of Short circuit capacity at
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UNIT - IV
POWER SYSTEM STEADY STATE STABILITY
ANALYSIS

Stability of power systemisitsability toreturntonormal or stable operating condition after been subjected to
someofdisturbance. Instability meansacondition representing lossofsynchronismorfalloutofstep.
The instability of power system is divided into two parts

1. Steady statestability

2. Transient stability
Increaseinloadisakind ofdisturbance to power system. Ifthe increase in load takes place graduallyand
slowlyinsmall stepsandthe system withstand thischange inload and operates satisfactorily then this system
phenomenaissaidtobe STEADY STATE STABILITY.
Cause of transient disturbances

1. Sudden change of load.

2. Switching operation.

3. Loss ofgeneration.

4. Fault.
Duetothefollowingsuddendisturbancesinthe power system, rotorangular difference, rotor speed and power
transfer undergo fast changes whose magnitude are dependent uponthe severity ofdisturbances.
Ifthe disturbance isso large that the angular difference increases somuchwhich can cause the machine out of
synchronism. Thiskind of instability is denoted as transient instability. Itisa very fast phenomenon itoccurs

withinone secondfor the generating unit closer to the disturbance.
. [ | hi

The Kinetic energy of the rotor at synchronous machine is




1
KE="Jw? x10°MJ (1)
? sm

J  =rotor momentofinertia in kg-m?

2

|
j », x107° |, =—Mo,

1
KE =— J(

NN

Where

52
M=J ( ;) @, x10°=Moment of inertia MJ-s/elect. rad

now inertia constant /2 be written as

1 .
GH =KE =—Mo, mj

g =machine rating(base)in mva(3-phase) h

=inertiaconstantin mj/mva or mw-s/mva

SO,
2GH = “MMy-sfelect.rad (4)
M = —
s bui
_GH
____MJ-s/elect.rad (5)
180 f

Taking G as base, the inertia constant in pu is

H

M = s?/elect.rad (6)
7t
H

M=____ select.degree (7)

180 f




Swing Equation

The differentialequation that relates theangular momentum M, acceleration power Paand therotor
angle Jis known as swing equation. Solution of swing equation shows how the rotor angle changes with

respecttimefollowingadisturbance. Theplot OVstisknown asswing curve. The differentialequation
governing the rotor dynamics can then be written as.

d’6
JEIr =T, T,
dt
where,
J  =rotor moment of inertia in kg-m®. 7 m = angle in radian (mech.)
— — <
T l_ P‘-‘ |_ Pe
e Tm
_ | Generator — Motor
Pr Pr
Ts w W Te
(a) (b)

Fig. 1 Electrical and mechanical power flow in motor

Whiletherotorundergoesdynamicsasper Equation (9), the rotor speed changesby insignificantmagnitude
forthetimeperiodofinterest (1s)

Equation(8)canthereforebeconvertedintoitsmoreconvenientpowerformbyassuming

the rotor .speed (wsm). Multiplying both sides of Equation ( 8) by wsmWe can write
d?é -

6
M_Axlo :Pm_PeMW (9)

2
Where, dt




Pm= mechanical power input in MW

Pe=electrical power output in MW; stator copper loss is assumed neglected. Rewriting Equation ( 9)

\ 2

PR ,
J[ — | @, x107° 7%, =(B, — P, )MW
P dr”
d>o,
""M - 3 — 'jjm T R? :lulﬂ::[r
dt”

Where

©e =angle in rad.(elect.)

Asitismoreconvenienttomeasuretheangularpositionoftherotorwithrespecttoa synchronously rotating frame of reference.

Igg[ul#ﬁe
’ 0= 0- wt (13)

e S

disrotorangulardisplacementfromsynchronouslyrotatingreferenceframe,called

Torque Angle/Power Angle.

FromEquation(9)
d’0 d*o
e= 1] 14)
dt*  dt?

Hence Equation ( 11) can be written in terms of as

d?o
M—, =P~ P.MW (15)
dt
Using Equation (11) we canalso write
(GH\d 26

S
‘sz)dtz




Dividing throught by G, the MV Arrating ofthe machine

d?o
:Pm_Pe
M(IOU)ET
Wher
€ H Hd®0_
T T T O
M@Pu= ¢ < 4o Pm Pepu

Equation ( 17) is called as swing equation and it describes the rotor dynamics for a

(17)




synchronous machine (generating/motoring). It is a second-order differential equation where the damping term

(proportionalto d 5dt) isabsentbecause oftheassumptionofa losslessmachineandthefactthatthetorqueof

damper winding has been ignored. Since the electrical power Pe depends upon the sine of angle o'the swing

equationisanon-linear second-order differentialequation.

Multi-Machine System

Inamulti-machinesystemacommonsystembasemustbe chosen Let
Gmach=machine rating (base)

Gsystem=SYystem base

Equation(18) can then be written as

Gmach H mach d 2:3 ) ( ]_)m . Pe) Gmach
G fodr

system system

H system d K (S _
Or f e =1L, —d, pu in system base.

Where

H — H Gmach

system mach
system

Consider the swing equations of two machines or a common system base.

Hl 61251 _

) —= P g = Pl pll
7?7(’ ¢ ’,rg m e

H, a8,

/77; dfz = m2 ~ Le2 PU

Since the machine rotors swings together (coherently or in unison)

O=06=0




AddingEquation(20)and(21)

Wher
sz F)ml"l' Pm2

Pe: Pe1+ Pez

H 2
0o _

af dt

2

(22)




Heq: H1+ H2

Thetwomachinesswingingcoherentlyarethusreducedtoasingle machineasin Equation( 22),the

equivalentinertiain(22) canbewrittenas

H = H G1mach + H GZmach

eq 1mach / 2mach / (23)
G system G

syste
m

The above results are easily extendable to any number of machines swinging coherently. Tosolving the swing
equation(Equation(23),certainsimplifyingassumptionsareusually made. Theseare:

1 Mechanical power input to the machine (Pm) remains constant during the period of electromechanical
transientofinterest. Inotherwords, itmeansthatthe effectofthe turbinegoverningloopisignoredbeingmuch
slowerthanthespeedof thetransient. This assumption leadstopessimisticresult-governing loop helps tostabilize
thesystem.

2. Rotorspeedchangesareinsignificant-thesehavealreadybeenignoredinformulating the swingequation.
3. Effectofvoltageregulating loop during the transient isignored, asaconsequence the generated machine emf
remains constant. This assumption also leads to pessimistic results- voltage regulator helpsto stabilize the
system.

Before the swing equation can be solved, itis necessary to determine the dependence of the electrical power output
(Pe) uponthe rotorangle.

Simplified Machine Model

For a non-salient pole machine, the per-phase induced emf-terminal voltage equation under steady

conditions is.

E=V+jXdy >Xgq (24)
Xqlg: X




X'y

Y o—

+

E'=|E"|/§

< — b

Fig. 3 Simplified machine model.

ThemachinemodelcorrespondingtoEq.(26)isdrawninFig.(3)whichalsoappliestoa

o . X ! _X/ _X/ .
cylindrical rotor machine da — 7% ¢ T/\($ransientsynchronousreactance).
where

Power Angle Curve

For the purposes of stability studies E | : transient emf of generator motor remains constant or is

theindependentvariable determined by the voltage regulating loopbutV, the generator determined terminal
voltage isa dependent variable. Therefore, the nodes (buses) of the stability study network to the ernf terminal in

themachinemodelasshowninFig.4,while the machine

reactance (X isabsorbedinthesystemnetworkasdifferentfromaloadflowstudy. Further,

)




theloads(otherthanlargesynchronousmotor)willbereplacedbyequivalentstatic admittances (connected in

shunt between transmission network buses and the reference bus).

e

x,dl
i
R (- %
+
E; System network
N

2 4
r

o

Fig. 4 Simplified Machine studied Network
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Fig 5 Power Angle Curve

Thisissobecauseloadvoltagesvaryduringastabilitystudy(inaloadflowstudy,these remainconstantwithin

anarrowband). Thesimplifiedpowerangleequationis

P.=P,,sSind
Wher
e
E.E,
P =
max x

Thegraphicalrepresentationofpowerangleequation(28)isshown inFig. 5. Theswing

(27)

(28)




equation(27)cannowbewrittenas

Hd*6
= I:)m_ Pe pu (29)

af dt?

It is a non linear second-order differential equation with no damping.

Machine Connected to Infinite Bus

Figure 6isthecircuitmodelofasinglemachineconnectedtoinfinitebusthroughalineof reactance Xe. In this
simple case

|
Xtransfer == X’d Xe

FromEq( 30) weget

c
P.= msinéz PmaxSiNo (30)

transfer




Infinite
bus

; e
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Fig. 6 Machine connected to infinite bus bar

The dynamics of this system are described in Eq. (15) as
Hd?o
= I:)m_ I:)e pu (31)

A dt?
TwoMachineSystems

The case of two finite machinesconnected throughaline (Xe) isillustrated in Fig. 5 where one of the
machines must be generating and the other must be motoring. Under steady condition, before the system goes
into dynamics and the mechanical input/output of the two machinesisassumedtoremainconstantatthese values
throughout the dynamics (governor action assumed slow).During steady state or in dynamic condition, the

electrical poweroutputofthegeneratormustbeabsorbedbythemotor(networkbeinglossless).

X' Xo X'm
+
Pm1——> —_— Pe1 Pez‘— -t—PmZ
|E%4| 84 |E%2|£8;

Fig. 7 Two machine system




Thusatall
time

IDml:_l:)mz = I:’m

Pel = _Pem 2= I:)e

(32)

(33)




tate Stabili

Thesteadystatestabilitylimitofaparticularcircuitofapowersystemisdefinedas themaximumpower
thatcanbetransmittedtothereceivingendwithoutlossof synchronism.

Consider the simple system of Fig. 7 whose dynamics is described by equations

d?o
M €E=P-PMW (40)
dt?
M=E
inpusystem (41)
7t
And,
P = ‘EHV‘ sind =P,.SiNO0 (42)
X4

For determination of steady state stability, the direct axis reactance (Xq) and, voltage behind Xq

areusedintheaboveequations. Letthesystembeoperatingwithsteadypowertransfer of Peo=Pm Withtorqueangle o
oasindicated inthe figure. Assumeasmallincrement AP inthe electric power with the input from the prime

moverremainingfixedatPm(governor responseisslowcomparedtothe speed of energy dynamics), causing

the torque angle to change to (&% + AJ) .




d’Ad
M =Pn— (Peo+ AP.) = —AP,

dt?

or
d?AS | oP]

M . U%ﬁoAé':O

or
Mp 2+(6Pe\ A5=O

\ o6
Jo
Where
d
P=__
dt
Thesystemstabilitytosmallchangeisdeterminedfromthecharacteristicequation.
Mp?+| P 1
| -
L 60 ko

Itstwo rootsare

" op E
p=+_100 |

™M

] I

As long as (ape 65) it pgsitive, the roots are purely imaginary and conjugate and the
system

(43)

behaviour is oscillatory about ¢ . Line resistance and damper windings of machine, which have been ignored in

the above modelling, cause the system oscillations to decay. The systemis therefore stable forasmall

increment inpowerso longas




(6pe , )
\‘ A&Jw (44)

When(0p. 8/5) , I negative, the roots are real, one positive and the other negative but of
equal

magnitude. The torque angle therefore increases without bound upon occurrence of a small power increment
(disturbance)andthesynchronismissoonlost. Thesystemistherefore unstable for




{ép%% <0 (45)

(a|0e /85) is known as synchronizing coefficient. This is also called stiffness (electrical) of
0

synchronous machine.

Assuming |E| and |V| to remain constant, the system is unstable, if

coso <0
X 0
O>90" (46)

The maximum power that can be transmitted without loss of stability (steady state) occurs for

0= 90" (47)

P,.= E1 ”
X




If the system is operating below the limit of steady stability condition (Eq. 48), it may continueto
oscillate for a long time if the damping is low. Persistent oscillations are a threatto system security. The study of
systemdampingisthestudyofdynamicalstability.

The above procedure is also applicable for complex systems wherein governor action and excitation
control arealsoaccounted for. The describing differential equationis linerizedabouttheoperatingpoint.Condition
for steady state stability isthen determined from the corresponding characteristic equation (whichnow isof order
higherthantwo).

It was assumed in the above account that the internal machine voltage |E| remains constant (i.e.,
excitation is held constant). The result is that as loading increases, the terminal voltage Vi dips heavily which
cannot betolerated in practice. Therefore, we must consider the steady state stability limit by assuming that
excitation isadjusted for every load increase tokeep
[Vi|constant. Thisishowthesystemwillbeoperatedpractically.ltmaybeunderstood  thatwearestillnot

consideringtheeffectofautomaticexcitationcontrol.

Some Comment on Steady State Stability

Knowledge ofsteady state stability limitisimportantforvariousreasons.A system canbeoperatedabove
itstransientstability limitbutnotabove itssteady state limit. Now, with increased fault clearing speeds, it is
possible to make the transient limit closely approach the steady state limit.

Asisclear from Eq. (50), the methods of improving steady state stability limit ofa systemaretoreduce X
andincrease either orboth|E| and|V/|. If the transmissionlinesare of sufficiently high reactance, the stability limit
canberaisedbyusingtwo parallel lineswhich incidentally also increases the reliability of the system. Series
capacitors are sometimesemployed in linesto get better voltage regulation and to raise the stability limit by
decreasingthe linereactance. Higherexcitationvoltagesandquickexcitationsystemare alsoemployed toimprove

the stability limit.




UNIT-V
POWER SYSTEM TRANSIENT STATE STABILITY ANALYSIS

Transien ili

Thedynamicsofasinglesynchronousmachineconnectedtoinfinitebusbarsisgovernedbythenonlinear

differential equation

where

P.= P SINO
(49)

or
d?o

dt

Assaidearlier, thisequationisknownastheswingequation.Noclosedform solutionexistsforswing
equationexceptforthesimplecasePm=0(notapracticalcase) which involves
elliptical integrals. Forsmall disturbance (say, gradual loading), the equation can be linearised
leading to the concept of steady state stability where a unique criterion of stability(ape 00 /
>0)
couldbeestablished. Nogeneralized criteriaare available for determining system stability with large disturbances
(called transient stability). The practical approach to the transient stability problem is therefore to list all

important severe disturbances along with their possible locations




towhichthe systemis likely to be subjected according to the experience and judgement of the power system
analyst. Numerical solution of the swing equation (or equations for a multi-machinecase)isthenobtainedinthe

presenceofsuchdisturbancesgivingaplotof o Vs t called the swing curve. If § starts to decrease after reaching a

maximum value, it is normally assumed that the system is stable and the oscillation of ¢ around the equilibrium
pointwill decayandfinally die out. Asalready pointed outinthe introduction, important severedisturbances
areashortcircuit orasudden lossof load.

For ease of analysis certain assumptions and simplifications are always made (some of these have
already been made in arriving at the swing equation (Eq. 49). All the assumptions are listed, below along

with their justification and consequences upon accuracy ofresults.

1. Transmission line as well as synchronous machine resistance is ignored. This leads to pessimistic result as
resistance introduces damping term in the swing equation which helpsstability.
2. Damping term contributed by synchronous machine damper windings is ignored. This also leads to
pessimisticresultsforthetransient stability limit.
3. Rotorspeedisassumedtobesynchronous. Infactitvariesinsignificantly duringthe courseofthestability
transient.
4. Mechanical input to machine isassumed to remain constant during the transient, i.e., regulatingactionofthe
generatorloopisignored.Thisleadstopessimisticresults.
5. Voltage behind transient reactance is assumed to remain constant, i.e., action of voltage regulating loop is
ignored. Italso leadsto pessimistic results.
6. Shunt capacitances are not difficult to account for in a stability study. Where ignored, no greatly significant
erroriscaused.
7. Loads are modelled as constant admittances. This is a reasonably accurate representation. Note:
Sincerotorspeedandhence frequencyvary insignificantly, the networkparametersremainfixedduring
astabilitystudy.

Adigital computer programme to compute the transient following sudden disturbance can be
suitably modified to include the effect of governor action and excitation control.

Presetdaypowersystemaresolargethatevenafterlumpingofmachines(Eq.(24)),




thesystemremainsamulti-machineone.Eventhen,asimpletwomachinesystemgreatly aids the

understandingofthetransientstabilityproblem.Ithasheenshowninthatanequivalent - singlemachineinfinitebus
systemcanbefoundforatwo-machinesystem(Eqg. 45)to(Eq. 49)

Uponoccurrence of aseveredisturbance, say ashortcircuit, the power transfer between machinesis
greatly reduced, causing the machine torque angles to swing relatively. The circuit breakers near the fault
disconnect the unhealthy part of the system sothatpower transfer can be partlyrestored, improving the chances of
the system remain stable. The shorter the time to breaker operating, called clearing time, the higher is the
probability of the system being stable. Most of the line faultsare transientinnature and get cleared on opening the
line. Therefore, itiscommonpracticenowtoemployauto-reclose breakerswhichautomatically close rapidly after
each of the two sequential openings. If the fault still persists, the circuit breakers open and lock permanently till
cleared manually. Since inthe majority of faults the first reclosure will be successful, the chances of system
stabilityaregreatlyenhancedbyusing autoreclose breakers.

The procedure of determining the stability ofa system uponoccurrence of a disturbance followed
by various switching off and switching on action called a stability study.Stepstobefollowedinstabilitystudyare
outlined belowfor single-machine infinite busbar system showninfig. 6. The faultisassumedto be transient one
whichiscleared by the time of first reclosure. In the case of a permanent fault, this system completely falls

apart. Thiswillnotbethecaseinamulti-machinesystem. Thestepslisted,infact,applyto asystemofanysize.
1 From prefault loading, determine the voltage behind transient reactance and the torqueangle & ofthe
machinewithreferencetotheinfinitebus.
2 Forthespecifiedfault, determine the power transfer equation P.(0 )duringfault.Inthis
system Pe= 0 for a three-phase fault.
3 Fromtheswingequationstartingwith dasobtainedinstepl,calculate dasa function of time usinga

numerical technique ofsolvingthe nonlinear differential equation.

Afterclearanceofthe fault, once again determine P.(9)




E | Ar riteria for ili

Inasystemwhere one machine isswinging withrespecttoan infinite bus, it is possible to study
transientstabilitybymeansofasimplecriterion,withoutresortingtothe numerical solution of a swing equation.

Consider the equation

M =P, I:)e - Pa (50)

Pa=accelerating power
Ifthesystemisunstable ocontinuestoincreaseindefinitelywithtimeandthe machine

losessynchronism.Ontheotherhand,ifthesystemisstable, o(t) performsoscillations

(nonsinusoidal) whoseamplitude decreasesinactual practice because of dampingterms (notincludedinthe
swing equation).These two situationsare shown infig. 6. Since the systemis no- linear, the nature ofits
responsel[ o(t)]isnotuniqueand itmayexhibit instability inafashion different fromthatindicated inFig. 6,
depending uponthenature

and severity of disturbance.

However, experience indicates that the response & inapowersystemgenerallyfallsin the

(t)

two broad categoriesas shown in the figure. Itcan easily be visualized now (this hasalso been stated earlier) that
for a stables system, indication of stability will be given by observationofthefirstswingwhere Owillgotoa

maximumandwillstarttoreduce.

Fig. 8 Plot of § vs t for stable and unstable system.
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Fig. 9 Pe- 6 diagram for sudden increase in mechanical input

Theconditionofstabilitycanthereforebestatedas:thesystemisstableiftheareaunder Pa (accelerating power)-

o curve reduces to zero at some value of & . In other words, the positive(accelerating)areaunderPz-dcurvemust
equalthenegative(decelerating)area and hence the name ,,equal area™ criterion of stability. Toillustrate the equal
area criterion of stability, we now consider several types of disturbances that may occur inasingle machine
infinite bus bar system. Figure 9 shows the transient model of a single machine tied to infinite bus-bar. The

electricalpowertransmitted isgivenby

P = ‘E\H’ ‘sin5= PraxSINO
X

d

Under steady operating condition

P.0= Peo= PmnaxSinoy

This is indicated by the point a in the Pe- 5diagram of Fig. 8.

LetthemechanicalinputtotherotorbesuddenlyincreasedtoPmi(byopeningthe steam

valve). Theaccelerating P.=Pmi—Pe causestherotorspeedto (> @s) and
power increase




beginstoreducebuttheanglecontinuestoincreasetillatangle o ,,(w> once again (state
;)

pointatc. Atc), the-decelerating area A equals the accelerating area Ay, (areasare shaded), i.e,

5
[ Pads=0
&
Sincethe rotor is decelerating, the speed reduces below and the rotor angle begins to
W
reduce. The state pointnowtraverses the P.Vsdcurveintheoppositedirectionasindicatedby

arrowsinFig.8.Itiseasilyseenthatthesystemoscillatesaboutthenewsteadystatepointb

(6 = 6,) with angle excursion up to doand & , onthetwosides. Theseoscillationsaresimilar to

thesimpleharmonicmotionofaninertia-springsystemexceptthatthesearenotsinusoidal.
Astheoscillationsdecay outbecause of inherentsystemdamping (notmodelled), the systemsettlestothe

new steady state where

I:)mlz I:)e: I:)maxsm é‘1

FromFig.12.20,areas A1=Azaregivenby
do

A= (Pri— P.)dS
Oo
or

So

A= (Pe-Pm)dd

So

Forthesystemtobestable,itshouldbepossibletofindangle d,suchthatA1=Az. AsPm1isincreased,alimiting
conditionisfinallyreachedwhenA; equalstheareaabovethePm1 line asshowninFig 10.Underthiscondition,d ,

acquiresthemaximumvaluesuchthat
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Fig. 10Limitingcaseoftransientstabilitywithmechanicalinputsuddenlyincreased

Ithasthusbeenshownbyuseoftheequalareacriterionthatthere-isanupperlimitto suddenincreasein
mechanicalinput(P..— Pmo),forthesystemingquestiontoremainstable’

ItmaybenotedfromFig.9thatthesystemwillremainstableeventhoughtherotor may

oscillate beyond =90 solongastheequalareacriteriaismet Theconditionof =90 is

o 5

meantforuseinsteadystatestabilityonlyanddoesnotapplytothetransientstabilitycase.

Effect of Clearing Time on Stability

Letthe system of Fig. 9be operatingwith mechanical input P ata steadyangle of & (Pm=P¢) as shown by
thepointaonthePe Vs odiagramofFig. 10.1fa3-phasefaultoccurs atthe pointP of the outgoingradial line, the

electrical output of the generator instantly reducestozero,i.e.,P. =0andthestatepointdropstob. Theacceleration
area A1 beginsto increase and so does the rotor angle while the state point moves along bc. At time t.

corresponding to angle &,

thefaultedlineisclearedbytheopeningofthelinecircuitbreaker. Thevaluesoftcand are
JoX

respectivelyknownasclearingtime and, clearingangle. Thesystemonceagainbecomes

healthy and Pe=PnasSin di.e. the state point shiftsto d on the original Pe Vs dcurve.
transmits

TherotornowdeceleratesandthedeceleratingareaAz,beginswhilethestatepointmoves
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Fig. 10 Limiting case of transient stability with critical angle

The value of clearing time corresponding to a clearing angle can be established only by numerical
integration except in this simple case. The equal area criterion therefore gives only qualitative answer to system
stabilityasthetimewhenthebreakershouldbeopened is hard to establish.

Astheclearingofthefaultylineisdelayed,A increasesandsodoeso; ,tofindAx=Au tilld, = O, asshown
inFig. 10. For aclearing time (or angle) larger than this value, the system would be unstable as A2<A The

maximumallowablevalue of theclearingtimeand angle for the system to remain stable are known respectively as

criticalclearingtimeand angle.
For thissimple case (P=0 during fault), explicit relationships for (critical) and tc

(critical) are established below. All angles are in radians.

ItiseasilyseenfromFig.10

5max :72-_50 (56)

and
P =PrnaxSind (57)




O
A1: = IDm(é‘cr_ 50)
[P -0)do
and &
O max
A,= (P sind-P)do
o

=P (C0S Oy —C0SO) — P (Omax — Ocr)
For the system to be stable, A>=A1 which gives

Pr
COSé;r = P— (§max _éb )+C055 max

max

Where

5cr =critical clearingangle.

Substituting Eq. (58) and (59) in Eq.(60), we get
0, =cos ' [(m-20)sind —cosd]

0 0

During the period the fault is persisting, the swing equation is

d25_ 1t

dt? H Pm; where Pe =0

(58)

(59)

(60)




FromEq.(61)

5, = \/ 2H (8.~ &)

T

Whereox, is given by the expression of Eq. ( 62)

An explicit relationship for determining te is possible in this case as during the faulted condition Pe

=0 and so the swing equation can be integrated in closed form. This will not be the case in most other

situations.
Considernowasinglemachinetiedtoinfinitebusthroughtwoparallellinesas inFig. 11a circuit model of

the system is given in Fig. 11b.

Letusstudythetransientstability ofthesystemwhenoneofthelinesissuddenly switchedoffwiththe

systemoperatingatasteadyroad.Beforeswitchingoff,powerangle curve isgiven by

P = Sind =P, SiNO

X

Immediately on switching off line 2, power angle curve is given by

P .~ ' sino=P__.,Sind
ell max Il

!

X d
—3 L +— Infinite
P—‘ ﬁo— bus
" = O 1o
(a)
X
|E‘Lss X B0
_— Switched off 174 P 0 o
Pm / \ i
CBE 0
Xz

)

Fig. 11 Single machine tied to infinite bus through two parallel lines
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Fig. 12Equalareacriterionappliedtotheopeningofoneofthetwolinesinparallel

Both these curves are plotted in Fig. 12, wherein Pmaxii < Pmaxas (X +X1)>(Xy +X 1] X2)

.ThesystemisoperatinginitiallywithasteadypowertransferP.=Pnatatorqueangled, on curve I. Inmediately on
switchingoffline2 theelectricaloperatingpointshiftstocurvell (point b). Accelerating energy corresponding
to area A1 is put into rotor followed by decelerating energy for 6,> 0. Assuming that an area A;
corresponding to decelerating energy(energyoutofrotor) can be found such that A; = A, the systemwill be
stable and will finally operate at ¢

correspondingto anew, rotor angle o, > ;. Thisisso because asingle line offers larger

reactance and larger rotor angle is needed to transfer the same steady power.
Itisalsoeasytoseethatifthesteadyloadisincreased(linePrm isshiftedupwardinFig. 12,a limitisfinallyreached

beyondwhich deceleratingareaequaltoA; cannotbefound and

therefore, thesystembehavesasanunstableone,Forthelimitingcaseofstability, &, has

maximum value given by

51: 5max: 7T — 50

This is the same condition as in the previous example.
Weshallassumethefaulttobeathree-phase one. Beforethe occurrence ofafault, the poweranglecurveis

given by




Uponoccurrence of athree-phase faultatthe generator end of line 2 (see Fig. 15a), the generator gets
isolatedfromthepowersystemforpurposesofpowerflowasshownby Fig. 15b. Thus during theperiod the fault
lasts,

Pen=0

Therotor therefore acceleratesandangle o increases. Synchronismwill be lost unless
the fault is cleared in time.

The circuit breakers at the two ends of the faulted line openattime t.

(correspondingtoangle &.), the clearing time, disconnecting the faulted line.

Thepowerflowisnowrestoredviathehealthyline(throughhigherline reactance Xz in
placeof Xi|| Xz), withpoweranglecurve

P.= [EY| sind=Puuasind

/ Py, prefault (2 lines)

Peu, postfault (1 line)

A
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Fig. 13Equalareacriteriaappliedtothesystem, Isystemisnormal, I1faultapplied, I11 faulted lineisolated.




Obviously, Pmaxii <Pmaxi. Therotor nowstartstodecelerateasshowninFig. 13. Thesystem willbestableifa
deceleratingareaA, canbefoundequaltoacceleratingareaAs before o reachesthemaximumallowablevalue

O AsareaA:dependsuponclearingtimet.

(corresponding to clearingangle o), clearing time must be less than a certain value (critical clearing time)
forthe system to be stable. Itistobe observed thatthe equal area criterion helps todeterminecriticalclearingangle
and notcritical clearing time. Critical clearing time can be obtained by numerical solution ofthe swing
equation

Italso easily follows that larger initial loading (Pm.) increases A for a given clearing angle (and time) and
therefore quicker fault clearing would be needed to maintain stable operation. The power angle curve
duringfault isthereforegivenby

EY |

X

P,= ——sino=P,, sino

ell
Il
Per, Pemnand Penjasobtained above are all plotted in Fig. 1 Accelerating area A1 correspondingtoagiven

clearing angle oisless in this case then in case agiving a better chance for stable operation. Stable system

operation isshown in Fig. 14, wherein it is possible

to find an area Az equal to A1 for d ;< O max. As the clearing angle 0 . isincreased,areaA;

increasesand tofind A2=As, 0, increasestillithasa value J m, themaximumallowablefor stability This case of

critical clearing angle isshowninFig. 15
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Fig. 15 Fault on middle of one line of the system of, case of critical clearing angle




