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ELECTRIC FLUX

In electromagnetism, electric flux is the rate
of flow of the electric field through a given
area.

The total number of lines of force passing
through the unit area of a surface.

It is scalar quantity.
Its unit is N.m2/C or V.m



MATHEMATICALLY

Mathematically the electric flux is defined as:

"The dot product of electric field
intensity (E) and the vector area (AA) is called
electric flux.”

AD, = E.AA
AD, = E.AAcosé
Where 0 is angle between E and AA A
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PROPERTIES

Maximum Flux

If the surface is placed perpendicular to the electric
fleld then maximum electric lines of force will pass
through the surface. Consequently maximum
electric flux will pass through the surface

line are perpendicular than 8=0
0 =E. AA
2
L]
O =E AA cos0

¢E= E AA (1)

L=




Zero Flux

If the surface is placed parallel to the electric field
then no electric lines of force will pass through the
surface. Consequently no electric flux will pass
through the surface.

¢= E_ AA
e

L]
¢E= E AA cOS90

¢E= E AA(0)




ELECTRIC FLUX THROUGH A SPHERE

Consider a small positive point charge +q placed
at the Centre of a closed sphere of radius "r".

The relation is not applicable in this situation
because the direction of electric intensity varies
point to point over the surface of sphere.

In order to overcome this problem the sphere is
divided into a number of small and equal pieces
each of area AA.

The direction of electric field in each segment of
sphere is the same i.e. outward normal.



CONT...

Now we will determine the flux through each
segment.
Electric flux through the first segment:

AD, = E.AAcosd
AD, = E.AAcosO
AD, = E.AAcos(1)

But 0=0

AD, =E.AA




Electric flux through the second segment:

AD, = E.AA

Similarly, Electric flux through other segments:




Being a scalar quantity, the total flux through the
sphere will be equal to the algebraic sum of all

these flux i.e. = :_i B
=1
D =§(EAA)
i=1 i

D = Ei (AA)




This expression shows that the total flux through
the sphere is 1/e, times the charge enclosed (q)
in the sphere.



ELECTRIC FLUX DENSITY

The Electric Flux Density is called Electric
Displacement denoted by D, is a vector field that
appears in Maxwell's equations.

It is equal to the electric field strength
multiplied by the permittivity of the material
through which the electric field extends.

It is measured in coulombs per square meter.

The Electric Flux Density (D) is related to the
Electric Field (E) by:

D _ SE ------ Equation (1)



In Equation [1], € is the permittivity of the
medium (material) where we are measuring the

fields.

If you recall that the Electric Field is equal to the
force per unit charge (at a distance R from a
charge of value g1 [C])

E = q, Equation------ (2)
4eR’
Then the Electric Flux Density is:
) [

471 R> Equation------ (3)



From Equation [3], the Electric Flux Density is
very similar to the Electric Field, but does not
depend on the material in which we are
measuring (that is, it does not depend on the
permittivity .

Note that the D field is a vector field, which
means that at every point in space it has a
magnitude and direction.

The Electric Flux Density has units of Coulombs
per meter squared [C/m?2].



Definitions

* Flux—The rate of flow through an area or volume. It can
also be viewed as the product of an area and the vector
field across the area

 Electric Flux—The rate of flow of an electric field through
an area or volume—represented by the number of E field
lines penetrating a surface




Charge and Electric Flux

Previously, we answered the question — how do we find
E-field at any point in space if we know charge distribution?

Now we will answer the opposite question — if we know E-field
distribution in space, what can we say about charge distribution?

(a) A box containing an unknown amount of

charge

@ il I}

(b) Using a test charge outside the box to probe

the amount of charge inside the box

(b) Positive charges inside box,

l E outward flux
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Electric flux

Electric flux is associated with the flow of electric field through a surface

(a) No charge inside box,

zero flux
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(b) Zero ner charge inside box, (¢) No charge inside box,
inward flux cancels outward flux. inward flux cancels outward flux.

+o — Uniformly
E charged
\ / \ sheet
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E -~ r_z For an enclosed charge, there is a connection
, between the amount of charge

S~r and electric field flux.
E[S = const



Calculating Electric Flux

(@) A wire rectangle in a fluid

Amount of fluid passing through
the rectangle of area A

7] —t
&//I C;—\:zuA

(b) The wire rectangle tilted by an angle ¢

dv
— =0AC0S @
A =Acosd A dt
A g
= - -
//7 d—V:UDA

d>/ dt



Calculating Electric Flux

The flux for an electric field is
O=EeA

For an arbitrary surface and nonuniform E field
O=¢E odA

Where the area vector is a vector with magnitude of the
area A and direction normal to the plane of A



Flux of a Uniform Electric Field

(@) Surface is face-on to electric field: (b) Surface is tilted from a face-on (c) Surface is edge-on to electric field:

« E and A are parallel (the angle between E orientation by an angle ¢: * F and A are perpendicular (the angle
andAis¢p =0). * The angle lwcl\\'cc‘n l and A is . between E and A 'i.s gp =90%).

* The flux @, = E+-A = EA. * The flux @, = E+A = EA cos ¢. * The flux @, = E+-A = EA cos 90° = 0.

Bi=i \ ¢ = 90°
P B -
E f , —fit=y = \
> (f) FE o
E — A
A ).
e A
—_— e f———
A A, A
Copyright © 2008 Pearson Education, Inc., publishing as Pearson Addison-Wesley.
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O =E IA=EAcos¢ A= AN N -unit vector in the direction of normal to the surface

Flux of a Non-Uniform Electric Field

E — non-uniform and

- >
Pe :.S[EEU A A- not flat



Few examples on calculating the electric flux

r=0.10m [/

-
L ol

\ n

Y

\O/{:P .- Find electric flux

E—2.10°5[N/C]



Definitions

« Symmetry—The balanced structure of an object, the halves
of which are alike

» Closed surface—A surface that divides space into an inside
and outside region, so one can’t move from one region to
another without crossing the surface

» Gaussian surface—A hypothetical closed surface that has
the same symmetry as the problem we are working on—
note this is not a real surface it is just an mathematical one




Gauss’ Law
- Gauss’ Law depends on the enclosed charge only

D = |E o dA = Jene
gO

1. If there is a positive net flux there is a net positive charge

enclosed
2. If there Is a negative net flux there is a net negative charge

enclosed
3. If there Is a zero net flux there is no net charge enclosed

Gauss’ Law works 1n cases of symmetry



Types of Symmetry

 Cylindrical symmetry—example a can
 Spherical symmetry—example a ball

» Rectangular symmetry—example a box—rarely used



Steps to Applying Gauss’ Law

To find the E field produced by a charge distribution at a point of
distance r from the center

1. Decide which type of symmetry best complements the
problem

2. Draw a Gaussian surface (mathematical not real)
reflecting the symmetry you chose around the charge
distribution at a distance of r from the center

3. Using Gauss’s law obtain the magnitude of E



(a) Gaussian surface around (b) Gaussian surface around
positive charge: negative charge:
positive (outward) flux negative (inward) flux

Caopyright © 2004 Pearson Education, Inc., publishing as Addison Wosley.



(a) The outward normal to the

surface makes an angle ¢
with the direction of E.

Copyidt U JU08 Py Sucan, e, pulinfeny o4 Maanon Adteon-VWssy

-~
\\

Gauss’s Law

(b)

e projection of the
area element dA onto
the spherical surface
is dA cos ¢.

Copyngee © 2008 Pearan E0cn, It putSen g te Faainas AdSson Wesiy
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Applications of the Gauss’s Law

Remember — electric field lines must start and must end on charges!
If no charge is enclosed within Gaussian surface — flux is zero!

Electric flux is proportional to the algebraic number of lines leaving
the surface, outgoing lines have positive sign, incoming - negative
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Examples of certain field configurations

Remember, Gauss’s law is equivalent to Coulomb’s law

However, you can employ it for certain symmetries to solve the reverse problem
— find charge configuration from known E-field distribution.

Gaussian surface A

Field within the conductor — zero inside conductor Conductor
i shown i (shown in
(free charges screen the external field) S e i
Cross section) Cross section)

Any excess charge resides on the
surface

jE[dK:O
S

Charge on surface
of conductor



Field of a charged conducting sphere

I g
47T€0 R2

E(R) =

Inside the sphere, the

-

Gaussian surfaces
atr = 2Rand r = 3R

Outside the sphere, the magnitude
.-0f the electric field decreases with
" the square of the radial distance

[from the center of the sphere:

| | I %
electric field is zero: |- ' | E= %
E(R)[4 ——"'.,——T——- |
BRY9 |-}~ ---4-—
| |
0 R 2R 3R 4

Copyrg © 2006 Muarson Educaton, 12 atiahinrg as Pasescn Adcacn- Wasky.



Field of a thin, uniformly charged conducting wire

Field outside the wire can only point
radially outward, and, therefore, may
only depend on the distance from the wire

Gaussian

/ surface
\

- -
JIEd A=l \
go EL:
Eo_t
27T e,

A- linear density of charge



Field of the uniformly charged sphere

a7 Uniform charge within a sphere of radius r

3
q= QG) Q - total charge
Q
V

@ L p =— -volume density of charge

Field of the infinitely large conducting plate

o= 9 o- uniform surface charge density
A

O
E=——
Gaussian 280

surface




Charged Isolated Conductors

In a charged isolated conductor all the charge moves to the
surface

The E field inside a conductor must be 0 otherwise a
current would be set up

The charges do not necessarily distribute themselves
uniformly, they distribute themselves so the net force on
each other is 0.

This means the surface charge density varies over a
nonspherical conductor



Charged Isolated Conductors cont

« On aconducting surface

* |If there were a cavity in the isolated conductor, no charges
would be on the surface of the cavity, they would stay on
the surface of the conductor



(a)

Charge on solid conductor resides on surface.

Charge in cavity makes a equal but opposite charge reside on
Inner surface of conductor.



Properties of a Conductor in Electrostatic Equilibrium

The E field is zero everywhere inside the conductor

If an isolated conductor carries a charge, the charge resides on its
surface

The electric field just outside a charged conductor is
perpendicular to the surface and has the magnitude given above

On an irregularly shaped conductor, the surface charge density is
greatest at locations where the radius of curvature of the surface
IS smallest



Charges on Conductors

(a) Solid conductor with charge g (b) The same conductor with an internal cavity

qdc

Arbitrary
Gaussian
surface A

E = 0 within
conductor

By

+ + .
The charge gc resides entirely on the surface of Because E = 0 at all points within the conductor,
the conductor. The situation is electrostatic, so the electric field at all points on the Gaussian

E = 0 within the conductor. surface must be zero.

(c) An isolated charge ¢ placed in the cavity

Field within conductor
E=0

For E to be zero at all points on the Gaussian
surface, the surface of the cavity must have a
total charge —gq.

* - v | 8 p— ey 1 S e S—



Experimental Testing of the Gauss’s Law

(b)

(@)

Field pushes electrons  Net positive charge

toward left side remains on right side.
- - 3 -
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—— +——
. < /;.+ ~ -
S _-x'/
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i e
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Field perpendicular to conductor surface




Gauss’s Law

Basic Concepts
> Electric Flux
> (Gauss’s Law
> Applications of Gauss’s Law
> Conductors in Equilibrium



Electric Flux

The electric flux, @, through a surface is defined as the scalar product of E and
A, &= E-A. As a vector perpendicular to the surface with a magnitude equal
to the surface area. This is true for a uniform electric field.

/ : e /
y -
F -1 E—18
oyl —s -
} > |

O = EA A, =Acosd so d=EA, =EAco0s)

2



Electric Flux Continued

What about the case when the electric field is not uniform and
the surface iIs not flat?

Then we divide the surface into small elements and add

the flux through each.

Physics 24-Winter 2003-L03 3



Electric Flux Continued

Finally, what about a closed
\ - surface? |

N % A closed surface is one that
\ | completely encloses a volume.
i N This is handled as before, but we
need to resolve ambiguity about
direction of A. It is defined to
point outward so flux exiting the
enclosed volume is positive and

flux entering is negative.

@, = RE-dA

Physics 24-Winter 2003-L03 4




Worked Example 1

Compute the electric flux through a cylinder with an axis parallel to the electric
field direction.

E A\

v
v
v

v

v

v

v

v

v

v

v

v
v
v

The flux through the curved surface is zero since E is perpendicular to dA
there. For the ends, the surfaces are perpendicular to E, and E and A are
parallel. Thus the flux through the left end (into the cylinder) is —EA, while
the flux through right end (out of the cylinder) is +EA. Hence the net flux
through the cylinder is zero.

Physics 24-Winter 2003-L03 3)



Gauss’s Law

Gauss’s Law relates the electric flux through a closed surface with
the charge Q,, inside that surface.

o, = R4 20

This i1s a useful tool for simply determining the electric field, but
only for certain situations where the charge distribution is either
rather simple or possesses a high degree of symmetry.

Physics 24-Winter 2003-L03 6



Problem Solving Strategies for Gauss’s
Law

¢ Select a Gaussian surface with symmetry that
matches the charge distribution

& Draw the Gaussian surface so that the electric field
IS either constant or zero at all points on the
Gaussian surface

4 Use symmetry to determine the direction of E on
the Gaussian surface

¢ Evaluate the surface integral (electric flux)
4 Determine the charge inside the Gaussian surface
4 Solve for E

Physics 24-Winter 2003-L03 7



Worked Example 2

Starting with Gauss’s law, calculate the electric field
due to an isolated point charge g.

We choose a Gaussian surface that is a sphere of
radius r centered on the point charge. | have
chosen the charge to be positive so the field is

radial outward by symmetry and therefore
everywhere perpendicular to the Gaussian surface.

1
E.-dA= EdA| Gauss’s law then gives:

' Né'dg‘ ]NEdA— Qn _ 0| Symmetry tells us that the field is
- B &, B &, constant on the Gaussian surface.

]ﬁEdAz ENdA:E(MrZ):ﬂ so E=—+ 9 _y 4

2 e
& Argy ¥ r

Physics 24-Winter 2003-L03 8



Worked Example 3

An insulating sphere of radius a has a uniform charge density p and a total
positive charge Q. Calculate the electric field outside the sphere.

Since the charge distribution is spherically
symmetric we select a spherical Gaussian surface
of radius r > a centered on the charged sphere.
Since the charged sphere has a positive charge, the
field will be directed radially outward. On the
Gaussian sphere E is always parallel to dA, and is
constant.

0
TN - - _ I I
o |Leftside: NE-dA= NEdA= ENdA= E(47r°)
) ©
Right side: O _ Q E(47rr2):g or E= = QZ: ke%
g & &, Argy ¥ r

Physics 24-Winter 2003-L03 9



Worked Example 3 cont’d

Find the electric field at a point inside the sphere.

Now we select a spherical Gaussian surface with
radius r < a. Again the symmetry of the charge
distribution allows us to simply evaluate the left side
of Gauss’s law just as before.

O Left side: ]ﬁ]IE-dA: NEdA: ENdA: E(47zr2)

The charge inside the Gaussian sphere is no longer Q. If we call the

Gaussian sphere volume V' then o

3

° 4o E(4nr?)= Qn _ 407

Right side: Q.. = pV'= pgnr g, 3¢,

° 4prr’ Q 1 Q ., Q
E=—2" 'Orbutp: so E= =k —=r

3¢, (47zr2) 3¢, 4 3’ dre, a a

Physics 24-Winter 2003-L03 10




Worked Example 3 cont’d

We found for r>a , E =

k. Q

a3

andfor r<a, E=

I

2

r

Let’s plot this:

Physics 24-Winter 2003-L03

11



Conductors In Electrostatic
Equilibrium

By electrostatic equilibrium we mean a situation where
there Is no net motion of charge within the conductor

®» The electric field is zero everywhere inside the
conductor

®» Any net charge resides on the conductor’s surface

®» The electric field just outside a charged conductor
1s perpendicular to the conductor’s surface

Physics 24-Winter 2003-L03 12



Conductors in Electrostatic
Equilibrium
®» The electric field Is zero everywhere inside the conductor
Why Is this so?

If there was a field in the conductor the charges
would accelerate under the action of the field.

St
o The charges iIn the conductor
g “:E move creating an internal electric
" [iE, T field that cancels the applied field
| “:E on the inside of the conductor

E E

Physics 24-Winter 2003-L03 13



Worked Example 4

Any net charge on an isolated conductor must reside on its surface and the
electric field just outside a charged conductor is perpendicular to its surface
(and has magnitude o/ey). Use Gauss’s law to show this.

For an arbitrarily shaped conductor we can
Bapediin draw a Gaussian surface inside the conductor.
surface Since we have shown that the electric field
inside an isolated conductor is zero, the field
at every point on the Gaussian surface must be
Zero.

I

r_Qin
NE-dA= ;.

From Gauss’s law we then conclude that the net
charge inside the Gaussian surface is zero. Since
the surface can be made arbitrarily close to the
surface of the conductor, any net charge must
reside on the conductor & surface.

Physics 24-Winter 2003-L03 14



Worked Example 4 cont’d

We can also use Gauss’s law to determine the electric field just outside the
surface of a charged conductor. Assume the surface charge density is c.

Gaussian
A

/
]

surface

I~ r{

s

Since the field inside the conductor is zero
there is no flux through the face of the
cylinder inside the conductor. If E had a
component along the surface of the
conductor then the free charges would
move under the action of the field creating
surface currents. Thus E is perpendicular
to the conductor’s surface, and the flux
through the cylindrical surface must be
zero. Consequently the net flux through
the cylinder is EA and Gauss’s law gives:

Physics 24-Winter 2003-L03 15



Worked Example 5

A conducting spherical shell of inner radius a and outer radius b with a net
charge -Q is centered on point charge +2Q. Use Gauss’s law to find the
electric field everywhere, and to determine the charge distribution on the
spherical shell.

First find the field forO<r<a

This is the same as Ex. 2 and is the field due to a
point charge with charge +2Q.

e 2
I

Now find the field fora<r<b

The field must be zero inside a conductor in equilibrium. Thus from Gauss’s law
Qi IS zero. There is a + 2Q from the point charge so we must have Q.- -2Q on
the inner surface of the spherical shell. Since the net charge on the shell is -Q we
can get the charge on the outer surface from Q. = Q, + Q,.

Qb: Qnet - Qa = 'Q - ('ZQ) =+ Q

Physics 24-Winter 2003-L03 16



Worked Example 5 cont’d

Find the field forr> Db

. From the symmetry of the problem, the field in
% this region is radial and everywhere perpendicular
% to the spherical Gaussian surface. Furthermore,
: the field has the same value at every point on the
{ Gaussian surface so the solution then proceeds
" exactly as in Ex. 2, but Q;,=20Q-Q.

| ]ﬂ]'z-d'Az NEdAz ENdA: E(47r°)

Gauss’s law now gives:

Q% _20Q Q . 10 ,Q

e
&, &, &, Are, ¥ r

Physics 24-Winter 2003-L03 17



Summary

®» Two methods for calculating electric field
Coulomb’s Law

Gauss’s Law

®» Gauss’s Law: Easy, elegant method for symmetric
charge distributions

®» Coulomb’s Law: Other cases

® Gauss’s Law and Coulomb’s Law are equivalent
for electric fields produced by static charges

Physics 24-Winter 2003-L03 18



Electric Flux Density, Gauss’s Law,
and Divergence



Electric Flux Density

* Faraday’s Experiment

Metal Insulating or
conducting dielectric
spheres - material

Flux =¥, same units ag QO

¥ 1z responsible for creating — O on outer sphere



Electric Flux Density, D

Units: C/m?

Magnitude: Number of flux lines (coulombs)
crossing a surface normal to the lines divided by
the surface area.

Direction: Direction of flux lines (same direction
as E).
- 0
For apointcharge: D=
47 re

For a general charge distribution,

d
DzEgE:f PvEY A,

a,




Gauss’s Law

* “The electric flux passing through any
closed surface iIs equal to the total charge
enclosed by that surface.”

¥ = SBDS-dES = charge enclosed = 0
S



 The Integration Is performed over a closed
surface, I.e. gaussian surface.

D S normal

AS



* We can check Gauss’s law with a point
charge example.

2w q

J | a’sin[e] de d¢
0 0 47 a

q




Symmetrical Charge Distributions

e @Gauss’s law 1s useful under two
conditions.

1. Dg is everywhere either normal or
tangential to the closed surface, so that
D¢-dS becomes either Dg dS or zero,
respectively.

2. On that portion of the closed surface for
which DgdS Is not zero, D¢ = constant.



Gauss’s law simplifies the task of finding D near an
Infinite line charge.

0= fﬁ Dy -dS = Dgf ds + of ds + of ds
stdes top bottom

cyl
L 2
= gf f pdd¢dz=Ds2mpl
z=0Jg=0
Q

- _ _PL
2mpl 2mp

Line charge —_—

Pr

o
~

I 4




Infinite coaxial cable:

Conducting
cylinders PL

D= a a< p<b
27p p (a<p<b)
| D=0 (p>bh)

/ |p=1



Differential Volume Element

» |f we take a small enough closed surface,
then D 1s almost constant over the surface.

Péy.2)
D=Dy=D,ga,+D,pa, +D.ja.

y
N K j;D.dS:f +f +f +f +f +f
Az 7 5 front Jback Jleft Jright Jtop Jbottom
x



D, 9D, 4D
éD'ﬂ’Si b L+ 2 ) AxAyAz
o ( c"):c 81 c’-): ) X 1‘

aD
Charge enclosed in volume Av = ( él;Dx 4 p yo4 aaD z
X v -

) x volume Av



Divergence

Divergence Is the outflow of flux from a small
closed surface area (per unit volume) as
volume shrinks to zero.

open surface. closed surface



-Water leaving a bathtub
-Closed surface (water itself) Is essentially incompressible

-Net outflow Is zero

-Alr leaving a punctured tire

-Divergence Is positive, as closed surface (tire) exhibits net
outflow




Mathematical definition of divergence

(‘b

div(D) = lim P s

AV — 0 AV
J

Surface integral as the volume element (Av) approaches zero

D is the vector flux density

5Dy 8D, SDZJ

+ — +
OX oY oZ

diV(D) = (

- Cartesian



Divergence in Other Coordinate Systems

Cylindrical

: 1 o) 1 SD(I) SDZ
MO = SR S T
Spherical

(D) - 6(Dr-r2)+ 1 .S(De-sin(e))jL 1 Dy

1
2 & r-sin(0) 5 rsin(6) &



Maxwell’s First Equation

J‘ AdS =Q Gauss’ Law...

S

[ nas

S . Q ...per unit volume
AV AV

S Q

_ lim — = lim —
Volume shrinks to zero Ay s g AV AV —> 0 AV

Electric flux per unit volume is equal to the volume charge density



Maxwell’s First Equation

[ nas

S Q

im —— = lim —
AV —> 0 Av AV — 0 AV

diV(D) =Py

Sometimes called the point form of Gauss’ Law

Enclosed surface is reduced to a single point



V and the Divergence Theorem

V =>» del operator

What is de|?




V’s Relationship to Divergence

diV(D) = V . D
True for all coordinate systems

?'ﬁ=[ﬂfﬂxx+ﬂfﬂyy+ﬂfﬂzz]'[Axx+Ayy+ﬁzz]

= (A, /3x) + (38, /3y) + (BA, 132)



Other V Relationships

Gradient — results from V operating on a function

Vi = (3f/ax) x + (3/dy) y + (i) £

Represents direction of greatest change



Curl — cross product of V and
VxA=[3/3xx+dfdyy+a/dra] X[A xTA y+A =
(08, /3x)(2) + (3A, /3x)(p) + (BAJBy)(-2) + (9A,137)(x) + (9AIx)(y) + (9A,/Oz)(x)

= (3A,/8y - 3AJ3) x + (BA/3z- DA, /3x) y + (3A, /3x - BA 3y) £

Relates to work in a field

If curl Is zero, so 1S work



Examination of V and flux L 4?

Cube defined by 1 <x,y,z< 1.2 — - 1.0
D=2-><2-y-ax+3-><2-y2-ay IDUCZ dy
Calculation of total flux o7
. . Xq = 1 Xo = 1.2
Q:J Dd8=J deV=(D yp=1 yo:=12
S vol Zq = 1 Zg = 1.2

D total = P jeft + Pright t P front + P back

22 Y2 22 %2
2 2
CDX1:=J J —2- X% -ydydz CDy1:=J J —3-><Z-y1 dxdz
Z Y1 Z X

1 1 7%
2 Y2 Zy X3
D, = 2-x2- dydz D, = 3-)(2- 2dxdz
0 = o -ydy y2 = Y2
1 "1 1 "X



(Dtotal = (DXl + CDXZ + chl + q)yz

Diotal = 0.103

Evaluation of V- Dat center of cube

div(D) = %((ZXZ )+j—y(3-><2-y2)

div(D)=4-x-y+ 6-x2-y
divD = 4- (1.1) - (L1) + 6- (L1)*- (L1)

divD = 12.826



Applications of Gauss’s Law




Chapter 4
Energy and Potential



4.1 Energy to move a point
charge through a Field

* Force on Q due to an electric field
Fe= QE
 Differential work done by an external
source moving Q

dW = —QE-dL

« Work required to move a charge a finite

distance Final
W =-0 I | E-dL



4.2 Line Integral

« Work expression without using vectors

final
W = —Q-J E LdL

initial

EL is the component of E in the dL direction

dl. = dxa, +dva, + dza. (cartesian)
dL = dpap + pdpay, + dza; (cylhindrical))
dL = dra, + rdfag 4+ rsmé doay (spherical)

« Uniform electric field density



Example

y 8
E(X, y) =l X Q=2 A=|.6 B =
2 1

Path: x2+y=1 z=1

=

Calculate the work to cary the charge from point B to point A.
(Ao A1 Az
W = _QJ E(Xay)odx_ QJ E(X)y)ldy - QJ E(X’y)zdz
B B B
1 2

Plug path in for x and y in E(x,y)

A A
W = —Q-J 0 E(O,\/sz)odx— Q-J E(\ll - y2,0)1 dy — Q- [ E(0,0),dz W =-096

Bo B1 J B

Aq

2



Example

y 8 1
E(x,y) =| X Q=2 A=|6 B=|0 Path: y=-3(x-1) z=1
2 1 1 (straight line)

Calculate the work to cary the charge from point B to point A.

[ I "
W =-Q E(x,y)ydx- Q- E(x,y),dy - Q E(x.y),dz
) Je, Jg

Bo 2

Plug path in for x and y in E(X,y)

AO Al A2
W= —Q-Jr E[0,-3(x~ 1)],dx~ Q f E(_—By ; l,O)ldy _ QJr £(0,0),dz W =096
B B

: Je, :

« Same amount of work with a different path
 Line integrals are path independent



4.3 Potential Difference

e Potential Difference
J'= — ll_hl_m E-dL Vg = — ! E-dL

 Using radial distances from the point charge

Ta
1 1
.I;IF.I.":"J.E=_ Q 2(11’: Q ( ——]
dne=pr drEgita B
I

B

B(rg. Op. ¢3)




4.3 Potential

* Measure potential difference between a
point and something which has zero
potential “ground”

Vag=Va - Vg



Example — D4.4

6x2
E(X,y,Z) = 6y
4
a) Find Vmn
2 -3 Mo M M
2
M=| 6 N:=| -3 VMN::_J 6X dx—J 6ydy—J 4dz VN =-139
-1 2 No N1 N>
b) Find Vm if V=0 at Q(4,-2,-35)
4 Mo My M3
Q= -2 VM = —J 6x2 dx — J oy dy — J 4dz Vv =-120
-35 Qo Q1 Q2
c) Find Vnif V=2 at P(1, 2, -4)
1 No N1 N2
Pi=| 2 VN::—J 6x2dx—J 6ydy—J 4dz + 2 VN =19
_4 Po Py P>



4.4 Potential Field of a Point
Charge
« Let V=0 at Infinity

J
-’-1riIE|:|-I’

 Equipotential surface:

— A surface composed of all points having the
same potential

V=




Example — D4.5

—2
Q=1510 " P :=| 3 eg= 88510
Q is located at the origin -1
a) Find V1 if V=0 at (6,5,4)
6
Ph=| 5 Vq = Q r 2 V, = 20.677
4
b) Find V1 if V=0 at infinity
1
4t 80 |Pl|
c) Find V1 if V=5 at (2,0,4)
2
1 1
Pc=| 0 Vq = Q — + 5 V, = 10.888
> 17y P.| [P 1
meol [P1| [P

I



Potential field of single point

charge
V(r) = ol m

4T-€ y° r—r1] A from infinity

/

Q1




Potential due to two charges

\V(r) = Q1 + Q2

4-m-¢ 0-|r—r1| 4-m-¢ O-|r—r2| /
Move A

A from infinity
/

Q1 Ir - r2]

Q2



Potential due to n point charges

Continue adding charges

V( l’) = Ql + QZ .t Qn

+ ...
ool gl Tmeg o

Qm

n
V(I') =
= 4-1-€ (y |r— rm|

m



Potential as point charges become
Infinite

P v\l pri
rprie) .

Volume of charge V() = [ ;
J '“'80'|r_rprime

P L(rprime)
I V(r)=[ dL i
Line of charge J PN P L

P S(rprime)
V(r) = | ds ...
Surface of charge | e T—L




Example

Find V on the z

axis for a uniform

line charge pL in
the form of a ring

V() = | - L(rprimG)
- J 4-m-g |r - rprime|

dL

prime




Conservative field

No work is done (energy Is conserved) around a
closed path

KVL is an application of this



4.6
Potential gradient Relationship between
potential and electric field intensity

V=-|EdL
Two characteristics of relationship:

1. The magnitude of the electric field intensity is given
by the maximum value of the rate of change of potential
with distance

2. This maximum value is obtained when the direction
of E is opposite to the direction in which the potential is
Increasing the most rapidly



Gradient

 The gradient of a scalar Is a vector

 The gradient shows the maximum space rate of change
of a scalar quantity and the direction in which the
maximum occurs

» The operation on V by which -E is obtained
E=-gradV=-VV



Gradients In different coordinate
systems

The following equations are found on page 104 and
Inside the back cover of the text:

oV oV oV ;

radVv= —-a,+ —-a, + —-a-

g N A Cartesian
oV 1 oV NV ; ]

gradV = R I Ak Cylindrical
oV 1 oV 1 oV -

dV=—- —— T
gra . a,+ - ag + (o) ® a Spherlcal




Example 4.3

Given the potential field, V = 2x?y - 5z, and a point P(-4,
3, 6), find the following: potential V, electric field intensity
E

potential Ve = 2(-4)%(3) - 5(6) = 66 V

electric field intensity - use gradient operation

E = -4xya, - 2x%a, + 5a,

Er =483, - 323, + 53,



Dipole

The name given to two point charges of equal magnitude
and opposite sign, separated by a distance which Is small
compared to the distance to the point P, at which we want
to know the electric and potential fields




Potential

To approximate the
potential of a dipole,
To distant assume R1 and R2 are
poimt parallel since the point
P is very distant

ve_ 2 (L _2
4meg \RlL R

~ Q-d-cos(e)

Amg O-r2

/{ R, =d cos 6

(~)

V




Dipole moment

The dipole moment is assigned the symbol p and is
equal to the product of charge and separation

p=Q*d

The dipole moment expression simplifies the
potential field equation



Example

An electric dipole located at the origin in free space
has a moment p = 3*ax - 2*ay + az nC*m. Find V at
the points (2, 3, 4) and (2.5, 30°, 40°).



3-10
Pp=|_210 9 g = 8.854- 10 12
110" °
2
P
P=1|3 V= P . ip]
4 4meq([P)
2.5
o Transform this
Pspherical = 180 into rgctangular
. coordinates
40-—
180

2.5.sin| 30— |-cos| 40-——
180 180

. T . T
Prectangular = 2-5'3'n(30-1—80j-5|n(40-1—%)

25.c0s| 30-——
180

p Prectangular

V=

4'“'80'(|Prectangular|)2 |Prectangular|

V=0.23
0.958
I:)rectangular =| 0.803
2.165

V=1973



Potential energy

Bringing a positive charge from infinity into the field
of another positive charge requires work. The work is
done by the external source that moves the charge into
position. If the source released its hold on the charge,
the charge would accelerate, turning its potential
energy Into Kinetic energy.

The potential energy of a system is found by finding
the work done by an external source in positioning the

charge.



Empty universe

Positioning the first charge, Q1, requires no work (no field present)
Positioning more charges does take work

Total positioning work = potential energy of field = W¢ =
QoVo 1+ Q3Va + Q3Vya, + QuVy 1 + QuVy o + QuVys + ...

Manipulate this expression to get
We =0.5(Q,V 1 + Q,V, + Q3V3 +..)



Where Is energy stored?

The location of potential energy cannot be precisely
pinned down in terms of physical location - in the
molecules of the pencil, the gravitational field, etc?

So where is the energy In a capacitor stored?

Electromagnetic theory makes it easy to believe that
the energy Is stored in the field itself



Energy and Potential



Energy to move a point charge
through a Field

* Force on Q due to an electric field
Fe= QE
 Differential work done by an external
source moving Q

dW = —QE-dL

« Work required to move a charge a finite

distance Final
W =-0 I | E-dL



Line Integral

« Work expression without using vectors

final
W = —Q-J E LdL

initial

EL is the component of E in the dL direction

dl. = dxa, +dva, + dza. (cartesian)
dL = dpap + pdpay, + dza; (cylhindrical))
dL = dra, + rdfag 4+ rsmé doay (spherical)

« Uniform electric field density



Potential Difference

e Potential Difference
J'= — ll_hl_m E-dL Vg = — ! E-dL

 Using radial distances from the point charge

Ta
1 1
.I;IF.I.":"J.E=_ Q 2(11’: Q ( ——]
dne=pr drEgita B
I

B

B(rg. Op. ¢3)




Potential

* Measure potential difference between a
point and something which has zero
potential “ground”

Vag=Va - Vg



Potential Field of a Point Charge

« Let V=0 at Infinity
.
dmept

 Equipotential surface:

— A surface composed of all points having the
same potential

V=




Potential field of single point

charge
V(r) = ol m

4T-€ y° r—r1] A from infinity

/

Q1




Potential due to two charges

\V(r) = Q1 + Q2

4-m-¢ 0-|r—r1| 4-m-¢ O-|r—r2| /
Move A

A from infinity
/

Q1 Ir - 2]

Q2



Potential due to n point charges

Continue adding charges

V( l’) = Ql + QZ .t Qn

+ ...
ool gl Tmeg o

Qm

n
V(I') =
= 4-1-€ (y |r— rm|

m



Potential as point charges become
Infinite

P v\l pri
rprie) .

Volume of charge V() = [ ;
J '“'80'|r_rprime

P L(rprime)
I V(r)=[ dL i
Line of charge J PN P L

P S(rprime)
V(r) = | ds ...
Surface of charge | e T—L




Potential gradient Relationship between
potential and electric field intensity

V=-|EdL
Two characteristics of relationship:

1. The magnitude of the electric field intensity is given
by the maximum value of the rate of change of potential
with distance

2. This maximum value is obtained when the direction
of E is opposite to the direction in which the potential is
Increasing the most rapidly



Gradient

 The gradient of a scalar Is a vector

 The gradient shows the maximum space rate of change
of a scalar quantity and the direction in which the
maximum occurs

» The operation on V by which -E is obtained
E=-gradV=-VV



Gradients In different coordinate
systems

The following equations are found on page 104 and
Inside the back cover of the text:

oV oV oV ;

radVv= —-a,+ —-a, + —-a-

g N A Cartesian
oV 1 oV NV ; ]

gradV = R I Ak Cylindrical
oV 1 oV 1 oV -

dV=—- —— T
gra . a,+ - ag + (o) ® a Spherlcal




Chapter 4
Energy and Potential



4.1 Energy to move a point
charge through a Field

* Force on Q due to an electric field
Fe= QE
 Differential work done by an external
source moving Q

dW = —QE-dL

« Work required to move a charge a finite

distance Final
W =-0 I | E-dL



4.2 Line Integral

« Work expression without using vectors

final
W = —Q-J E LdL

initial

EL is the component of E in the dL direction

dl. = dxa, +dva, + dza. (cartesian)
dL = dpap + pdpay, + dza; (cylhindrical))
dL = dra, + rdfag 4+ rsmé doay (spherical)

« Uniform electric field density



Example

y 8
E(X, y) =l X Q=2 A=|.6 B =
2 1

Path: x2+y=1 z=1

=

Calculate the work to cary the charge from point B to point A.
(Ao A1 Az
W = _QJ E(Xay)odx_ QJ E(X)y)ldy - QJ E(X’y)zdz
B B B
1 2

Plug path in for x and y in E(x,y)

A A
W = —Q-J 0 E(O,\/sz)odx— Q-J E(\ll - y2,0)1 dy — Q- [ E(0,0),dz W =-096

Bo B1 J B

Aq

2



Example

y 8 1
E(x,y) =| X Q=2 A=|6 B=|0 Path: y=-3(x-1) z=1
2 1 1 (straight line)

Calculate the work to cary the charge from point B to point A.

[ I "
W =-Q E(x,y)ydx- Q- E(x,y),dy - Q E(x.y),dz
) Je, Jg

Bo 2

Plug path in for x and y in E(X,y)

AO Al A2
W= —Q-Jr E[0,-3(x~ 1)],dx~ Q f E(_—By ; l,O)ldy _ QJr £(0,0),dz W =096
B B

: Je, :

« Same amount of work with a different path
 Line integrals are path independent



4.3 Potential Difference

e Potential Difference
J'= — ll_hl_m E-dL Vg = — ! E-dL

 Using radial distances from the point charge

Ta
1 1
.I;IF.I.":"J.E=_ Q 2(11’: Q ( ——]
dne=pr drEgita B
I

B

B(rg. Op. ¢3)




4.3 Potential

* Measure potential difference between a
point and something which has zero
potential “ground”

Vag=Va - Vg



Example — D4.4

6x2
E(X,y,Z) = 6y
4
a) Find Vmn
2 -3 Mo M M
2
M=| 6 N:=| -3 VMN::_J 6X dx—J 6ydy—J 4dz VN =-139
-1 2 No N1 N>
b) Find Vm if V=0 at Q(4,-2,-35)
4 Mo My M3
Q= -2 VM = —J 6x2 dx — J oy dy — J 4dz Vv =-120
-35 Qo Q1 Q2
c) Find Vnif V=2 at P(1, 2, -4)
1 No N1 N2
Pi=| 2 VN::—J 6x2dx—J 6ydy—J 4dz + 2 VN =19
_4 Po Py P>



4.4 Potential Field of a Point
Charge
« Let V=0 at Infinity

J
-’-1riIE|:|-I’

 Equipotential surface:

— A surface composed of all points having the
same potential

V=




Example — D4.5

—2
Q=1510 " P :=| 3 eg= 88510
Q is located at the origin -1
a) Find V1 if V=0 at (6,5,4)
6
Ph=| 5 Vq = Q r 2 V, = 20.677
4
b) Find V1 if V=0 at infinity
1
4t 80 |Pl|
c) Find V1 if V=5 at (2,0,4)
2
1 1
Pc=| 0 Vq = Q — + 5 V, = 10.888
> 17y P.| [P 1
meol [P1| [P

I



Potential field of single point

charge
V(r) = ol m

4T-€ y° r—r1] A from infinity

/

Q1




Potential due to two charges

\V(r) = Q1 + Q2

4-m-¢ 0-|r—r1| 4-m-¢ O-|r—r2| /
Move A

A from infinity
/

Q1 Ir - r2]

Q2



Potential due to n point charges

Continue adding charges

V( l’) = Ql + QZ .t Qn

+ ...
ool gl Tmeg o

Qm

n
V(I') =
= 4-1-€ (y |r— rm|

m



Potential as point charges become
Infinite

P v\l pri
rprie) .

Volume of charge V() = [ ;
J '“'80'|r_rprime

P L(rprime)
I V(r)=[ dL i
Line of charge J PN P L

P S(rprime)
V(r) = | ds ...
Surface of charge | e T—L




Example

Find V on the z

axis for a uniform

line charge pL in
the form of a ring

V() = | - L(rprimG)
- J 4-m-g |r - rprime|

dL

prime




Conservative field

No work is done (energy Is conserved) around a
closed path

KVL is an application of this



4.6
Potential gradient Relationship between
potential and electric field intensity

V=-|EdL
Two characteristics of relationship:

1. The magnitude of the electric field intensity is given
by the maximum value of the rate of change of potential
with distance

2. This maximum value is obtained when the direction
of E is opposite to the direction in which the potential is
Increasing the most rapidly



Gradient

 The gradient of a scalar Is a vector

 The gradient shows the maximum space rate of change
of a scalar quantity and the direction in which the
maximum occurs

» The operation on V by which -E is obtained
E=-gradV=-VV



Gradients In different coordinate
systems

The following equations are found on page 104 and
Inside the back cover of the text:

oV oV oV ;

radVv= —-a,+ —-a, + —-a-

g N A Cartesian
oV 1 oV NV ; ]

gradV = R I Ak Cylindrical
oV 1 oV 1 oV -

dV=—- —— T
gra . a,+ - ag + (o) ® a Spherlcal




Example 4.3

Given the potential field, V = 2x?y - 5z, and a point P(-4,
3, 6), find the following: potential V, electric field intensity
E

potential Ve = 2(-4)%(3) - 5(6) = 66 V

electric field intensity - use gradient operation

E = -4xya, - 2x%a, + 5a,

Er =483, - 323, + 53,



Dipole

The name given to two point charges of equal magnitude
and opposite sign, separated by a distance which Is small
compared to the distance to the point P, at which we want
to know the electric and potential fields




Potential

To approximate the
potential of a dipole,
To distant assume R1 and R2 are
poimt parallel since the point
P is very distant

ve_ 2 (L _2
4meg \RlL R

~ Q-d-cos(e)

Amg O-r2

/{ R, =d cos 6

(~)

V




Dipole moment

The dipole moment is assigned the symbol p and is
equal to the product of charge and separation

p=Q*d

The dipole moment expression simplifies the
potential field equation



Example

An electric dipole located at the origin in free space
has a moment p = 3*ax - 2*ay + az nC*m. Find V at
the points (2, 3, 4) and (2.5, 30°, 40°).



3-10
Pp=|_210 9 g = 8.854- 10 12
110" °
2
P
P=1|3 V= P . ip]
4 4meq([P)
2.5
o Transform this
Pspherical = 180 into rgctangular
. coordinates
40-—
180

2.5.sin| 30— |-cos| 40-——
180 180

. T . T
Prectangular = 2-5'3'n(30-1—80j-5|n(40-1—%)

25.c0s| 30-——
180

p Prectangular

V=

4'“'80'(|Prectangular|)2 |Prectangular|

V=0.23
0.958
I:)rectangular =| 0.803
2.165

V=1973



Potential energy

Bringing a positive charge from infinity into the field
of another positive charge requires work. The work is
done by the external source that moves the charge into
position. If the source released its hold on the charge,
the charge would accelerate, turning its potential
energy Into Kinetic energy.

The potential energy of a system is found by finding
the work done by an external source in positioning the

charge.



Empty universe

Positioning the first charge, Q1, requires no work (no field present)
Positioning more charges does take work

Total positioning work = potential energy of field = W¢ =
QoVo 1+ Q3Va + Q3Vya, + QuVy 1 + QuVy o + QuVys + ...

Manipulate this expression to get
We =0.5(Q,V 1 + Q,V, + Q3V3 +..)



Where Is energy stored?

The location of potential energy cannot be precisely
pinned down in terms of physical location - in the
molecules of the pencil, the gravitational field, etc?

So where is the energy In a capacitor stored?

Electromagnetic theory makes it easy to believe that
the energy Is stored in the field itself



