Design and analysis of algorithm & DS3102PC

UNIT I:

Introduction: Algorithm, Psuedo code for expressing algorithms, Performance Analysis-
Space complexity, Time complexity, Asymptotic Notation- Big oh notation, Omega
notation, Theta notation and Little oh notation, Probabilistic analysis, Amortized analysis.
Divide and conquer: General method, applications-Binary search, Quick sort, Merge

sort,Strassen’s matrix multiplication.

INTRODUCTION TO ALGORITHM

History of Algorithm

. The word algorithm comes from the name of a Persian author, Abu Ja’far
Mohammed ibn Musa al Khowarizmi (c. 825 A.D.), who wrote a textbook on

mathematics.

. He is credited with providing the step-by-step rules for adding, subtracting,

multiplying,and dividing ordinary decimal numbers.

. When written in Latin, the name became Algorismus, from which algorithm is

but a smallstep

. This word has taken on a special significance in computer science, where

“algorithm” hascome to refer to a method that can be used by a computer for the solution

of a problem

. Between 400 and 300 B.C., the great Greek mathematician Euclid invented an algorithm
. Finding the greatest common divisor (gcd) of two positive integers.

. The ged of X and Y is the largest integer that exactly divides both X and Y .

. Eg.,the gcd of 80 and 32 is 16.

. The Euclidian algorithm, as it is called, is considered to be the first non-trivial

algorithmever devised.

What is an Algorithm?

Algorithm is a set of steps to complete a task.

For example,

Task: to make a cup of tea.
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Algorithm:
add water and milk to the kettle,
boil it, add tea leaves,

Add sugar, and then serve it in cup.

“a set of steps to accomplish or complete a task that is described precisely enough

thata computer can run it”’.

Described precisely: very difficult for a machine to know how much water, milk to
beadded etc. in the above tea making algorithm.

These algorithms run on computers or computational devices..For example, GPS in

oursmartphones, Google hangouts.

GPS uses shortest path algorithm.. Online shopping uses cryptography which uses
RSAalgorithm.

. Algorithm Definition1:

. An algorithm is a finite set of instructions that, if followed, accomplishes a

particular task.In addition, all algorithms must satisfy the following criteria:

. Input. Zero or more quantities are externally supplied.

. Output. At least one quantity is produced.

. Definiteness. Each instruction is clear and unambiguous.

. Finiteness. The algorithm terminates after a finite number of steps.

. Effectiveness. Every instruction must be very basic enough and must
befeasible.

. Algorithm Definition2:

. An algorithm is a sequence of unambiguous instructions for solving a

problem, i.e., forobtaining a required output for any legitimate input in a finite amount of

time.
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. Algorithms that are definite and effective are also called computational procedures.
. A program is the expression of an algorithm in a programming language
problem
algorithm
nput ——— "“computer” —» Ooutput

. lorithms § ol Vi

The main steps for Problem Solving are:

1. Problem definition

2 Algorithm design / Algorithm specification
3 Algorithm analysis

4. Implementation

5 Testing

. [Maintenance]Stepl. Problem Definition

What is the task to be accomplished?

Ex: Calculate the average of the grades for a given student

. Step2.Algorithm Design / Specifications:

Describe: in natural language / pseudo-code / diagrams / etc

. Step3. Algorithm analysis

Space complexity - How much space is required

Time complexity - How much time does it take to run the

algorithmComputer Algorithm
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An algorithm is a procedure (a finite set of well-defined instructions) for
accomplishingsome tasks which, given an initial state terminate in a defined end-state

The computational complexity and efficient implementation of the algorithm are

importantin computing, and this depends on suitable data structures.

. Steps 4,5,6: Implementation, Testing, Maintainance

. Implementation:

Decide on the programming language to use C, C++, Lisp, Java, Perl, Prolog, assembly, etc.
, etc.
Write clean, well documented code

. Test, test, test

Integrate feedback from users, fix bugs, ensure compatibility across different versions
. Mai
ntenance. Release

Updates,fix bugs

Keeping illegal inputs separate is the responsibility of the algorithmic problem, while

treating special classes of unusual or undesirable inputs is the responsibility of the

algorithm itself.

any legal
input

.

characterization
of all legal
inputs

and >

characterization
of desired outputs

as a function Jet:ired
of inputs output
Algorithmic problem Algorithmic solution

CSE,NRCM 28 PRIYANKA




Design and analysis of algorithm & DS3102PC

. 4 Distinct ar f f algorithms:

. How to devise algorithms. © Techniques — Divide & Conquer, Branch and Bound ,

Dynamic Programming

. How to validate algorithms.

. Check for Algorithm that it computes the correct answer for all possible legal inputs. T

algorithm validation. C First Phase

. Second phase T Algorithm to Program T Program Proving or Program Verification

C Solution be stated in two forms:

. First Form: Program which is annotated by a set of assertions about the input and output

variables of the program T predicate calculus

. Second form: is called a specification

. 4 Distinct areas of study of algorithms (..Contd)

. How to analyze algorithms.

. Analysis of Algorithms or performance analysis refer to the task of determining how

much computing time & storage an algorithm requires

. How to test a program C 2 phases [
. Debugging - Debugging is the process of executing programs on sample data sets to

determine whether faulty results occur and, if so, to correct them.

. Profiling or performance measurement is the process of executing a correct program on

data sets and measuring the time and space it takes to compute the results

PSEUDOCODE:

. Algorithm can be represented in Text mode and Graphic mode

. Graphical representation is called Flowchart

. Text mode most often represented in close to any High level language such as C,

Pascal[Pseudocode

. Pseudocode: High-level description of an algorithm.

CSE,NRCM 29 PRIYANKA




Design and analysis of algorithm & DS3102PC

. ~ More structured than plain English.

. _ Less detailed than a program.

. ~ Preferred notation for describing algorithms.
. T Hides program design issues.

. Example of P

. To find the max element of an array

Algorithm arrayMax(A, n) Input
array A of n integers Output
maximum element of AcurrentMax
<« A[0]

fori<1ton-1do
if A[i] > currentMax then

currentMax < Ali]

return currentMax
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. Control flow

. if ... then ... [else ...]

. while ... do ...

. repeat ... until ...

. for ... do ...

. Indentation replaces braces

. Method declaration

. Algorithm method (arg [, arg...])

. Input ...

. Output ...

. Method call

. var.method (arg [, arg...])

. Return value

. return expression

. Expressions

. Assignment (equivalent to )

. Equality testing (equivalent to [1(1)

. n? Superscripts and other mathematical formatting allowed
PERFORMANCE ANALYSIS:

. What are the Criteria for judging algorithms that have a more direct relationship to
performance?

. computing time and storage requirements.

. Performance evaluation can be loosely divided into two major phases:

. a priori estimates and

. a posteriori testing.

. _ refer as performance analysis and performance measurement respectively
. The space complexity of an algorithm is the amount of memory it needs to run to
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completion.

. The time complexity of an algorithm is the amount of computer time it needs to run to

completion.

Space Complexity:

. Space Complexity Example:
. Algorithm abc(a,b,c)

{

return at+b++*c+(a+b-c)/(atb) +4.0;

¥

C The Space needed by each of these algorithms is seen to be the sum of the following

component.

1.A fixed part that is independent of the characteristics (eg:number,size)of the inputs and

outputs.

The part typically includes the instruction space (ie. Space for the code), space for simple

variable and fixed-size component variables (also called aggregate) space for constants, andso on.

2. A variable part that consists of the space needed by component variables whose size is
dependent on the particular problem instance being solved, the space needed by referenced
variables (to the extent that is depends on instance characteristics), and the recursion stack

space.

The space requirement s(p) of any algorithm p may therefore be written as,S(P)
= ¢+ Sp(Instance characteristics)

Where ¢’ is a constant.

Example 2:
Algorithm sum(a,n)
{s=0.0;

forI=1to n do s=
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s+a[l]; returns;

ky

o The problem instances for this algorithm are characterized by n,the number of
elements to be summed. The space needed d by ‘n’ is one word, since it is of type

integer.

o The space needed by ‘a’a is the space needed by variables of tyepe array of
floating point numbers.

o This is atleast ‘n” words, since ‘a” must be large enough to hold the ‘n’
elements to be summed.

o So,we obtain Ssum(n)>=(n+s)

. [ n for a[],one each for n,l a& s]

Time Complexity:

. The time T(p) taken by a program P is the sum of the compile time and the

run time(execution time)

. The compile time does not depend on the instance characteristics. Also we may
assume that a compiled program will be run several times without recompilation . This rum

time is denoted by tp(instance characteristics).

. The number of steps any problem statement is assigned depends on the kind of
statement.
. For example, comments a O steps.

Assignment statements is 1 steps.
[Which does not involve any calls to other algorithms]

Interactive statement such as for, while & repeat-until a Control part of the statement.

We introduce a variable, count into the program statement to increment count with initial
value 0.Statement to increment count by the appropriate amount are introduced into the

program.
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This is done so that each time a statement in the original program is executescount

is incremented by the step count of that statement.

Algorithm:
Algorithm sum(a,n)

{

s=0.0;

count = count+1; for
I=1to ndo

{

count =count+1;
s=s+a[l];
count=count+1;

¥

count=count+1;
count=count+1;

return s;

¥

C If the count is zero to start with, then it will be 2n+3 on termination. So each

invocation of sum execute a total of 2n+3 steps.

2. The second method to determine the step count of an algorithm is to build atable

in which we list the total number of steps contributes by each statement.

_ First determine the number of steps per execution (s/e) of the statement and thetotal

number of times (ie., frequency) each statement is executed.

~ By combining these two quantities, the total contribution of all statements, thestep

count for the entire algorithm is obtained.
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Statement Steps per Frequency Total
execution

1. Algorithm 0 - 0

Sum(a,n)2.{ 0 -1 0

3. S=0.0; 1 n+lnl 1

4.forl=1to n 1 - ntlnl

do5. s=s+a[l]; 1 0

6. return 1

s;7.} 0

Total 2n+3
How to anal n Algorithm?

Let us form an algorithm for Insertion sort (which sort a sequence of numbers).The pseudocode

for the algorithm is give below.

0 code for insertion Alqorithm:

Identify each line of the pseudo code with symbols such as C1, C2 ..

PSeudocode for Insertion Algorithm Line Identification
for j=2 to A length C1l
key=A[j] C2
llinsert A[j] into sorted Array A[1...}-1] C3
i=j-1 c4
while i>0 & A[j]>key Y
Ali+1]=A[I] C6
i=i-1 C7
Ali+1]=key C8
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Let Ci be the cost of ith line. Since comment lines will not incur any cost C3=0.

Cost No. Of
times
Executed

C1 N

C2 n-1

C3=0 n-1

C4 n-1

C5 n—1
2.t
j=

C6 n
Sti—1
j=

C7 n
Sti—1
j=

C8 n-1

Running time of the algorithm is:

t—1+C70™
T(n)=C1n+C2(n-1)+0(n-1)+C4(n-1)+C5(X" ! ¢;)+C6(T" t—1)+
C8(n-1) j=2 j=2 j=2

Best case:

It occurs when Array is sorted.All t

values are 1.
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T(n)=C1n+C2(n-1)+0 (n-1)+C4(n-1)+C5(3 " '1 )FC6(Xr 1-1)+C7(r  1-1)+
j=2 j=2
C8(n-1) | ]

=C1n+C2 (n-1) +0 (n-1) +C4 (n-1) +C5 + C8 (n-1)
= (C1+C2+C4+C5+ C8) n-(C2+C4+C5+ C8)

- Which is of the form an+b.

- Linear function of n.

S0, linear growth.

Worst case:

It occurs when Array is reverse sorted, and tj =j

T(n)=Cln + C2(n-1)+0 (n-1)+C4(n-1)+C5(3" ! j) +C6(X" —+C7Cr j-1)+
C8(n-1) j=2 j=2 j=2
=C1n+C2(n-1)+C4(n-1)+C5(xL) — 1) +C6(Tn (n-1) ot ")+ C8(n-1)
2 = j=2 2

which is of the form an?+bn+c 2
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Quadratic function. So in worst case insertion set grows in n2.Why j=2
we concentrate on worst-case running time?
The worst-case running time gives a guaranteed upper bound on the running time for

any input.

For some algorithms, the worst case occurs often. For example, when searching, the
worst case often occurs when the item being searched for is not present, and searches for

absent items may be frequent.

Why not analyze the average case? Because it’s often about as bad as the worst case.

Order of growth:

It is described by the highest degree term of the formula for running time. (Drop lower-order

terms. Ignore the constant coefficient in the leading term.)

Example: We found out that for insertion sort the worst-case running time is of the forman?

+bn+c.

Drop lower-order terms. What remains is an2.lgnore constant coefficient. It results in n?.But we
cannot say that the worst-case running time T(n) equals n? .Rather It grows like n? . But itdoesn’t
equal n?.We say that the running time is ® (n?) to capture the notion that the order ofgrowth is n.

We usually consider one algorithm to be more efficient than another if its worst-case

running time has a smaller order of growth.

Complexity of Algorithms
The complexity of an algorithm M is the function f(n) which gives the running time and/or storage

space requirement of the algorithm in terms of the size ‘n’ of the input data. Mostly, the storage

space required by an algorithm is simply a multiple of the data size ‘n’.

Complexity shall refer to the running time of the algorithm.

The function f(n), gives the running time of an algorithm, depends not only on the size ‘n’ of the
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input data but also on the particular data. The complexity function f(n) for certain cases are:

1. Best Case : The minimum possible value of f(n) is called the best case.
2. Average Case : The expected value of f(n).
3. Worst Case : The maximum value of f(n) for any key possible input.

ASYMPTOTIC NOTATION

~ Formal way notation to speak about functions and classify them

The following notations are commonly use notations in performance analysis and used to

characterize the complexity of an algorithm:

Big—OH (O),
Big-OMEGA (Q),
Big-THETA (©) and
Little—OH (0)

A wobhoE

Asymptotic Analysis of Algorithms:

Our approach is based on the asymptotic complexity measure. This means that we don’t try to
count the exact number of steps of a program, but how that number grows with the size of theinput
to the program. That gives us a measure that will work for different operating systems, compilers

and CPUs. The asymptotic complexity is written using big-O notation.
It is a way to describe the characteristics of a function in the limit.

It describes the rate of growth of functions.

Focus on what’s important by abstracting away low-order terms and constant factors.
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Time complexity Name Example

0(1) Constant Adding an element to the
front of a linked list

O(logn) Logarithmic Finding anelement ina
sorted array

O (n) Linear Finding an element inan
unsorted array

O(nlog n) Linear Logarithmic Sorting n items
by ‘divide-and-
conquer’-Mergesort

o(n?) Quadratic Shortest path between two
nodes in a graph

o(n®) Cubic Matrix Multiplication

o(2" Exponential The Towers of Hanoi
problem

Big ‘oh’: the function f(n)=0O(g(n))

f(n)<=c*g(n) for all n, n>= no.

iff there exist positive constants ¢ and no such that

Omega: the function f(n)=(g(n)) iff there exist positive constants ¢ and no such thatf(n)

>= ¢*g(n) for all n, n>=no.

Theta: the function f(n)=(g(n)) iff there exist positive constants c¢1,c2 and no such that c1g(n)

<= f(n) <= c2 g(n) for all n, n>=no

Big-O Notation

This notation gives the tight upper bound of the given function. Generally we represent it as f(n) =

O(g (11)). That means, at larger values of n, the upper bound off(n) is g(n). For example, if f(n) =

n* + 100n? + 10n + 50 is the given algorithm, then n* is g(n). That means g(n) gives the maximum

rate of growth for f(n) at larger values of n.
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QO —notation

defined as O(g(n)) = {f(n): there exist positive constants ¢ and nosuch that0 <= f(n) <= cg(n)
for all n >= no}. g(n) is an asymptotic tight upper bound for f(n). Our objective is to give some rate
of growth g(n) which is greater than given algorithms rate of growth f(n).

In general, we do not consider lower values of n. That means the rate of growth at lower values of
n is not important. In the below figure, no is the point from which we consider the rate of growths
for a given algorithm. Below n, the rate of growths may be different.

Rate of Growth cg(n)

f(n)

e Input Size, n

ng

Note Analyze the algorithms at larger values of n only What this means is, below no we donot

care for rates of growth.

Omega— Q notation

Similar to above discussion, this notation gives the tighter lower bound of the given
algorithm and we represent it as f(n) = Q (g(n)). That means, at larger values of n, the

tighter lower bound of f(n) is g
For example, if f(n) = 100n? + 10n + 50, g(n) is Q (n?).
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The . Q. notation as be defined as Q (g (n)) = {f(n): there exist positive constants ¢ and no

such that 0 <= cg (n) <= f(n) for all n >= no}. g(n) is an asymptotic lower bound for f(n). Q
Rate of Growth

H o gy

n, » Input Size, 1.

(g (n)) is the set of functions with smaller or same order of growth as f(n).
Theta- @ notation

This notation decides whether the upper and lower bounds of a given function are same ornot.

The average running time of algorithm is always between lower bound and upper bound.

If the upper bound (O) and lower bound (Q2) gives the same result then ® notation will also have
the same rate of growth. As an example, let us assume that f(n) = 10n + n is the expression. Then,
its tight upper bound g(n) is O(n). The rate of growth in best case is g (n) = 0(n). In this case, rate

of growths in best case and worst are same. As a result, the average case will also be same.

None: For a given function (algorithm), if the rate of growths (bounds) for O and Q are notsame

then the rate of growth ® case may not be same.
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Rate of Growth
A G g(n)

c19(n)

Mo » Input Size, n

Now consider the definition of ® notation It is defined as ® (g(n)) = {f(71): there exist positive
constants C1, C2 and no such that O<=5 ci1g(n) <= f(n) <= c2g(n) for all n >= ne}. g(n) is an
asymptotic tight bound for f(n). ® (g(n)) is the set of functions with the same order of growth
as g(n).

Important Notes

For analysis (best case, worst case and average) we try to give upper bound (O) and lower
bound (Q2) and average running time (®). From the above examples, it should also be clearthat,
for a given function (algorithm) getting upper bound (O) and lower bound () and average
running time (®) may not be possible always.

For example, if we are discussing the best case of an algorithm, then we try to give upper
bound (O) and lower bound () and average running time (®).

In the remaining chapters we generally concentrate on upper bound (O) because knowing lower
bound (Q) of an algorithm is of no practical importance and we use 9 notation if upperbound (O)

and lower bound (Q) are same.

Little Oh Notation

The little Oh is denoted as o. It is defined as : Let, f(n} and g(n} be the non negative

functions then
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Program for binary search (recursive) Algorithm for binary search (recursive) lim
int binary_search(int A[], int key, int imin, int| Algorithm binary search(A, key, imin,
imax) imax)
{ {
if (imax < imin) if (imax < imin)
return array is then return “array
empty; if(key<imin is empty”;
|| K>imax) if(key<imin || K>imax)
return element not in then return “element not
array listelse in array list”else
{ {
int imid = (imin imid = (imin
+imax)/2; if (A[imid] > +imax)/2; if
key) (A[imid] >  key)
return binary_search(A, key, imin, then
imid-1);else if (A[imid] < key) return binary_search(A, key, imin,
return binary_search(A, key, imid+1, imid-1);else if (A[imid] < key) then
imax);else return  binary_search(A, key,
return imid; imid+1, imax);else
} return imid;
} }
}
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f(n)
=0 -
such that f(n}=o(g{n)} i.e fof nis little Oh of g of n.

f(n) = o(g(n)) if and only if f'(n) = o(g(n)) and f(n) '=© {g(n))

Applications of Divide and conquer rule or algorithm:

Binary search,

> Quick sort,
> Merge sort,
> Strassen’s matrix multiplication.

Binary search or Half-interval search algorithm:
1. This algorithm finds the position of a specified input value (the search

"key") withinan array sorted by key value.

2. In each step, the algorithm compares the search key value with the key value of the

middle element of the array.

3. If the keys match, then a matching element has been found and its index, or position,
is returned.
4. Otherwise, if the search key is less than the middle element's key, then the algorithm

repeats its action on the sub-array to the left of the middle element or, if the search key is greater,

then the algorithm repeats on sub array to the right of the middle element.

5. If the search element is
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NIT-11

SEARCHING AND TRAVERSAL TECHNIQUES
Tree Traversals: There are three types of tree traversals. They are

INORDER TRAVERSAL PREORDER TRAVERSAL

POSTORDER TRAVERSAL

T is a binary tree. Each node of t has three fields: Ichild, data, rchild.

Algorithm Inorder (t)

{

if (t C 0) then

{

Inorder (tC Ichild)Visit (t)
Inorder (trchild)

}

}

Algorithm Preorder (t)

{

if (t C 0) then

{

Visit (t)

Preorder (t Ichild)Preorder (t rchild)
}

}
Algorithm Postorder (t)

{

if (t C 0)then

{
CSE,NRCM
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Postorder (tC Ichild)Visit (t)
Postorder (trchild)

ks

ks

GRAPH TRAVERSALS:
There are two types of graph traversals

i)Breadth First Search.
ii)Depth First Search.

A Dbreadth first search of G is carried out beginning at vertex v. For any node i, visited [i] =1 if i has
alreadybeen visited. The graph G and array visited [] are global; visited [] is initialized to zero.

Algorithm BFS (v)

{

u=v;

Visited [v]: =1;

repeat

{

for all vertices w adjacent fromu do
{

if (visited [w] =0) then

{

Add w to g; Visited[w]:=1;

}

}

if g is empty then return;Delete u fromg;

} until (false)
}

Algorithm DFS(v)
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{
Visited [v]: =1,
for each vertex w adjacent fromv do

{
if (visited[w]=0) then DFS (w)

¥
¥
AND/OR GRAPHS:

The breakdown of a complex problem into several sub problems can be represented by a decimal graph like
structure in which nodes represent problems and descendents of nodes represent the sub problem associated

with them.

All nodes can be made to be such that their solution requires either all descendents to be solved or any one
descendent to be solved. Nodes of first type are called AND nodes and those of the latter type are called OR
nodes.

Nodes with no descendents are called terminal. Terminal nodes represent primitive problems and are marked
either solvable or not solvable. Solvable terminal nodes are represented by rectangles. An AND/OR graph

need not always be a tree.
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EXAMPLE: AND/OR GRAPH

Al A2

Nodes Al and A2 of above figure are OR nodes.Nodes B and C are AND

nodes.

If we have to complete sub problem Al we should complete its two
su

bproblems B and C. There fore Al is AND node.
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GAME TREE:

A game tree is defined as a pictorial representation of all valid, finite length sequences of board configuration
(C1, C2...Cm) of a game. Each valid sequence with Cm being a terminal configuration is called an Instance

of board configuration. A board configuration is set be valid if

i) Ci is starting configuration of the game.

ii) Ci, 0 <lI<m are non-terminal configurations.

iii) Ci+ 1 is obtained from Ci by legal move made by player 1 If I is odd and by player 2 If I is
even.

It is assume that there are finite numbers of legal moves. A legal move consists of removing an agreed
number of toothpicks from the file in the “NIM” game. For instance. The degree any node in a game treeis
at most equal to the number of distinct legal move. The depth of game tree is a length of longest instance of
the game. Game trees are useful in determining the next move a player should make.

ARTICULATION POINT:

A vertex V in a connected graph is an articulation point if and only if the deletion of vertex

Vtogether with all edges incident to V disconnects the graph into two or more components.
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Unit-3

DYNAMIC PROGRAMMING
DEFINITIONS:

MULTISTAGE GRAPHS

A multistage graph G=(V, E) is a directed graph in which the vertices are partitioned into k>2 disjoint sets Vi
,1<=i<=k. In addition if (U, V) is an edge in E then UC Vijand VC Vi+1 for some i, 1<=i<=k. The sets V1
and Vk are such that | V1|=| Vk|=1. Let s and t respectively be the vertices in V1 and Vk. The vertex S is the
source and T is the sink. Let C (i, j) be the cost of edge (i, j). The cost of the path from s to t is the sum of the
cost ofthe edges on the path.

The multistage graph problem is to find a minimum cost path from S to T. Each set Vi defines a stage in the
graph. Because of the constraints on E, every path from S to T starts in stagel goes to stage2 then to stage3

and so on and eventually terminates at stage k.

Multistage graph problem can be solved using either forward approach or backward approach.

ALL PAIRS SHORTEST PATH:

The all pair shortest path problem is to determine a matrix A such that A (i, j) is the length of a
shortest path from i to j. If this problem is solved by n single source shortest path
problems, the matrix A may be obtained in O (n®) time.

An alternate solution to the problem using dynamic programming ofthe O (n?3) is as given.
The shortest path originates at vertex ‘i’ and goes through some intermediate
vertices and terminates at vertex ‘j’. This path contains no cycle for if there is acycle
then this may be deleted without increasing the path length. If‘k’ and from ‘k’ to “j’ must
be shortest paths from i’ to ‘k’and from k’to °j’. Otherwise, the ‘i’ to °j’ going through

no vertex of index greater than ‘k’. We get
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A (i,j) = min {min { AK(iQ, k) + ALk, )}, C (i, j)}

OPTIMAL BINARY SEARCH TREE:

In obtaining a cost function for binary search tree, it is wuseful to add a fictious node in
place of every empty sub tree in the search tree. Such nodes are called External nodes and
are drawn square. All other nodes are internal nodes. If a binary search tree represents n
identifiers then there will be exactly n intern al nodes and n+1 external nodes. Every internal
node represents a point where a successful search may terminate. Every external node
represents a point where an unsuccessful search may terminate. If a successful search
terminates at an internal node at lev el L. Hence the expected cost contribution from the
internal node for ai is p (i) * level (ai). Ifthe failure node for Ei is at level | then only I-

1 iterations are made hence cost contribution of this node is Q(i)*( level( Ei)-1).

The preceding discussion leads to the following formula for expected cost of binarysearch tree.

O p()*level(ai) + C q(i)*( level( Ei)-

1) 1<=i<=n 0<=i<=n

We define optimal binary search tree for the identifier set (al, a2.... an) to be abinary

search tree for which above equation is minimum.

0/1 KNAPSACK:

A set to the knapsack problem may be obtained by making a sequence of decisions on the
variables X1, X2, X3....Xn . A decision on variable X i involves deciding which of the
values 0 or 1 is to be assigned toit. Letus assume that decision on the X i are made in the

order Xn, Xn-1..... X1.

CSE,NRCM 52 PRIYANKA




Design and analysis of algorithm & DS3102PC

Following a decision on X n we may be in one of the two possible states. The capacit y
remaining in  knapsack is M and no profit has accrued or the capacity re maining is M- Wn
and a profit of Pn has accrued. It is clear that remaining decisions xn -1,... x1 must be
optimal with respect the problem state resulting from the decision on xn. Hence the principle

of optimality holds.

RELIABILITY DESIGN:

In this section we look at an example of how to use Dynamic programming to solve a problem with a
multiplicative optimization function. The problem is to design a system, which is composed of several
devices connected in series. Let ri be the reliability device Di.

Then the reliability of the entire system is L ri. Even if the individual devices are very reliable, the reliability

of system may not be very good.

For e.g. If n=10 and ri=. 99,1<=1<=10 then(ri=. 904. Hence it is desirable to duplicate devices. Multiple
copies of the same device type are connected in parallel through the use of switching circuits. The switching
circuits determine which devices in any group are functioning properly. They then make use of one such

device at each stage.

If stage i contains mi copies of device Di then the probability that all mi have a malfunction is (1-ri) ™

. Thus if ri=. 99 and mi=2 the stage reliability becomes .9999

IRAVELLING SALESMAN PROBLEM:

Let G=(V, E) be a directed graph with edge cost Cij. Cij is defined such that Cij>0 for alliand jand Cij= [if
<l, j>C E. Let (V)=nand assume n>1. A tour of G is a directed cycle that includes every vertex in V. the
cost of the tour is the sum of the cost of the edges on that tour. The traveling sales man problem is to find a
tour of minimum cost. Let g (i, s) be the length of shortest path starts at vertex 1 going through all vertices in

s and terminating at vertex 1.
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G (1,v- {1}) is the length of an optimal salesman tour. From the principle of optimality it follows that
g(l,s)=min{Cij + 9(j,s-{i})}
BRANCH AND BOUND:
The term branch and bound refers to all state space search methods in which all children of the E-nodeare
generated before any other live node can become the E-node. We have already seen two graph search
strategies, BFS and D-search, in which the exploration of a new node cannot begin until the node

currently

being explored is fully explored. Both of these generalize to branch and bound strategies. In branch and
bound terminology, a BFS like state space search will be called FIFO search, as the list of live nodes is a
FIFO list. A D-search like state space search will be called LIFO search as the list of live nodes is a LIFO.

Bounding functions are used to help avoid the generation of sub trees that do not contain an answer node.

LC search;
The search for an answer node can often be speeded by using an intelligent ranking function c” (.) for live
nodes. The next E-node is selected on the basis of this ranking function. The ideal way to assign ranks would

be on the basis of the additional computational effort needed to reach an answer node from the livenode.

BOUNDING: A branch-and- bound method searches a states space tree using any search mechanism in
which all the children of the E-node are generated before another node becomes the E-node. We assume that
each answer node x has cost ¢ (X) associated with it and that a minimum cost answer node is to be found.
Three common strategies are FIFO, LIFO and LC. A cost function ¢” (.) such that ¢ (x)<=c (X) is used to
provide lower bounds on solutions obtainable from any node x. If upper is an upper bound on the cost of a
minimum- cost solution, Then all live nodes x with c” (x)> upper may be killed as all answer nodes reachable
from x havecost ¢ (x)>= c” (X)> upper. The starting value for upper can be obtained from some heuristic or
can be set to infinity. Clearly, so long as the initial value for upper space is no less than the cost of minimum-
cost answer node the above rules to Kill live nodes will not result in the Killing of a live node that can be

reach a minimum cost answer node. Each time an answer is found, the value of upper can be updated.
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FIFO BRANCH AND BOUND:

In implementing FIFO branch - and -bound algorithm, it is not economical to kill live nodes with c”

(X) > upper each time upper is updated. This is so because live nodes are in the queue in the order in which
they were generated. Hence, nodes with c¢~(x) > upper are distributed in some random way in the queue.
Instead, live nodes with c(x) > upper can be killed when they are about to become E-nodes.

ALGEBRIC PROBLEMS:

In this topic we shift our attention away from the problems we have dealt with previously to concentrate on
methods for dealing with numbers and polynomials. Though computer have the ability already built —in to
manipulate integer and reals, they are not directly equipped to manipulated symbolic mathematical
expressions such as polynomials. One must determined a way to represent then and then write procedures
that perform the desire operations. A system that allows for the manipulations of mathematical expressions
is called a mathematical symbol manipulation system. The systems have been fruitfully used to solve variety
scientific problems for many years. The technique study here often let to efficient ways to implement the

operations offered by these systems.

Assume we have an input | that is a member of set S1 and a function f (1) that describes what must be
computed. Usually the output f (1) is also a member of S1.Though a method may exist for computing f
(Nusing operations on elements in S1, this method may be inefficient . The algebraic transformation technique
suggest that we alter the input into to another form to produce a member of set S2.The set S2 contains exactly
the same elements as S1 except it assumes a different representation for them. Once the answer in S2 is

computed, an inverse transformation perform is to yield the result in set S1.

Backtracking:

Backtracking algorithms determine problem solutions by systematic searching the solution space for the
given problem instance. Using a tree organization from the solution space facilitates this search. For a given

solution space many tree organization may be possible.

The basic idea is to build up the solution vector one component at a time and to use modified criterion
functions Pi (x1...xi) sometimes called bounding functions) to test whether the vector being formed has any

chance of success. The major advantage of this method is this: If it is realized that the partial vectors can be
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ignored entirely.

Many of the problems we solve using backtracking require that all the solutions satisfy a complex set of
constraints. For any problem these constraints can be divided into two categories: explicit and implicit.

Explicit Constraints:

Explicit constraints are rules that restrict each Xito take on values fromgiven set.

Common examples of explicit constraints are xi C0

Si={all non negative real numbers}

xi =0 or 1or Si={0,1}

ii Cxi CujorSi={a:ii Ja Oui}

The explicit constraints depend on the particular instance | of the problem being solved. All tuples thatsatisfy

the explicit constraints define a possible solution space for i.

Implicit Constraints: The implicit constraints are rules that determine which of the tuples in the solution
space of | satisfy the criterion function. Thus implicit Constraints describe the way in which the x i must

relate to each other.

8-Queen problem:

Consider a chessboard and tryto find final all ways to place 8 attacking queens.

We can let (X1...Xn) represent a solution in which Xi is the column of the i row where the i'" queen is
placed. The Xi will all be distinct since no two queens’ can be placed in the same column. Suppose two
queens are placed at position (i, j) & (k, ) then they are on the same diagonal any if

=11 = [i-k|

All solutions to the 8- queens problem can therefore be represented as 8-tuples

X1,.......... , X8) . The explicit constraints using this formulation s are Si={1,2,3,4,5,6,7,8}, 1C i0O n.
Therefore the solution space consists of 8 8 8- tuples.

The implicit constraints for this problem are that no two Xi can be the same. The realization reduces the
size of the solution space from 8 8 tuples to 8! Tuples.
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Expressed as an 8 —tuple, the solution in figure is (4,6,8,2,7,1,3,5).

o)

SUM OF SUBSETS:
Suppose we are given n distinct positive numbers usually called weights and we desire to find all

combinations of these numbers whose sums are m.

This is called sum of subsets problem.

GRAPH COLORING:

Let G be a graph and m be a +ve integer. We want to find Whether the nodes of G can be colored in such a
way that no two adjacent nodes have the same color yet only m colors are used. If d is the degree of the graph
than it can be colored with d+1 colors. The m-colorability optimization problem asks for the smallest integer

m for which the graph G can be colored. This integer is referred to as the chromatic number of the graph

UNIT-V

NP-Hard and NP-Complete problems: In this section the examine the operations on polynomials. As we
search for efficient algorithms, we see examples of another design strategy called algebraic simplification.lt
refers to the process of re expressing computational formulas so that the required the number of operations to
compute these formulas is minimized. One issue we ignore where is the numerical stability of the resulting

algorithms.

A uni-variate polynomial is generally written ass A
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(X)=anx" + an-1x"*! +......+ alx + a0
Where X is indeterminate and ai may be integers, floating point numbers are more generally elements of
commutative ring or a field. 1fan(0 then is called the degree of A.
When considering the representation of a polynomial by its coefficients there are at least two alternatives.
The first calls for storing the degree followed by degree +1 coefficients.
(n,an,an-1,....... al,a0)

This is termed the dense representation because it explicitly stores all coefficients whether or they arezero.

The second representation calls for storing only each non-zero coefficient and its correspondingexponent; for
example, if all the aj are nonzero, then the polynomial is stored as

(n,an ,n-1,an-1,....... 1,a1,0,a0)

This is termed as sparse representation because the storage depends directly on the number of nonzero terms

and not on degree.

For a polynomial of degree n , all of whose coefficients are nonzero, this second representation requires
roughly twice the storage of the first. However, that is the worst case. For high-degree polynomials with few

nonzero terms, the second representation is many times better than the first.

HORNER’s rule: Polynomial can be expressed as

AX)= (...((an x+an-1) X +an-2) X+ .....al )x+a0)

It requires n multiplications, nadditions, and n+1 assignments.
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NP-Hard and NP-Complete Problems

Alms:

e To describe SAT, a very important problem in complexity theory;
the NP-Hard and NP-

e To descnibe two more classes of problems:
Complete problems.

33.2. NP-Hard and NP-Complete Problems
33.2.1. NP-Hard Problems

o We:say that a decision problem B, is NP-hard if every problem'in NP is polynomial-

time reducible to F;.
e In symbols,
P, is NP-hard if, for every P; € NP, P; %% P,
e Note that this doesn’t require P; to be in NP.
e Highly informally, it means that P, is ‘as hard as’ all the problems in NP.

— If P; can be solved in polynomial-time, then so can all problems in NP.

— Equivalently, if any problem in NP is ever proved intractable, then F; must also

be intractable.

33.2.2. NP-Complete Problems

-k n

e We say that a decision problem P; is NP-complete if
— it is NP-hard and
— it is also in the class NP itself.
e In symbols, P; is NP-complete if P; is NP-hard and P, € NP

o Highly informally, it means that P; is one of the hardest problems in NP.

PRIYANKA
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& So the NP-complete problems form a set of problems that may or may not be in-
tractable but, whether intractable or not, are all, in some sense, of equivalent com-
plexity.

o If anyone ever shows that an NP-complete problem is tractable, then

— every NP-complete problem is also tractable

— indeed, every problem in NP is tractable
and so P = NP.
o If anyone ever shows that an NP-complete problem is intractable, then
— every NP-complete problem is alzo intractable
and, of course, P # NP.

e So there are two possibilities:

i !

NI P=NP

Nl"—i:ompleg

L A

We don't know which of these is the case.

e But this gives Computer Scientists a clear line of attack. It makes sense to focus
efforts on the NP-complete problems: they all stand or fall together.

e So these sound like very significant problems in our theory. But how would you show
that a decision problem is NP-complete?
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o Starting with SAT and vsing Method 2, numerous problems have been shown to be
NP-complete.

o Without going into the details of the problems or the reductions themselves, here is
a picture that shows a few of the polynomial-time reductions that have been found.

+ Cligue
poly

p DIFfSe:lCm'i:T

SAT—2 w3541 PO o verexcover
PO Subsets um_POV__ Knapsack
poly
“Hamiltonian Cycle Decision Problem_Poly __ TSP DP

o Here's a picture showing some actual decision problems.

NP

Graph—isomorphism

[ Nl'—mmplel;
SAT
HCDP
TSFDP

b =
ECDP s
Membership of finite—lkenght list

| Non—membership of finite—length list
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g
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o The proof is bevond the scope of this course and the result goes by the name of the
Cook-Levin Theorem

33.2.4. How to Show Other Problems are NP-Complete

o We have one problem that = proven to be NP-complete, where the proof is done
generically and ‘from scratch’. Showing that other problems are NP-complete is
easier.

e How to show decision problem F; is NP-complete (Method 2)

— First, confirm it is a decision problem.
— Then show F; i=s in NP.
— Then show that F; is NP-hard by taking just one problem F; that is already

. al
known to be NP-complete and showing that P; == P,
o Why does the latter show F; to be NP-hard?

If P; is NP-complete, then we know that P; is NP-hard (by the definition
of NP-complete), i.e. every problem in NP is polynomially-reducible to
;.

But, if every problem in NP is polynomially-reducible to P; and F; is
polynomially-reducible to F; then, by transitivity, every problem in NP is
polynomially-reducible to F;.

LINK TO WEB CONTENT

https://www.seas.gwu.edu/~ayoussef/cs6212/greedy.html

www.cs.umsl.edu/~sanjiv/classes/cs5130/lectures/gm.pdf

www.geeksforgeeks.org/8-gueen-problem

www.bridges.canterbury.ac.nz/features/eight.html

https://www.hackerearth.com/practice/.../p-np-complete-np-and-np-hard

www.cs.princeton.edu/courses/archive/sprll/.../NP-completeness.pdf
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NIT WISE ASSIGNMENT ESTION
UNIT -1
1) What is An Algorithm? Explain Characteristics of an Algorithm?
2) what is Complexity? Discuss with examples Complexity types.
3)With neat diagram discuss Non-recursive Binary Tree Traversals?

4) Explain bi-connected components with examples?

UNIT-2

1) Explain minimum cost spanning tree with example?

2)Discuss and explain Strassen’s matrix multiplication?

3) With example explain quicksort sorting method? And find its complexity?

4) Explain dis-joint set operations (find (),union ())?

UNIT-3

1)Explain Multi stage Graphs algorithm with example
2). Write about Reliability design?
3) Explain sum of subset problem using backtracking

4) Describe graph coloring problem and write an algorithm for m-coloring

UNIT-4

1) Write an algorithm for Hamiltonian cycle with an example

2) Explain all pairs shortest path problem with example.

3) Explain travelling sales person problem using branch and bound
4)Explain principle of LIFO branch and bound

UNIT-5

1) State and prove cook’s theorem

2) Explain deterministic and non-deterministic algorithms

3) Explain Hamiltonian cycles with neat sketch?

4). Explain chromatic number decision problem and clique decision problem
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Il AND ITMID EXAM QUESTION BANK
L MID

1. (a). What is An Algorithm? Explain Characteristics of an Algorithm?
(b). what is Complexity? Discuss with examples Complexity types.

2. (a) With neat diagram discuss Non-recursive Binary Tree Traversals?
(b). Explain bi-connected components with examples?
3. (a). Explain minimum cost spanning tree with example?
(b).Discuss and explain Strassen’s matrix multiplication?
4. (a) With example explain quicksort sorting method? And find its complexity?

(b) Explain dis-joint set operations (find (),union ())?

(621

. (a) Write a procedure to Single Source Shortest Path problem with example?

(b). Discuss binary search algorithm and analyze its time complexity?

()}

. (a). Discuss Job sequencing with deadlines with example?

(b). Explain about Amortized complexity?

\l

. (a) Explain in detail job sequencing with deadlines problem with example.

(b)Explain single source shortest path problem with example

oo

. (a) Explain 0/1 knapsack problem with example

(b) Explain prim’s algorithm with example

©

. (a) Explain kruskal’s algorithm with example
(b)Explain the concept multistage graphs with example
10. (a) Explain breadth first search algorithm with example.

(b)Explain depth first search algorithm with example

L MID

1. (@) Explain Multi stage Graphs algorithm with example

(b) Write about Reliability design?

2.( a). Explain sum of subset problem using backtracking

(b) Describe graph coloring problem and write an algorithm for m-coloring
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3.(a) Write an algorithm for Hamiltonian cycle with an example
(b) Explain all pairs shortest path problem with example.
4. (a). Explain travelling sales person problem using branch and bound
(b) Explain principle of LIFO branch and bound
5. (a) State and prove cook’s theorem
(b)Explain deterministic and non-deterministic algorithms
6. (a.) Explain Hamiltonian cycles with neat sketch?
(b) Explain chromatic number decision problem and clique decision problem
7. (a.) Explain all pairs shortest path problem with example
(b). Describe the travelling salesman problem and discuss how to solve it using dynamic programming?
8. (a). Explain the concept multistage graphs with example
(b). Explain optimal binary search tree algorithm with example
9. (a). Write an algorithm for N-queens problem using backtracking
(b). Explain subset-sum problem and discuss the possible solution strategies using backtracking
10 (a) Describe graph coloring problem and write an algorithm for m-coloring

(b) Write an algorithm for Hamiltonian cycle with an example
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