FORMAL LANGUAGES AND AUTOMATA THEORY

B Tech 11l Year | Sem

Course Code Category Hours/Week | Credits Maximum Marks
L|T]|P C CIE | SEE | TOTAL

23CY503 Professional Core 310l o 3 40 60 100

Contact Classes: 48 Tutorial Classes: Nil Practical Classes: - Total Classes: 48

Prerequisite: A Course on Discrete Mathematics

Course Objectives

e To provide an introduction to some of the central ideas of theoretical computer science from
the perspective of formal languages.

e To introduce the fundamental concepts of formal languages, grammars, and automata theory.

e To classify machines by their power to recognize languages.

e Toemploy finite state machines to solve problems in computing.

e To understand deterministic and non-deterministic machines.

e To understand the differences between decidability and undecidability.

Course Outcomes

o Able to understand the concept of abstract machines and their power to recognize the
languages.

o Able to employ finite state machines for modeling and solving computing problems.

e Able to design context-free grammars for formal languages.

o Able to distinguish between decidability and un decidability.

e Able to gain proficiency with mathematical tools and formal methods.

MODULE-I

Introduction to Finite Automata: Structural Representations, Automata and Complexity, the Central
Concepts of Automata Theory-Alphabets, Strings, Languages, Problems. Nondeterministic Finite
Automata: Formal Definition, an application, Text Search, Finite Automata with Epsilon-Transitions.
Deterministic Finite Automata: Definition of DFA, How a DFA Process Strings, The language of DFA,
Conversion of NFA with €-transitions to NFA without -transitions.

MODULE-II

Regular Expressions: Finite Automata and Regular Expressions, Applications of Regular Expressions,
Algebraic Laws for Regular Expressions, Conversion of Finite Automata to Regular Expressions.
Pumping Lemma for Regular Languages: Statement of the pumping lemma, Applications of the Pumping
Lemma., Closure Properties of Regular Languages: Closure properties of Regular languages, Decision,
Properties of Regular Languages, Equivalence and Minimization of Automata.



MODULE- 11

Context-Free Grammars: Definition of Context- Free Grammars, Derivations Using a Grammar, Left
most and Right most Derivations, the Language of a Grammar, Sentential Forms, Parse Tress,
Applications Grammars and Languages. of Context-Free Grammars, Ambiguity in

Push Down Automata: Definition of the Push down Automaton, the Languages of a PDA, Equivalence
of PDA's and CFG's, Acceptance by final state, Acceptance by empty stack, Deterministic Pushdown
Automata. From CFG to PDA, From PDA to CFG.

MODULE- IV

Normal Forms for Context-Free Grammars: Eliminating useless symbols, Eliminating €-Productions.
Chomsky Normal form, Griebech Normal form. Pumping Lemma for Context-Free Languages: Statement
of pumping lemma, Applications.

Closure Properties of Context-Free Languages: Closure properties of CFL's, Decision Properties of
CFL's Turing Machines: Introduction to Turing Machine, Formal Description, Instantaneous description,
The language of a Turing machine

MODULE- V

Types of Turing machine: Turing machines and halting

Undesirability: Undesirability, A Language that is Not Recursively Enumerable, An Undividable
Problem That is RE, Undividable Problems about Turing Machines, Recursive languages, Properties of
recursive languages, Post's Correspondence Problem, Modified Post Correspondence problem, Other
Undividable Problems, Counter machines.

TEXT BOOKS:

1. Introduction to Automata Theory, Languages and Computation, 3rd Edition, John E.Hopcroft, Rajeev
Motwani, Jeffrey D.Ullman, Pearson Education.

2. Theory of Computer Science-Automata languages and computation, Mishra and Chandrashekaran, 2nd
edition, PHI.

REFERENCE BOOKS:

1. Introduction to Languages and the Theory of Computation, John C Martin, TMH.

2. Introduction to Computer Theory, Daniel I.A. Cohen, John Wiley.

3. A Textbook on Automata Theory, P.K.Srimani, NasirS.F.B, Cambridge University Press.

4. Introduction to the Theory of Computation, Michael Sipser, 3rd edition, Cengage Learning.

5. Introduction to Formal languages Automata Theory and Computation Kamala Krithivasan, Rama R,
Pearson
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3.2 REGULAR EXPRESSIONS I

The languages accepted by FA are regular lnnguages and these lan guages arc easily described
by simple expressions called regular expressions. We havo some algebmaic notations to represent
the regular expressions, ih

Regular expressions are means (o represent ceriain sets of strings In some algebrale
manner and regular expressions describe the language accepled by FA.

If y isanalphabet then regular expression(s) over this can be described by following rules. i

1. Any symbol from L.« and § areregular expressions,

2. If 5 and ry are two regular expressions then union of these represented as 7, U r, or
n + ry isalsoaregularexpression

3. W and r, aretwo regular expressions then concatenation of these represented as ryr, is
also a regular expression,

4. TheKleene closure of a regular expression r isdenoted by » # is also a regular expression.

Ifr is a regular expression then (r) is also a regular expression.

6. Theregular expressions obtained by applying rules 1 to 5 onee or more than once are also

w

regular expressions,
|
| Examples :
| (1) If £ = {a,b},then
| (a) aisaregularexpression (Usingrule 1)
I (b) bisaregularexpression (Usingrule 1)
| (©) a + b isarcgularexpression (Usingrule2)
| (d) b+ isaregularexpression (Using rule 4)
| (¢) ab isarcgularexpression (Usingrule3)
| () ab + b+ isaregularexpression (Usingrule6)
|

(2) Find regular expression for the following

(a) A languageconsists ofall the words over (a, b} endingin p.

(b) A language consists ofall the words over (a, b} ending in pb.

(c) A language consists of all thewords over {a, b} starting with aand ending in b.

(d) A language consists of'all the words over {a, b} having p} as a substring,

(e) A language consists ofall thewords over {a, 3} ending inaab.

Solution :Let E={g,b},and

Allthewordsover £ = (e a, b, aa, bb, ab, ba, aaa, ... }=Ztor(a+b)*or(aud)®
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Now let us compute for final state, which denotes the regular expression.
! will be computed, because there are total 2 states and final stalois g, whose start staeis ¢,
o= e s )
= 0(€)*(e) + 0
=040
! = 0 whichisa final regulnrexpression.

3.6.1 Arden's Method for Converting DFA to RE

As we have seen the Arden's theorem is useful for cheeking the equivalence of two regular
expressions, we will also sec its use in conversion of DFA to RE.

[ Follnwinga]gzidun is used to build ther. c. fom given DFA.

1. Let g, betheinitial state.
2. Thereareq, g;.4s,as-4, Mumberofstates.The final state may besome g, where /<1
3, Let o, represents the transition from g, 0 4,.
4, Calculate g, such that
g,=0,4q,
If g, isastart state

g, =,q,+E
5. Similarly compute the final stale whichultimately gives the regular expression .

Example 1 : Construct RE for the given DFA.

Solution :

Since there is only one state in the finile automsta let us solve for g, only.

Go =00+ Gol+E
Go=9s(0+ 1)+ e
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Example 3 : Construct RE for the DFAgiven in below figurs.

Solution : Letus see the equations
o =gl +q,0+€
41 =40
g2 =gl
9y =q0+g,1+q,(0+1)

Letus solve g, first,
o = gyl + g,0+€
90 = qo01+ gyl 0+
9o =qo(01+10)+€ *R=0Q+RP
gp =€ {01-+10)* = OP* where
gy =(01+10)* R=qy,Q=¢,P=(01+10)

Thus the regular expression will be
r=(01+10)"

Since g, isafinal slate, we are interested in g, only.

Example 4 : Find outthe regular expression from given DFA.




“({ea,b aa,bb,...])* ‘
= (¢ a,b, aa, b, ab, ba, aaa, bbb, abb, baa, aabb,...)

» {All tho words over (a,8) }

n(atb)®

So,(@a* 1Y =(ai b)*
3.3 IDENTITIES FOR REs

'The two regular expressions P and Q are equivalent ( denoted as P =Q ) if and only if P
represents the same setof strings as Q does, Forshowing this equivalence of regular expressions
we need to show some identities of regular expressions,

Let T, Q and R are regular expressions then the identity rules are as given below
1. eR=Re=R

2. e elsnullstring
3. @ = ¢ iscmptystring,
4, QR: R*:*
5. $+=R=R
6. R+R=R
2. RR*=R*R=R’
8. (RY=FK
2. e+RR' =K'
10, (P+(Q)R=PR+0R
1. (P+Q) =(P'Q)=(P'+QY
12, R'(e+R)=(e+R)R" = &'
13, (R+e) =R’
14. ek =K'
LS. (PQ)"P=P(QPY
16. RR+R=RR
331 Equivalence of two REs ,

Let us see one important théorem named Arden's Theorem which helps in checking the
equivalenca of two regular expressions.
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Ardon's Theorem : Let P and Q be the two regular expressions over the input set £ .The
regular expression Ris givenus
R=0+RP

Which has o unique solutionas R = QP

Proof : Let, Pand Q are two regular expressions over the inpul string ¥ .
IfP does notcontain ¢ then there exists R such that

R=Q+RP ()
We will replace R by QP* in cquation 1.
Consider R. H. S. of equation 1.

=Q+QFP'P
«Q(e +P'P)
=0P" v etR'R=R"
Ths R=0QP
isproved. To prove that R = QP"isa unique solution, wewill now replace LI1.S. of equation 1
by Q + RP. Then it becomes
Q+RP

Bul again R can be replaced by Q +RE
Q+RP=Q+(Q+RF)P
=0+0P+RF
Againreplace R by Q +RP.
=Q+QP+(Q+RP) P
=0+ QP+QP" +RF
Thus if we go on replacing R by Q +RP then we get,
Q+RP=0+0QP+QP'+..:0F + RP"
=Qle+P+F? # e P')+ R

From cquation 1,

R=0(+P+ P .t P 4 RP" -(2)
Where iz0
Consider equation 2,

H#QiE-I-FfF"I'_..-I'Pf}-i-RPM
>

R=QF +RP"

lztwbcusu'mguflmgms.
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(0,001 1L1TL0110, o)
= { ¢, any combination of0's, any combination of 1's, any combination of

Oumd |}

Henge, L.AL S, » R . S, is proved,

3.4 RELATIONSHIP BETWEEN FA AND RE

e

There isaclose relationship betweena finite automat and the regular expression we can show

this relntion in below figure.

Canbe | Reple
Converted expression

S
finite
automala

Can be

converted

Can be

NFAwith
£ MOVESs

NEAwithout
& Moves

Canbe

converted 1o l
convertedto ‘

FIGURE : Relationship between FAand regular expression

moves. Letus see the theorem based on this conversion.

3,5 CONSTRUCTING FAFOR A GIVEN REs

Theorem :If y beareguiarexpressionthen her edstsa NFAWID e - moves, whichaccepls L(r).
Proof: First we will discuss the consruction of NFA ¢ with - moves for regular expression

The above figure shows that it is convenient fo convert the regular expression toNFAwith ¢ l

r and then we prove that L(M) = L(r).

Let  betheregularexpression overthe alphabel 1.

Construction of NFA with ¢ - moves

Case1:
mr=6

e ————— I
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NFA M = ({s, £, ( 18,4, (/) as shownin Figure) (a)
:: i ) {(No path from initial state £ 1o
reach (he final state )
Figure 1 (a)

@ r=e
NFA M = ({5}, { }.8, 5, (s)) as shownin Figure | (b)

( ) (The initial state 5 is the final state)

Figure 1 (b)
(i:l) r= a,fﬂ‘l’ﬂ“d el,
NFA M = ({5, /1. 58,5 /)
a (One path is there from inilial state s
O @ to reach the final state fwith label a.)
Figure 1 (c)
Case2: lr|z1

Let , and r, be the two regular expressions over £, £, and N, and N, arc two NFA for
r, and r, respectively as shown in Figure 2 ().

e H1 @ L{.Hi) =hn

Figure 2 (a) NFA for regular expression r, and r,
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which denotes the regulnr expression.
{otal 2 states and final state is g, W whose start stale is g,

‘ Now let us compute for final state,
n! will be computed, because there aro

ﬂ:"(.’hllﬁl}[’n)'('h}

i
» 0(e)e) + 0
-0+0
rl=0 which isa final regular expression.

3.6.1 Arden's Method for Converting DFAto RE

As we have seen the Arden's theorem is uselul for checking the equivalence of two regular

expressions, we will also sec its use in conversion of DFA 1o RE.

[ Following algorithm is used to build the . . from given DFA.

1. Let g, betheinitial state.

9. Thereareq,, g3y @arTn uraber of states The final state may besome 4, where Jsn

3. Leta, mprmnuﬂxmlsiﬁonﬁ'om q,108,
4. Calculate g, suchthat
g, =o,.4,
If g, isastartstate
g, =au4q,+*€
St Similﬂﬂycmnpmcdwﬁ.nﬂlmlﬂwhichul

timately givcsﬂ'seraguﬂm'expmsﬁunn

Example 1 : Construct RE for the given DFA.

Solution :

Simeihcrcisonlyonestatcinthn finite automata letus solve for g only.

do =?ﬂ°+ﬂol+5
= qq.(ﬂ + !}"" (=
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Solution : Letussee the cquations
Qo=ql+q0+€

4, =0

q; =q!

gy =q,0+g;1+g,(0+1)

Letus solve g, first,

go = @1 +g,0+€

go = qo0L + 10+ €

go = o(01+10+ € “R=Q+RP

go =€ {01410)* — QP* where

g0 =(01410)* R=q,0=¢,P=(01+10)
Thus the regular expression will be

r=(01+10)"
Since qoisaﬁnalstﬂlc.mare‘mte:mndinqﬁunly.

Example 4 : Find outthe regular expression from given DFA.
0
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Example8: Show that the language L = {d pi=0) 1o not regulor.

Solution : The setof string$ accepted by language L 1s,
L= {abb, aabbbb, aaabbbbbb, ambbbbbbbb...]

Applying Pumping femma for any of thostrings above:
Take the string abb.
It is of the form uvw.
Where, | [$ | Y]
To findi such that w'we L
Takei =2 here, then
w'w = a(bb)b

= abbb
Hence uv'w =abbb € L
Sinacabhhisnolp:mnlinthasu-ingsuf L.

L is not regular.
Example 9 Show that L = {0'|n is3 perfect square } I not regular.
Solution :
Step 1 :LelLismgtﬂarbmepinglcma.Lctnbsanbuofsm&sofFAmoepﬁnsL.
Step2: Letz=0" then |2[=n122.
Where [wisnivR1.

Therefore, we can write Z=Uvw;

Take any string of the language L= { 00, 0000, 000000 .... }
TakeﬂDUOasstring,hercu=ﬂ,v=ﬂ,w=00tu find i such that w'we L.
Take i =2 here, then

' w= 0(0)700

= 00000
This string Uﬂt}ﬂﬂisnotpmentin strings of language L.So uwv'wé L
It is a contradiction.

3.9 PROPERTIES OF REGULAR SETS

Regular sets m‘ﬂc!osedxmderfollowingpmperﬁcs.

1. Union
2. Concatenation

Page 36
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Kleene Closure
Complementation
Transpose

Intersection

LB
4,
5.
6,

1. Unlon : If R and R, are two regular sets, then union of these denoted by &, + &, or
R, R, isalso a rcgular set.

Proof : Let R and R, be recognized by NFA N, and ¥, respectively as shown in
Figurel(n) and Figure 1(b).

I FIGURE 1(b) NFA for regular set R,
We construct a new NFA N based on union of ¥, and », asshown in Figure 1(c)

FIGURE 1(c) NFAfor N, + N,

Now,
IL{(N) =eL(N;) e + eL({N3) €
=eR€ + €R,€
=R, + R,
Since, Nis FA, hence L(N) isaregularset (language), Therefore, Ry + R, isaregularset.
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2. Concatenation: If R, and R, are two regular sets, then concatenation of these denoted
by R,R, isalsoaregularset.
Proof : Let R and R, be recognized by NFA N, and N, respectively as shown in
Figure 2(a) and Figure 2(b).

FIGURE 2(b) NFA for regular set R,
We construct ancw NFA N'based on concatenation of ¥, and N, as shown in Figure2(c).

FIGURE 2(c) NFA for reqular set RR,

Now,
L(N) = Regularsetaccepled by N, followed by regular setaccepted by N, = R\,

Since, L(N) isaregular set, hence R,R, isalso aregular set.

3. Kleene Closure : If Risaregularset, then Kleene closure of thisdenoted by R*isalso
aregular set.

Proof: Let R isaccepted by NFA y shownin Figure 3(a).

&\t B e

———————————————————
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I G(V.T,P,S) is a CFG, the language of G, denoled by L(G), Is the sel of
lerminal strings that have derivations from the slart symbol.
LG)={winT|S = w)

Sentential Forms

Derivations from the slart symbol produce strings thal have a special role called
“sentential forms”. That is if G = (V, T, P, 8) Is a CFG, lhen any string In (V T)"
such that S = is a sentential form, If S < , then Is a lell - sentential form, and If
S < , then is & right - sententlal form. Note that the language L(G) Is those
sentential forms that are in T*; that Is they consist solely of lerminals.

For example, E * {| + E) Is a senlential form, since there Is a

derivalionE» E*E2E*(E)2E*(E+E)2E" (I +E)
However this derivation is neither leftmost nor rightmosl, since al the last
step, the middle E Is replaced.
As an example of a lefl - sentential form, consider a * E, with the lefimost
derivation. E2»E*E=21'E=a‘E
Additionally, the derivation

E2E*E2E*(E)2E"(E+
E) Shows that

E * (E + E) is a right - sentential form.

- Applications of Context — Free Grammar

+ Parsers
The YACC Parser Generator
+ Markup Languages
« XML and Document typr definitions

The YACC Parser Generator

E> E+E |E'E |

(E)jid %{ #include

<stdio.h> %}

%token ID id

Sb%

Exp:id {$$ = $1; printf ("resultis %d\n", $1):}
| Exp .+ Exp (8% =81+83;)
|Exp," Exp {$6=51"83;)
| {-Exp,)' {$$=%2;}

|
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%%

int main (void) {
return yyparse ( );

vold yyerror (char *s) {
fprintf (stderr, "%s\n", s);
}
%f
#include "y.tab.h"
%o}
%%
ED~?]3- {yylval.ID = atoi(yytext); return id '}
\tin b
Bl {return yytext[0];}
: {ECHO; yyerror ("unexpected character");)
%%

Example 2:

%f

#include <stdio.h>

%)

%start line

%token <a_number> number

%lype <a_number> exp term factor
%%

line : exp ' {printf ("result is %d\n", $1);)

exp : term {$$ = $1;)
| exp '+ term {$$ = $1 + $3;)
| exp - term {$$ = $1 - $3;}
term : factor (3% = $1;)
| term * factor {$$ = $1 * $3;}
| term 7' factor {$$ = $1/ $3;)

féctc:r : number {$$ = $1;}
.p '("exp ) (5% = $2;)

%%
int main (void) {
return yyparse ( );

void yyerror (char *s) {
fprintf (stderr, "%s\n", s);

%(
#include "y.tab.h"
%}

%%
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[0-9]+ {yylval.a_number = atoi{yytext); return number;)
(M\n];

[=+*/();] {return yytext[0];}

{ECHO; yyerror ("unexpected character');)
%%

arku
Functions

*Creating links between documents
*Describing the format of the document

Example

The Things | hale
1. Moldy bread
2.People who drive too
slow In the fast lane

HTML Source

<P> The things |
<EM=hate</EM>:; <OL>
<LI> Moldy bread
<LI>People who drive too
slow In the fast lane

</OL>
HTML Grammar
*Char alA]...
“Text € | Char Text
*Doc e | Element Doc
*Element Text |
<EM> Doc </EM>|

<p> Doc |

<OL> List </OL>| ..,
B List-Item <LI> Doc
6. List e | List-tem List  Start symbol
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FORMAL LANGUAGES AND AUTOMATA THEORY

= ; T lefiniti

1. ASE1.E2.
ABC
BE1
CE2
2. AE1|E2.
ASET
A>E2
3. A (E1)"
A BA
A &
BE]
4. A(E1)+
ABA
AS>B
BE1
5. A>(E1)?
A €
ASE1
4.4:Ambiguity

A context - free grammar G is said to be ambiguous if there exists some w L(G) which
has at least two distinct derivation trees. Alternatively, a ambiguity implies the

existence of two or more left most or rightmost derivations.

Ex:-
Consider the grammar G=(V,T,E,P) with V=(E,l}, T={a,b,c,+* ()}, and
productions. E=|,

E=>E+E,
E>E*E,
E-=(E),
|>alblc
Consider two derwatmn trees fora+b*c.
ath™c
Treel / \

'II-"T;T.\S:.LE:[G: [Tj:r I (_\ + E

will be d7 o

* i / ) \ﬁ
(1) 'E\‘(f*""E”

E
] L

e .
© @ @
ONRC
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ath*c
Tree 11
L. E
Let a=5, b=h, =7 / T
The valus for Tree O e e .
will le 77 ( | | #* p ( E |

Now unambiguous grammar for the above
Example:

E>T, TSF, F31, ESE+T, TSTF,
F>(E), I>alblc

eren igui

A CFL L is said to be inherently ambiguous Iif all its grammars are
amhbiguous Example:
Condider the Grammar for string

aabbccdd S2>AB | C
A-> aAb | ab

B—>cBd | cd
C—> aCd|ald
D->bDe | be

Parse tree for string aabbccdd
s

Parse lree for string agbbcedd ]

f,|c %

7 X / l\
| s | \

A / \\

LA
-

d

a/" . / \
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FORMAL LANGUAGES AND AUT

1) The following grammar generates the language of RE
0*1(0+1)*
s> AB
A - 0A|
ons of the following strings

g - 0B|1B]|
Give leftmost and rightmost derlvatl
a) 00101 b) 1001 ¢) 00011

2) Consider the grammar
s > aS[asbs|
Show that deviation for the string aab is am

biguous

3) The following grammargenerates the language of RE
0*1(0+1)"
s> AIB

A > OAl

B - 0B|18B|
Give leftmost and rightmost derivations of the following strings

a) 00101 by 1001 c) 00011

4) consider the grammar
S aS|aShS|S
is ambiguous

ghow that deviation for the string aab
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