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COURSE CONTENTS

UNIT-V
COMPLEX INTEGRATION

Complex integration forms the cornerstone of complex variable theory. The key results in
Chapter are the Cauchy-Goursat theorem and the Cauchy integral formulas. Other
interesting results include (Gauss’ mean value theorem, Liouville’s theorem and the
maximum modulus theorem). The link of analytic functions and complex integration with
the study of conservative fields is considered. Complex variable methods are seen to be
effective analytical tools to solve conservation field models in potential flows, gravitational
potentials and electrostatics.

Simple curve: Simple curve is a curve having no self intersections i.e., no two distinct
values of 't' correspond to the same point (x,y)
Closed curve: Closed curve is one in which end point coincide i.e.,@(a) = @(b) and ¢(a) =
@ (b).
Simple closed curve: Simple closed curve is a curve having no self-intersection and with
coincident end point.
Contour: Contour is a continuous chain of a finite number of smooth arcs

Closed contour is a piecewise smooth closed curve without point of self intersection.
Examples: Boundaries of circle, ellipse, rectangle, triangle.
Line Integral: Definite integral or complex line integral or simply line integral of a complex
function f(z)
From zjtoz, along a curve 'C'is defined as .[ f(z)dz here 'C' is known as the path of

c

integration .If it is a closed curve, the line integral is denoted by:f .
C

j f(z)dz = j (U +iv)(dx + idy)

Basic Properties of Line Integrals
1. Linearity: [(c,f(2)+cl2g(2))dz =c, | f(2)dz +c, [ g(z)dz

B A
2. Sense reversal: j f(z)dz = —I f(z)dz
A B
3. Partitioning of path: j f(2)dz = j f (z)dz + j f(2)dz
c c Cy

Where curve c consists of the curves c; andc,
Evaluation of complex line integral
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1. By indefinite integration (of analytic function): If f(z) is analytic in a simply

Zl
connected domain ‘D’ then _[ f(z)dz = F(Zz) _F(Zl) where F (2) :?j—F = f(z) in D.
z

Z
2. By use of the path: If curve ‘C’ is represented by z = z(t),a < t < b then
b
J. f(z)dz :'[ f(Z(t))%dt i.e. the integral is converted to an ordinary integral in t by

c a

making use of the property of the curve c.

Problems on line integral

1+i

1. Evaluate I(Xz +iy)dz along the path (i) y = x (ii) y = x?
0

Sol: We known that z = x + iy = dz = dx + idy
(i) Along the line [1 =[] = [I[] = [1[] and x varies from O to 1.

1+i (1)

j (x* +iy)dz = [(* +iy)(dx+idy)
0 (0,0)
= Jl’(x2 +ix)(dx +idx) (since [1 =[] )
= 1+ i)J:(xz +ix)dx = (1+ i){(x—;JriX—;j]O

1| A
—(1+|)(3+2

(i)  Along the parabola [1 =% = [I[J = 201[[] and x varies from O to 1
1+i (6BD)

j (x? +iy)dz = j (X2 +iy)(dx + idy)
0 (0,0
= j(x2 +ix?)(dx +i2xdx) (since [ =17 )

= j(x2(1+ i)(L+2xi)dx = (1+ i)j x*(L+ 2xi)dx

0

(1+ i)j.(x2 +2x%1)dx

Il

=

+

-
VR
VR
oo|><w

+

N
4>|>1
N—
N
o -

1
= [1+1)(=+=
Q+G+)
2. Evaluate I(2y+ x*)dx + (3x — y)dy along the parabola [ = 20, = [1Z + 3 joining

(0,311 (2,49).
Sol: Giventhat U =0,0=3 0 =0000000=2,0=40=1

NRCM -FME Dr.R.Murugesan/Associate Professor/FME




PS&CV

Substituting for x and y in terms of t, i.e., 0 = 20,0 =1+ 3= U0 = 200,00 =
2000 we get

1 1
| = [[2(t* +3)+4t*J2dt + [[6t—t* - 3]t
=0

t=0 t

(24t — 2t® — 6t +12)dt
2t 2t 6t? '
= - 12t
3 4 2
0
Exercise problems

1. Evaluate ﬂzz‘dz around the square with vertices at (0,0),(1,0),(1,1) CI[111 (0, 1).

O Sy

2+i

2. Evaluate j(2x+ Iy +1)dz along the straight line joining (I, —01) L0 (2, D).
1-i
1+i

3. Evaluate J(X— y+ix?)dz (i) along the straight line from [ = 00 (1= 1+ []
0

(ii) Along the real axis from [1 = O[] [1 = I and then along a line parallel to
imaginary axis from [l = 000 [ = 1+ [}

3+i

4. Evaluate jzzdz along parabola [] = 3017
0

Simple curve: A curve which does not intersect itself. A simple curve which is closed is
called simple closed curve.

Multiple curves: A curve which crosses itself.

Connected region: A region is said to be connected region if any two points of the region
can be connected by a curve which lies entirely within the region.

Multiply connected region: A region which is bounded by more than one curve is called a
multiply connected region.

Curve C3
curve c,
@’ curve ¢,
R-- Simple connected region, multiply connected region by more than one

curve

Cauchy- Goursat Theorem: A function f(z)is analytic at each point inside and on a simpl
closed curve ’c’, then J- f(z)dz=0.

Cauchy’s (Integral) Theorem: Let f(z) =u(X,y)+iv(x,y) be analytic on and within a simple
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closed curve contour ‘c’ and let f (z)be continuous there. Then, _[ f(z)dz =0.

Problems on Cauchy integral theorem

2z

1. Evaluate I © 4z where C is || =1

z2-2
Sol: Given that |z| =1 means the circle having radius one with centre (0, O)

.. The point z =2 lies outside C.
But by Cauchy integral theorem it is analytic within and on C

e22

72-2

2. Verify Cauchy’s theorem for the function f(z)=2z"+3z—i2 if C is the circle || =1

dz=0.

Hence by Cauchy’s theorem, j

Sol: Let C: z=re'? where0<0<2r.
z=¢" dz=ie"d@--r=1

[ f(2)dz= Zf(ez“’ +3e' —2i)(ie')do

2z
=i [(e" +3e”" ~2ie"")do
0
2z )
= 0 (- [e" =0ifn = 0)
0
Exercise problems:

1. Verify Cauchy’s theorem for the function f(z)=3z°+iz—4 if C is the square with
verticesat I+ 1000 —1+17.

2. Verify Cauchy’s theorem for the integral of [1° taken over the boundary of the
rectangle with vertices — 1,1, I+ [,—1+4+ (1.

Cauchy’s integral formula: Let f(z)be an analytic function everywhere on and within a
closed contour ‘C’. If Zz=a is any point within ‘C’, then
f(a)= i I f@) dz
2m z-a
Where the integral is taken in the positive sense around ‘C’.
Cauchy’s theorem for doubly connected regions: If f(z) is analytic in the doubly connecte

Region bounded by the curve c,andc, thenI f(z)dz = j f(z)dz.
C, C,

Generalized Cauchy’s integral formula: If f(z) is on analytic on and within a simple close
curve ‘C’ and if ‘@’ is any point within ‘C’, then

™y N f(2)
)= -[—(z—a)"” dz.

Problems on Cauchy’s integral formula (including generalization)
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2 — —
1. Let ‘C’ be the circle |z|=3 described in positive sense. Let f(a)= Judz
. Z-a
(la]#3)
Show that f(2) =8z.what the value is of f(a)if || > 3.

Sol: Given that |[]| = 3 is the circle with centre at (0,0) and radius equal to 3 units.
Consider f(a) is analytic everywhere except at [ = []

This point maybe (i) within the circle or (ii) on the circle or(iii) outside the circle
Since |a|#3, [1 =[] is not on the circle.
Case I: If [ = [J is within the circle, f(a)is analytic everywhere except at [1 = [
Take f(z)=2z"-12-2
22 —z-2

f(a):dez

= 27f (a) (By Cauchy’s integral
formula)
=27i(2a* —a-2)

- 1(2)=27(8-2-2) =87.
Case II: If|lJ] > 3, [ = [J is outside the circle|[]| = 3.
. f(a) Is analytic everywhere on and within ‘C’.

2 — —
Hence, judz =0 by Cauchy’s theorem
Z—a

c

2. Evaluate _[ (z—a)"dz where C is a simple closed curve and the point Z=ais (i)

inside C (ii) outside C (n is any integer# -1).
Sol: The parametric equation of C is
z-a=re’ = dz=ire'’do
And [J varies from O to 20

dz 21 , 2
i = _ire'’d@=i|do=11(20 — 0) = 211
W !z—a !re"g ! ( )

(ii) If alies inside C

[z-a)ydz = Tr”e‘”‘giremde
0

c

2z
ir n+1 J‘ei(n+1)9d9
0

. 2
. el(n+l)o9
— Irn+1|:.
i(n+1) |,
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n+1
r [ei(n+l)2;r _ eo]
n+1

n+l

' I [cos(n+1)27 1]

n+l
_ [ei(n+1)27r _ eo]
n+1
n+1

r+1[cos(n +1)27 1]

n+l

r
n+1

[L-1]=0 if [+ —1

If 0=—1then

j(z —a)"dz= j(z —a)tdz = LI 27i(by(i))
C C C Z - a
z° —sin3z . : o
3. Evaluate I sz with [:|[J] = 2 Using Cauchy’s integral formula.
© -2y
2

Sol: Given that f(z)=2z%-sin3zis analytic everywhere.
. T(2)Is analytic within [1: |[]| = 2

Here z = %is a singular point and lies inside c (rz= 4 2)
Since by Cauchy’s integral formula, f®(a)= L j L)Mdz
2m >+ (z—a)
Here 0O = %,D — 2
s
J-z sin3z o z_mf (Z)
7T\3 2! 2
¢ (z- E)

C 4 3
= 7| —(z2°-sin3z
_dzz( )l_

z
2

= 7 i(322 —3cos3z)}
| dz

7=

NN

7i[(62 +9sin32)],_

NN

7&[6£+93in 35)}
2 2
= 3 (7 —3)

4. Evaluate j ﬁ where [1:|[]| = 2 Using Cauchy’s integral formula.
< 2°(z+

Sol: Given that f(z)= %
z°(z+4)
f(z) is not analytic at [1 = 0,[1 = —4
But here [ = Ois lies inside ¢’ and [1 = —4 is lies outside’ ¢’
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Let g(z) = % » 0(2)is analytic on and within C.
Z+

I
By Cauchy’s integral formula, we have g™ (a) = L'_J.L)ldz
277 (z—a)™
Taking [1 = 0,01 =2
1
: 2 744
a)= 2 [—2+4 4
9@ 27zi-[(z—0)2+1
dz .
—— =g (0
-[23(z+4) 90
2
= 7
|:(Z+4)3:|z_0

Introduction

Complex power series is the main theme in Complex field. We introduce different types of convergence of
series of complex functions. The various tests that examine the convergence of complex series are discussed.
The Taylor series theorem and Laurent series theorem show that a convergent power series is an analytic
function within its disk or annulus of convergence, respectively. The notion of analytic continuation of a
complex function is discussed. As an application, the solution to the potential flow over a perturbed circle is
obtained as a power series in a perturbation parameter.

Definitions:
» A Power series in power of (z—z,) is a series of the form

ian(z—zo)” =a,+a,(z2—2,)+a,(z—2,)° +... I ¢

Here a,,a,,a,,...are complex (or real) constants know as coefficients of the series (1).z Is complex variable

and z, is called the centre of the series. (1) is also known as power series about the point z,.
Note: power series in powers of z is

Y az" =a, +az+a,z° +...
n=0
This is obtained as a particular case with z, = 0 in (1)
Region of convergence of a series is the set of all points z for which the series converges.

If Zanzn converges for |z| < R and diverges for |z| > R,then R is called the Radius of convergence of the
n=0

power series and |z| = R is called the circle of convergence of the power series.

Taylor’s Theorem: A function f(z) which is analytic at all points within a circle ¢, with centre at z, and of
radius R can be represented uniquely as a convergent power series in ¢, known as the Taylor’s series given by

© (n) © (n)
f(2)=Y a, (2 2,)" wherea, = ~—20) T2 gy
n=0 nl n=0 nl

= f(2) =
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£2) 1)

e, f(2)= f(z0)+—, 2!

(z-125)+...

Corollary: Maclaurin’s series
If we take z, = 0(i.e. the centre is origin) in Taylor’s series expansion we get

f(z) = f(0)+%(z)+%(z)+...

This is known as Maclaurin’s series expansion of f(z).
Problems on Taylor’s series:
1. Expand e? as Taylor’s series about z = a

Sol: Direct method: Herez =2z, =a

e et - AR C)
Taylor’s series of f(2)is f(z) =) o
n=0 ;

(z-a)"

Heref(z) = e?, f'(z) = e;, . fW(2)=e? = fM(q) = e

f (a) f(a)
f(z) = f(a)+T(z—a)+T(z—a)+...

a a

z _e2 & (7 _a)+ 8 (7-_a)?
e? =e +]_I(Z a)+2!(z a)  +...

(z-a)"

_aoc
—en; n!

Indirect method: Takez—a=w=>z=w+a
Giventhat f(z) = e? = eW*?

2 3

= e%e"' = e""(1+w+W—+W—+...)
21 3
X 2 ¥a 3
:>eé‘(1+(z—a)+(Z 3) +(Z 3) +

2! 3

— ea i (Z _a)n
n=0 n!

2. Expand f(z)= 2;6 as Taylor’s series about (i) z = =1 (i) z=1
z

Sol: Giventhat f(z)= 2;
2°-71-6
By using partial fractions, we get

1
T

1] 1 1
‘E{??E_EIE}
0] About z = —1 i.e., in powers of (z + 1)
f(z)zz{i_i}
5(z-3 z+2
1 1 1
_E{z+1—4_1+(z+n}
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-1

20

Expanding by binomial series, we
J— _1 <

2045

1
£z+1 1+(z+1)
4}

__1_(Tlﬂ ——[1+(z +[*

get

7+1)" 1

ST 2N (=D (z D"
4j 5;:0( )" (z+1)

This is valid for |z + 1| < 1 i.e., region of convergence is the interior of circle

with Centre at z = —1 and radius 1.

(i)  Aboutz =1i.e.,inpowersof (z—1)
f(z)zz{i_i}
51z-3 z+2
21 iy |
5 z-1-2 z-1+3)
Y B S
4] ()
2 3
1[ Lot N|”
==z 1_(Z;j s 1+(Z;J
10| 2 15 3
Expanding by binomial series, we get
—1&(z2-1)" 1
=—>»|— = 1
10 % 2] 522(;( ) (= )
This |svaI|dfor|—|<1 and|Z | <1 i.e.,region ofconvergence is|z—1|<2

Exercise problems:
1. Expand e? as Taylor’s series about z = 1

2. Expand iz as Taylor’s series about |z + 1| < 1
Z

72 —

-1
(z+2)(z+3)

7% —

-1
(z+2)(z+3)

3. Expand f(z)=

4. Expand f(z)=

as Taylor’s series about (i) z < 2 (ii) z > 3

as Taylor’s series about 2 < |z| < 3

Laurent’s series: Let f(z) be analytic on two concentric circles C;and C, with centre Z, and radii R; and
R, and in the annulus regionR; < |Z — Z,| < R,. Then f(z) is uniquely represented by a

convergent Laurent series given by

f@)=a,(2-2,)
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Problems on Laurent series

1.Find the Laurent series of f(z) = about its singular points. Determine the region of convergence.

722 +1
1

241
f(z) Have two smgular points z = =i
Q) Laurent series about z = i

Sol: Given that f(z)—

1
z7° +1 (z+1)(z—-1)
£l 1
S (z=i) z-i+2i
1 1

B 2i[1+(2—_ij
2i
2| (Z—I) Z( 1)n(22I|j If |Z—||<|2||=2

f(2) = g( D’ (22 )'Zfll z-i[<2

Region of convergence is |z —i| < 2
(i) Laurent series about z = —i
f(2) = 21 = _1 -
z°+1 (z+1)(z-1)
iR 1
C(z+i) z+i-2i
1 1

:(z+i)' 2{ z+| }
—1 1 > ] ]
= (z+|)2(2+lj If |z+i] <2 =2

(z+D)"*

f(Z):—ZW |f|Z+||'<2

n=0

f(2) = —

Provided |2 <1

Z+i
2i

Provided |——| <1

Region of convergence is |z +i| < 2
2z

1. Expand f(z) = > about z =1 as a Laurent series also find the region of convergence.

eZZ

(z-1)°
We want the Laurent series expansion of f(z) aboutz = 1.
Putz—1=w=>z=w+1

Sol: Given that f(z) =
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f(z) B eZz B e2(W+1)
(z-1°* w®
2w
, €
f (Z) =€ .}R;;
2 3
:ezi{1+2W+(2W) +(2W) +o. | Ifw=#0
w 2! 3
) 1 0 2n N
=e FHZ:;_!W Ifw %0
:ezz:—w"*3 Ifw=+0
n=0 n!
2 = 2n n-3
=e Z—|(z—1) Ifz—1+#0
no N
=e222—|(z—1)”‘3 If|lz—1| >0
no N
Exercise problems:
1. Expand f(z)= Wl(Z) as Laurent’s series about 0 < |z —1| <1
Z—1)(Z—

2. Expand f(z) = % using Laurent’s series for the domain z > 1

Zeros of an Analytic function: If a function f(z) analytic in a region R, is zero at a point z, in R, then z, is
called a zero of f(2)

If f(zy) =0but f'(zy) # 0, z, is called a simple zero (or) a zero of the first order.

If f(z0) = f'(29) =0 ...= f®D(z,) = 0and f™(z,) # 0, then z, is called a zero of order n.
Note: zeros of an analytic function is isolated.

Singularities
1. Singularity: A point at which a function f(z) is not analytic is known as a singular point (or)

singularity of f(z).

2. lsolated and non-isolated singularity: If z = a is a singularity of f(z) and if there is no other
singularity within a small circle surrounding the point z = a then z = a is said to be an isolated
singularity of the function f(z). Otherwise it is called non-isolated.

7 +1
(z-D?*(z° +4)
are isolated singular points.

Examples: 1) f(z) = the singular points of f(z) are z = 1,z = 2i and z = —2i

Types of singularities
» If f(z) is analytic and hence if z is any point of region , then by Laurent’s theorem, we have

f(z)=>a,(z-a)"+> b (z-a)" 0<|z—al <R
n=0 n=1

The term an(z —a)™" on the right hand side is called the principal part of f(z) at the isolated
n=1

Singularity atz = a.
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In relation to the principal part, there are three possibilities
Q) All the coefficients b,, (principal part )are zero. i.c., no term in the principal part, then ‘a’ is

called removable singularity of f(z)._(or) If lim f(2) exists finitely, then z = aisa
zZ-a
removable singularity.
Example: 1) The function f(z) = SN2 s removable singularity of f(z) atz = 0. Thus
z

f(z) have no negative powers of z.
2 2

2) Consider the function f(z) = - =lim f(z) = 2a
Z-a

S0,z = ais a removable singularity.
(i) If the principal part of f(z) at z = a contains an infinite number of terms, then ‘a’ is called

Essential sinqularity (or) isolated essential sinqularity off (2).
(Or) If lim f(z)does not exist, then z = a is an Essential singularity Example: 1) the
zZ—a

1
function f(z) = ez is Essential singularity.
Thus f(z) has infinite number of negative power of ‘z’ so z = 0 is called Essential
singularity
2 1
2) Consider the function f(z) =e?? :>£ercll f(z) = lllrgl e?2 does not exist.

So, z = a is an Essential Singularity

(iii) If the principal part of f(z) at z = a consists of a finite number of terms, say ‘m’ we say that
‘a’ is a Pole of order m of f(z) . In other words the principal part of f(z) at z = a contains finite
number of terms (Or) If lim f(z) = oo then z = a is a Pole of order m of f(z).

zZ—-a

2 2

Z"t+a .
=lim f(z) = o
z-a z-a

Example: Consider the function f(z) =

S0,z = ais a pole of f(2).

Evaluation of Residue by formula and Laurent series — Residue Theorem without Proof:; Evaluation of integrals
of type

27

If(sin 0,cos 0, I f (x)dx; and je"“x f (x)dx
0 —0 —00

The coefficient of in the Laurent series expansion of f(x) about the isolated singularity z = a is called the

Z—a

residue of f(z) at that point, denoted with by from the Laurent series by is given by b, = %J. f(z)dz
Cc
j f (z)dz = 27 xb, = 27i x[Re sidue of f(z)]

Where C is a closed curve containing the point z = a
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Residue at a pole
Suppose z = ais an isolated singularity of f(z)
Let us expand f(z) in a Laurent series about z = a

f(z):ian(z—a)u Oj e l_)"a)n
(1 (1)

(1) = is called analytical part of f(z)
(1) = is called principal part of f(z)

If the principal part of f(z) contains only a finite number of terms say + 5t +
z-a (z-a) (

Then z = ais called pole of order m
If m=1then z =ais called a simple pole.
If the principal part contains of f(z) contains an infinite number of terms, then z = a is called an essential singularity of

f(2).

If z=a s an isolated singularity of analytic function of f(z) then b, the coefficient of

is called the residue of f(z

z—-a
and is written as Res f(z), b: =Res f(2) ;-a
Theorems:
1. If f(x) has a simple pole at z = a then Res f(z) =
z=a
_ (z-a)f(2)
Z—a

2. Suppose f(z) = M where y(z) =(z —a)F(z)
w(2)

Resf (z) :M

Where f(a)=0the :
z=a y(a)

3. Letz= abe apole of f(z) of order “m” then
Resf(z) 1 lim g™t -
= ——|z—a) f(z
z=a (m—l)!z—>adzml[( ) ()]

Problems:

2

yA
(z-17(z+2)
Sol: z=1is a zero of denominator of order 2
And = -2 is a zero of denominator of order 1
z=1s a pole of order 2
z =2isapole of order 1

2 2
_Resf()_ Lt (t42) 2 _ (—22)12:4,9

1. F2)-= determine the poles and residues at each pole?

Tz=-2 71-5>-2

_Resf(z)_ Lt li(z—l)zx 72
oz=1 z-11'dz 2

Lt d| 22 | Lt |(z+2fz-7
z>1dz|z+2]| 21 (z+2)
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3x2-1

32

S_5
9 9

2. Find the Residue of ] at those singular points which lie inside the circle |z| =

2

Sol: f(z)_ 1:>z ~1= 0:>(z +1Xz 1) z+1)=0z ==i of order 1

Sin |z| = 2 s a circle with centre at the origin and redius 2, Hence all these points we inside the circle |z|=2
Resf(z) Lim 72

Lt
)
z=-1 71— 1(z+1)f(z)_ —>(Z+1’(22+1Xz—1)(z+1)

oy 1 1
C(+1)-1-1) -4 4

Resf(z) Lim(z-1) Lt 72
z=1 11 f(Z):z—>(z_1)(zz+1Xz—1)(z+1)

W1

S (+1)a+1)

Resf(z) Lim( ) z?

7=oi 7ot (z+i)z=i)z+1)z-1)

( i)Z |2 :

(|—|)(—|+1)(—|—) (-2 )[(—i)z—lj

B -1 _—1_| o

C(a2i\-1-1) 4i 4 4

Resf(z) Lt (- z°

z=i 7] Z_I’(z+|)(z |)(z -1)
:(i+i)[—l—1] (2.)(—)

3 Letf(z)=ﬁ

.. z=11is apole of f(z) of order 3.
We know that if f(z) has a pole of order m at z = a, then

1 dm ;
Rest (2)= =l dml[( z—a)" £ (2)]

Herea=1, m=3

1, d? 1. d*r
R:Sls f(z) :EIZILan[(Z —1)3 f (z)]: Elzlinlﬁ[ze ]

=5IZ|mE[ze +e ]_—Ilm[ze +e’ +e]
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1. 1 3e
=—lime’(z+2)==e(3)—
ime*(z+2) 2e()2

121

2

Z
(z-1(z+2)
Sol: Z = 1is a zero of the order denominator of order 2 and z = -2 is a zero of the denominator of order 2

and z = -2 is a zero of the denominator of order 1
Z =1 isapole of order 2
Z =2 is apole of order 1 of f(z)

1. Determine the poles of the function f(z) = and residues at each poles?

~.Resf(Z) Lim(Z +2) “D_ug+a 72
Z2==2 Z--2 Z5-2(z2-1%(z+2)
_ 2F
oo =419
Lim 1 d

Resf (z) = A (z-17f (Z)]= ZLi_r)nl[(Z = (z_z—z}

1%(2 +2)
Lim d{ z? }: Lim {(zu)zz-zj

“zo1dz|z+2| 21 (z+2)
_3x2-1_5
3 9

2. Expandf(z) = (e—l)z in a Laurent series and obtain the residue at its singular point?
Z J—
7
e Ltu=z2-1
f(Z2)= 5
(z -1) u+1=2

et e'e e u u? ud
S (2)=F — TS
u u

e e 1 4e
= +—+—+—+...
u- u 2 3
(z-1¢ (z-1) 2 2z
Resf(Z
(2) = Coefficien t of 1 =e
Z=1 Z-1
z7*-27
(z+17(z2+1)
Sol: The poles of f(z) are given by (Z+1)? (Z>+1) = 0.
f(Z) has pole at Z = £ i of order one and Z = -1 of order 2

3. Find the Residue of f(Z) =

at each pole.

4.
Resf(z) _ Lt [ z2-27 }: i2—2i
Z=i Z-i(z+1PZ-i)z+1)] (+2°(G+i)
B ~1-2i C—1-2i —(@+2i) 1+2i
S (-1+1+2i)i+1) (2i2i)) -4 4
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Resf(z) _ Lt (z+1) z7?-27 (—if —2(-i)
Z=-i Z—-i "Z+1Pz-iXz+1)] Ci+2P(-izi)
_ —1+2i ( ) 2i-1  2i— 1:1—2i
S @—1-2i) —2ix-2i 4 4
Resf(z) 1 Lt d , 2%-27
z=-1 1"-1Z —>—1§[(Z+1) (z +1)2(22+1)}

Lt dfz?-2z
Z—>-1dz| z%?+1

Lt (z°+1f2z —2]-(z2 -2z )x2z

Z—>-1 (22 +1f
_(@+1)(-2-2)-(@+2)x2(-1) _(2x-4)+6
(2)2 4
_—-8+6 -2 1
T4 e ?

Find the Residues of the function f(Z) = 1-e

2 2 3
»7 1—{1+22+(ZZ) =1+ ZZ+(ZZ) +(22) + }

at each pole.

_ - 1 e T 3
Sol: Expanding f(z) = 2 74
L)y g2z le2) e2)
A 2 a
2 2 4.1 2 4z
=3t TR T
z° 7° 372 Z 15

Which is Laurent series.
Hence % is highest negative power of (Z-0)

. Z=0is apole of order 3
-. The Residue of f(Z) at Z =0 is -4/3.
Find the poles and Residues of Tan Z?
f(z)=Tanz = 3NZ
cosZ
The Poles of f(Z) an given by cos Z=0
-. Z=(2n+1) /2 where N €1

F@)=Tanz= SNZ _ »(Z)
cosZ z,//(Z)
s.o(Z)=sinZ w(Z)=cosZ
¢ (Z)=cosZ w(Z)=-sinZ
Res f(2) _op(@) _ sina _
Z=a w(@) -sina

Cauchy’s Residue Theorem:-
If f(z) is analytic at all points inside and on a simple closed contour C Except at a finite number of isolated

singular points a;,a,......an then L f(z)dz = 27ziZei .
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Where g = Res f(z) whereI=1,23,........... n

Proof:-

Draw small circle C4, Co.....Cn with centres ai, a, .....ar and very small radii so that their circles Cq, Co....... Cn lie
wholly inside C.

Since f(Z) is analytic in the multiply connected region bounded by the curve C and the circles Cy, Co......... Cn; Hence
from Cauchy’s Theorem for multiply connected region we have

{ @)dz={ ((Z)/dZ +f_ 1(@)dZ +...f f(Z)dZ) —————— M

But from the definition of Residue
§C f(Z2)dZ =27 Resf(Z) =24r, Z =a

Similarly {Cz f(2)dzZ = 2zir,
i;n f(Z2)dZ = 2zir,

Substituting in (1)
§ £(2)dz = 2ir, + 27ir, + 27ir, +.... + 2,

~24Y],
i=1

Working Rule
1. Find the poles of f(2Z)

2. Calculate the Residues at the poles which are inside the given contour C.
3. Substitute in the formula

f f(2)dZ = 22'[Sumof Residuces at Poles |

1. j C;t hIZ dZ where C is the circle |Z| =
cothz coshz e F = ; _
f(2)= = — == : the poles of f(Z) are Z =i and Z = 0. These poles inside the circle |Z|=2.
(z-i) (z—i)sinhz
Resf(Z) Lt(Z-i Lim(Z —i )
- Db ( _)f( Z @-0) coshz __
Z=i Z i Z i (zZ-i)sinhz

Resf(2)  ¢(0)

r. = =
o z=0 Y0

@(Z) =coshz ~.@(0)=cosho=1
1

w(Z)=(Z —i)sinhz =—r

w*(2)=(Z —i)coshZ +(sinhz)x1
w*(0) = (0—i)cosho +sinho

=-i cosho

=i

cothZ -1
-. By residue theorem . f I)dZ 27(r, +1,) = 27[|:C0th|—i}

sin?Z

§ Evaluatef dZ where C is the circle |Z|= 2
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sin®Z
f(Z)=—"—=
7 %
%
z="1isa pole of f(Z) of order 2 and it lies within the circle |Z|=2
Res f(Z) L'm d
()=, (Z——j ()
Z=rxl6 >= dZ 6
Lim d P 2 SinZZ le
— T — ( __j X— | = [Sln Z]
Z>Fdz 6 ( 7[) T252 5 4z
7 =
6
Lim 1 V3_43
=z T 2sinZcosZ=2sin% cos L =2=Xx~—— =~
_>6 6 6 N2 2

By cauchy’s Residue theorem we have

02
§Lzzdz=2ﬂirlzmﬁ=@m-
c 2

&

Evaluate | ZZ;BdZ where C is the circle
CZ°+2Z+5
QM |z=L (ii) [Z+1-ij=2 (ifi) [Z+1+i[=2

0] Letf(Z)=ZZ—_3:>22+22+5=0:>Z=—1J_r2i
Z°+2Z +5
The poles are given by Z = -1 % 2i
The poles Z =-1+2i and z = -1 -2i ia outside the circle |Z|=1 = Hence f(2) is analytic within and on C.
By couchy’s theorem we have § ZZ—_3dZ =0
CZ°+2Z+5
(i) Only one pole Z = -1+2i lies inside the circle |Z+1-i|=2= Hence f(2) is analytic every where except at the

point Z = -1+2i

Res f(2) Lt _
2= 10277 5 1220
(o z-3 ) -1+2i-3 _2i-4
_(Z—>—1+2i,Z+1+2ij_—1+2i+l+2i_ 4i
_a_4 1 10 1 4 1,

4 4 2 i i 2 -1 2

By Residue theorem f _Zz-3 = 2711[1 + I}

CZ*+2Z+5 2

=727 =7x(i—2)
(iti) ~ Only Z = -1-2i lies inside circle |Z+1+i|=2

Resf(z) Lt (z+1+2i)z-3) | -1-2i-3
Z=-1-2i Z—>-1-2i|(Z+1-2i)Z+1+2i)| -1-2i+1-2i

Dr.R.Murugesan/Associate Professor/FME
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_-2i-4_+2i 4 11
—4i 440 402
1

2
By Residue theorem has hence

Z2°+2Z+5
=7z(i +2)

{Z—_?’dzzzﬂi{l-i}:mzﬂ
c 2

Evaluation of Some Definite Integrals

2z
Evaluate the integrals of the ~ Type 1: f f(cos 4,sin (9)d¢9

0

4 1 1 .
Sol: Z =¢e'? COS@ZE‘:Z +E} dz=ie'’do
lze’i‘g sin 0= E{Z—l} C_l—zzde
Z A Z iZ

In the unit circle 6 varies fromQto 2 T

Problems
T do T do 27
= = a>b>o

‘a+b+cosd Ja+b+sing a?—p?

27 do 1 dz
et = | bing Jﬁa

0 a+—|Z-=

2 VA

Sinezﬂz—l}:zj 2 - .

! 2ia+b(Z—Z) 1Z (2I8.Z + bz —b)

:2]’ dz _2p_dz
bz’+2iaZ -b by, 2ia_,

1
72,28 4
b

H 2 H 212
:1 —2a|J_r /—4261 " :1 —2a|i2i atzJ
2l b b 2l b b

-+l faxia ]

Let f(Z) =
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The poles of f(Z) and a=%[—a+\/a2 —bzlﬂzé[—a—\/az —bz]

—2ai
b

Where o + f = aff=-1

Sina>b>o0 | £ |>,

i2 2 2 2
Also|a,8|=|F|[a —(a®—b?)|=1
SJa|<l Z= & liesinside the unit circle.
.. ¢Z = « line inside the unit circle?

i Resf(Z) Lim(Z-a) 1 1
. = = X =
' Z=a Zoa (Z-a)Z-B) a-p
~ 1 11

e+ pf —4ap J-4az+4 5iVa'—b’

b? b
b
=

2iva’ -b’
By couchy’s residue theorem 1= 2 X 27l = 4—ﬂi X D
b b iVa? b’
2z

“Jaz-p?
T de 27

Similarly we can show that J' -
ca+bcos® /a2 —p?

Type -1

Integrals of the type I f (x)dx = Integration around a semi circle.

If f(2)is analytic in the upper half of the circle z-plane except at ‘a’ finite number of poles in it and having no pole on
the real axis and if further zf (z) - 0 as z — oo then by contour integration J' f (x)dx =27 € R* Where R’

—00

represents the sum of residues at the poles in the upper half the z-plane.

J.f(z)dz =27 eR"

C

R
jf(z)dz+j f(2)dz = 27 e R
-R r
Now as z f(z) >0 as z — o, .'.J.f(z)dz:O
r

.. As z—> o, R—oc0and along real axis z=x
.. from (1) and (2)
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]2 f(x)dx =27 R

Let f(z)= % where P (z) and Q(z) are polynomials such that

0] Q(z) = 0 has no real roots and
(i) Deg P(z2) is at least two less than the deg Q(z) so that z f(z) >0 asz—> o

Then T% dx=27) R*

—00

T odx
EvaluateJ. 2
2XT+1
. = dx
Solution G1venj y
O 1+x

The corresponding complex integral is

dz
1+ 2%

Jf(z)dz=J

C C

$(2)

Here, f(z)=1/1+z* = e the poles of f(z) are given by 1 + z4 =0
zZ

The poles of f(z), therefore, are 4' roots of unity. They are

A

i 3mi 5w 7w

et

et et et
which are all simple poles.
Here C is the contour consisting of the real axis [— R, R] and the upper semicircle

|lzl= R donated by C.

R
[ fizdz= [ fodx+ [ fizdz (i

c -R Cp
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by .. The poles which lies inside the
Cr im 3w

contour Cparee e 4 .

Hence we have

0 x
Fig. 6.6 Res[f(z),z:e“

where ¢ (z) = 1, ' (z) = 423

im 1 1 —i3mw
Res| f(z),z=e? |= =—¢ 4

i3m 4
4e 4
i3m ( B’Tﬁ) —i9m
Similarly, Res [f(z),e 4 }: ¢ e,h :g +
LIJ’(BT)
Hence, by residue theorem, we have jf(Z)dZ =2mi (sum of the residues at
5
the poles).
—i3m -IQ‘rr
=l e 4 +e
4
_mi ( ) (917) . (911')
— os——zsm— +4cos| — |—isin| —
8 4 4
ﬂ_(—_l ; L ;)
4 1\V2 \/5 \/5 2
11'_( 21) T
2\ )2
Thus Jf — (ii)

\/5

From (i) and (ii), we get

R
9Sf(z)dz= J f(z)dx+ _[ f(z)dz
c -R c,
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Now let R tend to % and J f(2)dz tend to zero

Cr

oo

T dx T
Hence J‘f(x)dx= I —_ :E
T odx T
2 =—
El‘1+x4 \/5
]ﬂ dx oo
1+x* 242

Type |11

Evaluation of the integrals of the form J' f (x) cos mxdx, j f (x)sin mxdx

The above integral can be evaluated by integrating f(z) €™ around the contous “C”
By Residue theorem J'e‘mz f (2)dz = 245r*
R
j e™ f (2)dz + j e™ f (z)dz = 24=R*
-R T
As Zf(z) >0asz> :Ie‘mzf(z)dz=0
I1

As z — o0, R —ooand along the real axis z = X, Ie‘”‘x f (X)dx = 27XR"
Or
[ f(x)cosmxdx+i [ f(x)sin mxdx = 27ER"

Equating real and imaginary parts we get the values of given integrals.

cos ax
X% +1

Evaluate _[ dx:a>0
0
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Solution Given_[

0

We know that cos ax is the real part of exp{iax}. Hence we write the
corresponding complex integral as

cosax

2 +1

dx.

emz Cf)(Z) eia:
dz, where f(z)= =
£22+1 /) U(z) 22 +1

where & (z) = e, §i(z) = z2 + 1.
C

§ The poles of f(z) are given by
Yi(z) =22+ 1=0, z=1, —i are
the simple poles. The contour C
consists —R to R real axis and the
R 0 R x upper semicircle C, (Fig. 6.7). Out of
Fig. 6.7 the poles z =i, —i only z =i lies in

the upper half of z plane.

| (=)
Hence Res[f(z),z=i]= |:¢',(Z)i|_-=i

Hence, by residence theorem, we have

R
jf(_z)dz = J J(x)dx + _[f(z)dz = 27ri (Sum of residuesat poles)
c -R c

a

_ 2mie
2i
Let R tend to o so that I f(z)dz goes to zero. Then
Chp

Jf(Z) dz = I CC;S W dx = mwe
p SoxT+1

t cosaxdx _

2| ————=me™ “
’[ x> +1

0

T cosax ™ _,
.[ 2 1 x
0 X+

Type IV

Indenting contours having poles on real axis
If the integrand has a simple pole on real axis we delete it by indenting the contour which consists of
drawing a small semi-circle having the pole as centre.

lim :
Jordhn’s Lemma:- If f(X) = 0 uniformly as Z > <o then Ie""z f(z)dz=0,m>0
R — o0

Where 7 denotes the semi-circle |Z|=R, here R is taken so large such that all the singularities lie within the
semi-circle » and no singularities are lie on its boundary.
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lim
Theorem:- If AB is the are « <@ < g of the circle |z-a| =2, then if 7 a(Z - a)f (Z) =k then

lim .
I_)OALf(z)dz=|(ﬁ—a)k

Res )
Where K = a f(z) =0is a pole of f(z)
_ _ ~im
Theorem:- If AB is the on C « < @ < g of the circle |Z|=R and if R Zf (Z) =k then
o0

lim )
R_)OOAjBf(z)dzzu(ﬂ—ay

¢ sin mx ¢ COS mx
dx
X , where m>0, hence show that ~= X

dx=0
Prob:- Evaluate o

Solution We shall evaluate these two integrals by complex integration.

[ d
(i) Given real definite integral is J‘M
0

X

The corresponding complex
integral is -[Ldz = jf(z) dz
C z C

where C consists of

(1) The real axis from rto R

(ii) The upper half of the circle
Cx:|z| = R (Fig. 6.9).
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(ii1) The real axis —R to —r
(iv) The upper half of the circle C,: |z| = r

The only pole which is z = 0 is deleted by drawing a small semicircle C,, f(z)
has no singularly inside C.

i.e., we have deleted the pole at z = 0 by indentation.

Hence, by Cauchy’s theorem we have
R —-r
[frdz=[f(x)dx+] f(zydz+ ] f(x) dx+ ] f(2)dz (i)
C r Ca -R C,
But z = rei® J f(z)dz= ij g ricosttsind) gq
C,

Now making R — %, we observe that » — 0, and

[ £(2)dz— 0and | f(z)dz — —mi
Cy C,
So that from (i) we have

R —r
[rzdz=] fodx+ [ fixdx
C ¥ —-R

oo 0
= jf(x) dx+j f(x) dx
0 —oo

- Tf(x) d.vc:]o -

—co

dx =i

equating imaginary parts on both sides, we get

oo

J- sin mx

dx=m
X

—co

oo

sin mx
2-[ dx=1
y X

oo

j smxmx dx = %

0
Equating real part of both sides of (2) we get

o0

J' COS mX

—00
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