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COURSE CONTENTS

UNIT-1V

COMPLEX DIFFERENTIATION

Introduction

Complex analysis traditionally known as the theory of functions of a complex variable is the branch

of mathematical analysis that investigates functions of complex numbers. It is useful in many branches of
mathematics, including algebraic geometry, number theory, analytic combinatory, applied mathematics as
well as in physics, including hydrodynamics and thermodynamics and also in engineering fields such

as nuclear, aerospace, mechanical and electrical engineering. We have used complex numbers in a number of
situations, and in general, complex analysis is used in many areas of electrical engineering including Circuit
theory (impedance, transfer functions, etc.),Electromagnetism (time-harmonic fields),Electrostatics
(Solutions to Laplace's equation), and Electromagnetic.

Functions of Complex Variables:- If z=x-+iy andw=u+iv are two complex variables and
w be related to z in such a way that for each value of z in complex plane, there corresponding
one or more values of w, then w is said to be a function of z and we write w= f (z) =u+iv.

Hence in general we write w= f (z) =u(x,y)+iv(Xx,y) where u and v are called real
and imaginary parts of w= f (z).
Ex: f(z)=2°
= (x+iy)2
f(z)=x*—y*+2xiy
uxy)=x"-y* & v(xy)=2xy
Limits of a Complex Function:- In complex plain if a variable z of a function w= f (z)

approaches to a point z, irrespective of direction, then the function is said to be tent to
limit (1). Mathematically limit of a function is written as

f(z)=I

L—>17,

lim

Continuity of a Complex Function:- A function f (z) is said to be continuous at a point z =z, if
Case (i):
lim

f ist
25, (z) exists

NRCM -FME Dr.R.Murugesan/Associate Professor/FME



https://en.wikipedia.org/wiki/Mathematical_analysis
https://en.wikipedia.org/wiki/Function_(mathematics)
https://en.wikipedia.org/wiki/Complex_numbers
https://en.wikipedia.org/wiki/Algebraic_geometry
https://en.wikipedia.org/wiki/Applied_mathematics
https://en.wikipedia.org/wiki/Physics
https://en.wikipedia.org/wiki/Hydrodynamics
https://en.wikipedia.org/wiki/Thermodynamics
https://en.wikipedia.org/wiki/Nuclear_engineering
https://en.wikipedia.org/wiki/Aerospace_engineering
https://en.wikipedia.org/wiki/Mechanical_engineering
https://en.wikipedia.org/wiki/Electrical_engineering

PS&CV

Case (ii):
lim

f(2)=1(2)

z—>71,

Derivative of f(z):- A function f(z) is said to be differentiable at a point z =z, if

lim f(z)-f(z) . . L o
——~———= tends to unique limitas z — z, along any path. This unique limit is
1>1, 1-1,

called derivative of f(z)at z=z,
l -
£(2,) im  f(z)-f(z)
z-1,

It can also be written as
lim  f(z,+Az)-f(2,)
Az >0 AZ

=1'(z,)

Analytic function [entire]:- Let a function f (z) is derivable / differentiable at every point of

zinan ¢ neighborhood of z, (i.e.) f’(z) exists for all z. such that |z—zo|<e where ¢ >0 then

f (z) is said to be analytic at z,.
=it is also called as Holomorphic / regular function.

Properties of Analytic functions

1.If f(z) and g(z) are analytic functions then f +g, f.g, P are also analytic functions [if g(z)=0]
g

2. Analytic function of analytic function is also analytic.
3. An entire function of an entire function is also entire.
4. Derivative of analytic function is itself analytic function.

Harmonic function — Laplace equation
A function f(x,y) is said to be harmonic function, if

) It possesses second order continuous partial derivatives.
i) It satisfies Laplace equation
(or)

2 2 2 2

VARoaY

vV =a—l:+a—g:0; Vzv:a—2+a—2:0.
ox° oy ox~ oy
o° o

Where Vi =—+—
ox~ oy
Cauchy — Riemann equations [C — R equations]
The necessary and sufficient conditions for the functions w= f (z)=u(x,y)+iv(x,y)

to be analytic in the given region R are
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1. a 8_u@@ are continuous functions of x and y in the region of R.
OX oy OX oy
2 a = (ol and u__v
ox oy oy OX
The equations in point 2 are called C — R equations
. 1 1
Polar form of C — R equations u, ==v,, vV, =—=U,
r r
Let x=rcosf & y=rsind
Z=X+ly
zZ=rcos@+irsing
z=r(cos@+ising)
z=re"
f(z)=u+iv
f(re”)=u+iv > (1)
Differentiating equation (1) w.r.t. ‘r’ partially
o\ ig OU .0V
f'(re’)e’=—+i— > (2
( ) or or @)
Again differentiating equation (1) w.r.t. “ 6 partially
i0\.: g OU .0V
f'(re')rie’ =—+i— > (3
( ) 060 06 ()

From equation (2) and (3)

ou .ov ou .ov) .
— til—=| —+i—ri
08 060 \or or
ou .ov .ou oV
—_ 4 |— = ==

00 00 or or

Now equating the real and imaginary parts on both sides
ou ov ov ou
—=1— & —=r—
00 or 060  or
ou 1lov, ov 1laou
Hence —=-—; —=———
or roe or r oo

There are called C — R equations in polar form

Problem:-

1) If w=logz then find ((:ij_w and determine where w is non — analytic?
z

Sol:-
w=logz taking x=rcoséd,y =rsiné

where z =Xx+1y
Z=rcos@+irsin@
z=re"

w=log(re")

=logr+loge’ [ loge=1]
=logr+i6
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where r = «/xz +y?

&0 = tanl[l}
X

1 ool Y
w==log(x*+y?)+itant| <
log (4 + ) H

We know that w= f (z)=u+iv
1 aly
su==I 24y’ & v=tant| L
u 2og(x+y) v an[}

ou 1 1 ou X

w2y ?) T 5Ty

ou 1 1 ou y

¥ ey Ty

ov 1 (-y X -y ov -y

x V%) Xy )T ey
1+ y iR

X

2
o 1 (1) .o [1j ov X
- = N T 2l T AT 2
oy 1 yo X X"+ Yy X oy X +y
i
~u=v, & U =-V,
The C — R equations are satisfied and also partial derivatives are continuous exceptat z =0

tr(z) =M Y

oX  OX
’ X ' _y
f (Z)_X2+y2+lxz+y2

1 1

f'(z):x+iy:2 [z#0]

.. The function is non — analytic (or) non — differentiable atz =0

2) Find whether f(z)=sinxsiny—icosxcosy is analytic or not?

Sol:-
Given that u=sinxsiny & v=-C0SXCOSY

ou .
— =Ccosxsiny
OX

ou .

— =sinxcosy
oy

o .
— =sinxcosy
OX
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=CoSXsiny

22

u,=v, & u, #-v,
. Itis non — analytic

3) Find the values of k such that f (z)=e*(cosky +isinky) is analytic

Sol:-
Given that f(z)=e*(cosky+isinky)

u=e*“cosky & v=e*sinky
u, =e*cosky; v, =e*sinky
— X o1 . _ X
u, =—ke*sinky; v, =ke*cosky
Given that the function is analytic
.. C—R equations are satisfied
u, =-V,

ie. u, =v,
—ke* sinky = —e* sinky

e* cosky = ke* cosky

There equations are true for k=1

4) Show that f(z)=sinz is analytic at everywhere in complex plane and find f'(z)

Sol:-
f(z)=sinz
f(z)=sin(x+iy)
=SIN XCosiy +cos Xsiniy
f (z)=u+iv=sinxcoshy+icosxsinhy
~.u=sinxcoshy & v=cosxsinhy
u, =cosxcoshy; v, =—sinxsinhy
u, =sinxsinhy; v, =cosxcoshy
U=V, & U =-v,
The C — R equations are satisfied. Hence it is analytic
f'(z)=u,+iv,
=cosxcoshy—isinxsinhy
f'(z)=cos(x+iy)= f'(z)=cosz

5) Show that f (z)=cosz is analytic at everywhere in complex plane and find f'(z)

Sol:-
f(z)=cosz

f (z)=cos(x+iy)

NRCM -FME Dr.R.Murugesan/Associate Professor/FME




PS&CV

= COS XCOSIy —sin xsiniy
f(z)=u+iv=cosxcoshy—isinxsinhy
~.u=cosxcoshy & v=-sinxsinhy
u, =-sinxcoshy; v, =—cosxsinhy
u, =cosxsinhy; v, =-sinxcoshy
~u=v, & U =-v,
The C — R equations are satisfied. Hence it is analytic
f'(z)=u,+iv,
=—sinxcosh y—icosxsinhy
=—(sinxcosh y+icosxsinhy)

f'(z)=-sin(x+iy)= f'(z)=—sinz

6) If f(2) =%Iog(x2 +y?)+itan™ {ﬂ} is analytic then find p
y

Sol:-
Given f(z) =%Iog(x2 + y2)+itan‘{%}

1 4| pX
~u==log(x*+y*) & v=tan?| =
> g(x*+y?) { }

y
PRSP S - N T
X XZ + y2 ! X p2X2 y yZ + p2X2
1+—-*
y
1 —px —px
u, = 2y2;vy: 22 g}zzpzz
X4y pX |y Y+ pXx
1+ -
y
Given that f (z) is analytic. Therefore C — R equations are satisfied.
e u =v, u, =-v,
X __ KX y __ by
X2 + y2 y2 + p2x2 XZ + y2 y2 + p2X2

There equations are true for p=-1

7) Find where the functions

dw=t iyw=—l i) w=rdzel ) we 2
z z-1 z(2%+1)
v) z=e"'(cosu+isinu) fails to be analytic
Sol:-
: _ 1
) Given w==
z
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dw -1
Az 2 [2#0]
The function if z = ((jj—does not exists
z

. W is analytic everywhere exceptat z=0.
[Here z =0 is called singular point of f(z)]

z-1
w_(z-1)-2
dZ (2—1)
dw -1
E:(Z—l)z [Zil]

The function if z=1; z—wdoes not exists
z

. W is analytic everywhere except at z =1.
i)  Given w=7z-4z+1

dw w_ a2y,

dz
The function is analytic everywhere in the complex plane.
i . z+2
Iv) Given w=———

z(z +1)

dw z(z2 +1)—(z + 2)(322 +1)

dz 2°(2° +1)2

dw _7°+2-87°-z-62"-2

dz 2*(2° +1)2

2(23 +37° +1)

dz 22(22+1)2 [z¢0,22+1¢0]

The function if z=0,%1 then d—Wdoes not exists

dz
. W is analytic everywhere except at z=0,i,—I
V) Given z=e"'(cosu+isinu)
7= e—veiu _ eiu—v
7—¢ i(u+iv)
z=e"=iw=logz
1
w="=logz
I
aw_1 [z#0]
dz iz
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The function if z=0; C;—Wdoes not exists
z

. W is analytic everywhere exceptat z=0.

2

2
8) Prove that [%+a—2j‘Real f(z)] =2|'(z)| where w is analytic function

Sol:-
f(z)=u+iv f'(z)=u,+iv
Real f (z)=
|Real f(z)‘:\/u_z

‘Real f (z)‘2 =u?

2
(y+yj“2
9=
OX OX

oy
Adding the above 2 equations

(az azj - { & [aujf { & [auﬂ
—t— U =2|U—+| — | [+2{U—=+| —
ox° oy OX OX oy oy
Hauj [auJ [ i ﬂ
=2 +| == ~
OX oy oy?
ou o«

Given that f(z) is analytic.
u, =v, & u,=-v, and — +— =0 [harmonic condition]
g ox*  oy?

2 2 2
Similarly a—2u2:2 ua—g+[a—u
oy oy

Q)‘Q)

= 2[u ? +vX2]

o* & 2 AR
[a 2+§j\Reaw o =2/1'(2)
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2 2

9) If f(z) isanalytic function of z then Prove that [%+%}‘ f (Z)‘Z =4|f'(2),

2

where w is analytic function

Sol:-
f(z)=u+iv f'(z)=u, +iv,
| (2)| =vu?+V? f'(z)]=u’ +v,°
‘f(z)‘zzuerv2 f’(z)r:uszrvx2
0

2 2 2 2 2
8—2(u2+v2):2 ua—g+(a—u) +va—2+(@j
OX OX OX OX

2 2 2 2 2
Similarly %(u%vz)—z{ua_ﬂ[gu] +Vﬂ+(@ ]

Adding the above 2 equations p
8  of, 9 u (ou) oV (ovY
—+—% (u +V )=2 - L G s T et
ox- oy OX OX OX OX |

ou (ouY ou (auY
2 U—+|— | |[+2lU—+|—
OX OX oy oy
(aujz ouY (avf oY (ou eu) (v o
=2l — |+ = |+ == |t = | U =+ |tV =+t
OX oy OX oy ox~ oy ox~ oy

2 2 2 2
u=v, & u,=-v,and a—u+a—u:0 & ﬂ+a—\2/:0 [harmonic functions]
OX X° oy
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:4[uxz+vx2
e L R
6)(2 ay2
10) Show that f(z):é is not continuous at z=0
Sol:- ~
Given that f(z):é
lim f(z): lim N lim x—!y
z—>0 250z z->0x+iy
1) Along X —axis; y=0
li li
im (2)= im X_4
z—-0 z—>0x
i) Along Y —axis; x=0
i lim _i
im f(2)= im _—'y:—l
z—>0 z—>01y

Limit is not unique; .-. Limit does not exists

Hence f(z) is not continuous at z=0

11) Show that the function f (z) =2", where n is the +ve integer. This function is
Differentiable for all values of z

Sol:-
From the definition of derivative, we have

() lim f(z+Az)-f(z)

Az 0 Az
_lim (z+A7)-7"
Az 0 Az
lim }P/+nz“1Az+n(nz+ )z”’z(Az)z+ ....... -7
:Az—>0 Az
_ lim nz”’1+n(n+1)z"’2Az+
Az —0
- f'(z)=nz""

. £'(z) can exists for all values of z

12) If f (z) = |z|2 is a function which is continuous for all z but it is not derivable at any z #0?
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Sol:-
Given that f(z):|z|2=zE
and f(z,)=|z|" =2,2,
lim lim —

f(z)=
71, (2) 7 50%0%

lim
f(z)="1(z
sy, [(D)=1(2)
.. The function is continuous for all values of z
From the definition of derivative, we have
(2)- lim f(z+Az)-f(z)
Az 0 Az

f z):|z|2 =127

(
f(z+A2)=|z+A’ =(z+Az)(E+AE)
f(

t'(2)

Z2+AzZ)=122+2A7+A2Z2+AZAZ
_lim o 2% A7+ M2+ NAz -7

Az >0 AZ
_lim ZAZ +A77 + AZAZ
Az >0 AZ

i) Along X —axis; Ay =0
lim  zAX+ ZAX + AXAX

:Ax—>0 AX
lim =
S Z+7+AX
AX—0

=724z —— (1)
i) Along Y —axis; Ax=0
lim  z(-iAy)+z(iay)+(iay)(-iAy)

=Ay—>0 1Ay
lim -

= —-Z+Z-1Ay

Ay —0

247 —— ()
From (1) and (2)

247=-247

22=0=1z=0 [But z=#0]

- £'(z) does not exists even though f(z):|z|2 is continuous

13) Show that f (z) =2z is not derivable anywhere

Sol:-
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From the definition of derivative, we have
lim f(z+Az)-f(z)

()_Az—>0 Az
(2)- lim %'_AZ+_//:>1”(Z)= lim Az
Az —>0 Az Az >0 Az

i) Along X —axis; Ay=0
lim
f'(z)= A—%:l
AX —> 0 AX
i) Along Y —axis; Ax=0
lim —j
Ay — 0 1Ay
.. The limits are not unique
Hence the function f(z) is not differentiable.

-1

X*(1+i)-y* (1)
X°+y°

14) Prove that the function f (z) defined by f(z)= [z+0]

is continuous and C — R equations are satisfied at the origin, yet f’(z) does not exists.

Sol:-

Case (i) Along X —axis; y=0
li li i li
im f(2)- im >(°((1+|): im X(1+i)=0
70 x —JOI €TI0
Case ii) Along Y —axis; x=0
lim f(2)= lim —y*(1-i) _ lim
70 y—>0 ¥ y—=0
Case iii) Along the line y =mx
lim lim x°(1+i)-m’(1-i)

f(z)=

y(1-i)=0

750 x>0 X%+ m?x?
lim f(2)- lim x(1+i)—m'°’2x(1—i):0
z—0 Xx—0 1+m
Hence fim f(z)=0=f(0)
z—0 T
. f(z) is continuous at the origin
—Giventhat f(z)=u+iv
3 3 3 3
4o Xy e X} +y
X2+y2 X2+y2
3
(a_uj ~lim u(x,0)-u(0,0) lim %2—1
OX Juop) X0 X x>0 x
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3

a_uj _ lim u(0,y)-u(0,0) _ lim _%2:_1
Y Juooy Y0 y y—>0 vy
@) _lim v(x,0)-v(0,0) lim )%2_1
X a0y X0 X X—>0 x

y3
@j _ lim v(O,y)—v(0,0): lim 42:1
Y )0y Y0 y y—>0 vy

Hence the C — R equations are satisfied at the origin

—From the definition of derivative, we have
(py2 M f(2)=F(z) _lim X(1+i)-y*(1-i) v 1(z,)=1(0)
() z>0 z-z, z—>0 (x2+y2)(x+iy) { }
Along y =mx
_ lim x®(1+i)-m’%*(1-1)
Xx—0 (x2+m2x2)(x+ix)
_lim (1+i)-m(1-i) _ (1-m)+i(1+m?)
X—=>0 (1+m?)(1+i) (1+m?)(2+im)

This limit value is different for different values of ‘m’. So f'(z) is not unique at the origin i.e. f'(
doesn’t exists

Hence f (z) is not analytic at the origin even though it is continuous and satisfying the C — R equatio
at the origin

15) Show that both real and imaginary parts of an analytic function satisfy the
Laplace equation

Sol:-
Given that the function is analytic. Therefore C — R equations are satisfied.
Z-i:% .0 & %“:—%"X @)
Differentiating equation (1) w.r.t. ‘x’
ou o
B oxoy
Differentiating equation (1) w.r.t. ‘y’
ou o
' ayox
@+azu:azv_azv o [ azv:azv}
oX* oy oxdy oyox " oxoy  oyox

Differentiating equation (1) w.r.t. ‘y’
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u o
oxoy oyt
Differentiating equation (1) w.r.t. ‘x’
ou o
oxoy o2
Subtracting equations then
u u o N v
ooy oxoy oy:  ox2

. U & v satisfies Laplace equation then u & v said to be Harmonic functions

=0

16) Every Analytic function f(z)=u+iv defines 2 families of curves.
u(x,y)=c, & v(x,y)=c,forming an orthogonal system

Sol:-

Given u(x,y)=¢,
Differentiating w.r.t. ‘x’

ou oudy
X oydx
ou
dy_ax _
dx. ou *
oy
& v(x,y)=c,
Differentiating w.r.t. ‘x’
ov N v ovav
OX aydx
v o
ﬂ:‘_&:ﬂ:m [':uxzvy }
dx @ 5U 2 u, =-v,
0 8
MM, = aX 3

Hence the curves u(x,y)=c¢, & v(Xx, y) c, cut each other orthogonally i.e. they form an orthogonal system

17) If f(z)=u+iv= L then show that the curves u(x,y)=c, & v(Xx,y)=c,intersect orthogonally
z

Sol:-
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Given that f(z):lzu+iv
z
f(z)=t=—1 XV
Z  X+iy Xx—iy
X—iy
f(7)=
(Z) X2+y2
u(xy)= V(% y)=—
! _x2+y2’ _x2+y2
u(x,y)=c
X
x2+y2:Cl

Differentiating w.rt. ‘X’

dy

X2+ y?)=x| 2x+2y—2

(x*+y?) ( + vdx]
(x2+y2)2

x2+y2—2x2—2xyﬁ=0
dx

Il
o

Differentiating w.rit. ‘x’

(x*+ yz)(—jij— y(2y3§+2xj
(x2+y2)2

dy dy
X+ Y )| —== [+2xy +2y*—2 =0
( y)( dx] y+2y"

dx
(yz—xz)(%j:—my
=
mlxmzzyz/«?x 24 =-1
2y X

.. It forms orthogonal / the curves intersect orthogonal
18) w=exp(z*) then find u & v and prove that the curves u(x,y)=c, & v(x,y)=¢,
where are constants and cuts orthogonally

=0

Sol:-

Given that w=exp(z°)
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2 )2
w=eg? =gV
W= exz—y2+2ixy

W= ex2—y2e2ixy
w=u+iv=e" (cos2xy +isin2xy)
u(x,y)= e’ cos2xy, v(x,y)= e’ sin2xy
We know that Analytic function of Analytic function is Analytic.
Since €”is Analytic & z?is also Analytic
s also Analytic

We know that Analytic function w=u+iv where u(x,y)=c¢, & v(x,y)=c, formsan
orthogonal function

19) Show that r" =asecn@ and r" = Scosecné cut orthogonally

Sol:-

Given r" =asecnd & r" = cosecnd
rcosnd=a & r"sinnd=p
wW=a+if
w=r"cosn@+r"sinng
=r"(cosng+sinnd)

nAin@

~r'e (re ) —5
sw=2"
We know that z" is Analytic function. Hence the family of curves form an orthogonal system.

20) Prove that z" [where n is positive integer] is Analytic and find its derivative.
Sol:-

f(z)=2"=(re") =r"e™

(2)
f(z)=r"(cosnd+isinng)

(r,0)=r"cosng v(r,8)=r"sinn@
=nr"*cosnéd Vv, =nr"*sinné
, =—nr'sinng v, =nr"cosnd
1 1 .
u, ==v, ==(nr"cosng)=nr""*cosng
r’ r
1 1 i 4 -
v, =—=u, =—=(-nr"sinng) = nr"*sinng
r r
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= ng' (cosng+isinng)

— nrie? g1

(Z) nr n1|9n1

)=n(re")"" =

21) If u(x, y) and v(x,y) are harmonic functions in region R then

Z

prove that (———] (6— +—j is an Analytic function
X

Practice Problem

1) Show that f(z)=2z® is Analytic for all z

[put z=x+iy find u(x,y) and v(x,y), check C— R equations are satisfied or not]

2) Show that z? is Analytic for all z
3) Show that f (z) =Z+Z is not Analytic anywhere in complex plane

4) Show that f(z)=z+2z is not Analytic anywhere in complex plane

iy
X2 +y
6) Find all values of ‘k’ such that f(z)=e"(cosky+isinky) is Analytic

5)

> Is Analytic or not

[Ans: k = 1]
7) Showthat (i) f(z)=e* (ii) f(z)=e™ is Analytic everywhere in complex plane

z

and find f'(z)
[Hint: w= f (z) =¢’ =¥ =¢e’e” =e*(cosiy+isiniy) & f'(z)=

8) Prove that the function f(z) =7 is not Analytic at any point
9) Determine whether the function 2xy +i (x2 — yz) is Analytic or not

10) Show that the function f(z)= 1f|xy| is not Analytic at the origin.
[Hint u=[xy| & v=0]

22) Show that xy® can’t be real part of an Analytic function
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Sol:-

u = xy’

ou )
—=U. =
ox y
2
6_1::uxxzo
OX

ou

—=u, =2xy
2
%zuyyzﬂ

Uy +U, =0+2x=2x=0
.. Harmonic function is not satisfied
Hence xy’ can’t be real part of an analytic function

23) If u is Harmonic function then show that w=u? is not a Harmonic function unless u is constant
Sol:-
Given that u is harmonic function
ou o4
—2 + —2 = 0
ox~ oy
& Given w=u?
ow _ ou

OX OX
0> u (auY
—2:2 U—2+ —
OX OX OX
Sirmilar] o*w 5 uazu{@qu
imilarly — = — | —

% oy* oy
o'w  o*w o°u Kau)z ou (au)
—t+t—5=2|U—+|— | tU—5+| —
OX ox?  \ ox oy® \oy
Given that u is harmonic function

ou o
~— + — = 0
oxX~ oy

o'w  o*w “ ou jz [6u jzi
—2 + —2 = 2 —_— +| —
ox® oy OX oy

If u is constant

a—uzo & @zo
OX oy
o’w  o°w
—+—=0

ox- oy
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.. W is harmonic when u is constant
Hence w=u? is analytic function
— w=u? is not a Harmonic function unless u is constant

24) Verify u=e*cosy is harmonic. Determine it’s harmonic conjugate v(X,y)and find f(z)=u+iv
Sol:-

Given u=e"cosy

u,=e“cosy

u, =e*cosy
—_ X o1

u, =—e"siny

_ _ X
u, =—€*cosy
X X
U, +u, =e cosy—e-cosy=0
.. It is harmonic function

Given that u, =e*cosy & u,=—e*siny
From C — R equations U, =V, & U, =-V,
v, =u, =e*cosy
_ aX

Vv, =€*Ccosy
Integrating w.r.t. ‘y’
V:J.eX cos ydy +c(x)
v=e'siny+c(x)
Differentiating w.r.t. ‘x’
v, =e*siny+c'(x)
From C — R equations U, =—-V,
—u, =V, =e*siny+c'(x)
e*siny=e*siny+c'(x)
¢'(x)=0
c(x) is constant

v(x,y)=e*siny+c

f(z)=u+iv=e‘cosy+ie*siny+c
=e*(cosy+isiny)+c
=e*e" +¢
=e¥ +¢c
f(z)=u+iv=e’+c
25) Find the orthogonal trajectories of the family of curves r’cos26=c
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Sol:-

Given r’cos20=c

u=r’cos26

u, =2rcos20 & u,=-2r’sin20
From C — R equations of polar form

u

r

1 1
=—v, & v,=——U
r 6 r r 6

1
U ==V, =V, =ru,

r
v, =2r? cos20
Integrating w.r.t. ‘6’

V:I2r2c0320d0+c(r)
v=72r? Sin;e +c¢(r)

v=r?sin26+c(r)
Differentiating w.r.t. ‘r’
v, =2rsin260+c'(r)

—£u9=2rsin26’+c’(r) [':V,z—lug}
r

2rsin26 = 2rsin20+c'(r)
¢'(r)=0=c(r)=constant
v=r?sin26

Practice Problem:-

-y

1) Prove that if u=x’-y? v=——"— both uand v satisfy Laplace equation, but u+iv is not
X2 +y

2)
3)

4)

5)

6)

regular (analytic) function of z.

[Hint: Prove Vu =0,V? =0 check C — R equations for analytic]
Show that u=e™(xsiny—ycosy) is harmonic
Verify that u = x*—y?—y is harmonic in the whole complex plane and find its conjugate
harmonic [Ans: v=2Xxy+X+C]
Find ‘k’ such that f (x,y)=x"+3kxy’ may be harmonic and find its conjugate

[Ans: k =-1, v=3x’y—y*+c]

Show that u=2 Iog(x2 + y2) is harmonic and find its conjugate

[Ans: v= 4tan‘1(%)+c]

Show that u =%Iog(x2 + yz) is harmonic and find its conjugate
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[Ans: v = tan‘l(%)+c]

7) Prove that u=x*—y?—2xy—2x+3y is harmonic and find f(z)=u+iv
[Ans: (z)=x"—y*—2xy —2x+3y+i(x* -y’ +2xy -3x— 2y +c)]
8) Prove that e is harmonic and find its harmonic conjugate

[Ans: U= e is not harmonic conjugate]
9) Find the analytic function f(z)=u+iv if u=a(1+cosd)

[Ans: V=2asindlogr+c]
10) Find the analytic function whose real part is r*cos26+rsiné and also find f (z)

[Ans: V=r’sin26rcosf+c & f(z)=2"—iz+ic]

11) If v(r,6)

[r—%jsiné’ [r=0] then find u  [Ans: u(r,@)=(r+%)cos€]

12) If v(r,0)=r?cos26—rcos6+2 then find u & f(z)
Milne — Thomson method — Construction of reqular function
] ou .ov
Let f(z)=u(x,y)+iv(x,y) & f'(z)=—+i—
(2)=u(xy)iv(xy) & 1'(2) =S1+i

Case (i): If u is given

F(2)=a(xy)=ig(xy)
Replacing ‘x’ by ‘z’ & ‘y’ by 0
f'(z)=¢(z,0)—ig,(2,0)
Integrating on both sides.
f(z):I[@(Z,O)—i¢2(z,0)]dz+c

Case (i): If v is given
f'(z) =6_u+i@
OX  OX
From C — R equations

t(2) =i

oy OX
f'(2) =y (X y)+iw,(xy)
Replacing ‘x’ by ‘z” & ‘y’ by 0
f'(z) =y, (2,0)+iy,(2,0)
Integrating on both sides.
f(z)=j[y/l(z,0)+iw2(z,0)]dz +C

Problem:-
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1) Find the analytic function whose real part is

0 e () e
Sol:-

® xzjy2

u(xY) =57

. :(x2+y2)—x(2x): (yz—xz)

" (x2+y2)2 (x2+y2)2

, ou .ov .
f (Z):&+I& [From C — R equations u, =V, ]
2_ 2
(@) A By VX 2y
ox oy (+y?) (X +Y)

By Milne — Thomson method

Replacing ‘x’ by ‘z” & ‘y’ by 0
o A |

fo=mr =7

Integrating on both sides.

f(z) :j;—;Ldz+c
_Z—2+l
-2+1

;m(g:%+c

+C

f'(z)=—+i— [From C — R equations u, =V, ]
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_ou .ou

= E
2
fz)=—2 XY
(x2+y2) (x2+y2)
By Milne — Thomson method

Replacing ‘x’ by ‘2’ & ‘y’ by 0
! 1 22
f (z)=—|?
1

(z)=-i

Integrating on both sides.
el
f (z)=—|j?dz+c

2

_Z—2+1 )
- -2 +1(|)+C

[
s f(z)=—+c
()=
2) If f(z)=u+iv isan analytic function of z and if u—v=e*(cosy—siny)then find f(z) interms of z
Sol:-

Given u-v=e*(cosy-siny)

f(z)=u+iv

if (z)=iu-v

(1+i) f(z)=(u=v)+i(u+v)

Let F(z)=(1+i)f(z)=(u-v)+i(u+v)=U +iV
F(z)=U+iV where U=u-v & V =u+V

U =u-v=e*(cosy—siny)

U e*(cosy—siny)
OX y

N _ e*(—siny—cosy)
oy

F'(Z):%Ha—v [From C - R equations V, =-U ]

ox oy
F'(z)=e*(cosy—siny)+ie*(siny+cosy)
(1+i) f'(z)=e*(cosy—siny)+ie*(siny+cosy)
By Milne — Thomson method
Replacing ‘x’ by ‘z” & ‘y’ by 0
(1+i) f'(z)=€"(1)+ie* (1)
(A1) (2) = (e

NRCM -FME Dr.R.Murugesan/Associate Professor/FME




PS&CV

f'(z)=¢e’
Integrating on both sides.
f (z):fezdz+c

s f(z)=¢€"+c
Y utve— "2 ypenfind £ (2)
cosh 2y —cos2x
Sol:-
. sin 2x
Given u+v=
cosh2y —cos2x
f(z)=u+iv
if(z)ziu—v

(1+i) f(z)=(u-v)+i(u+v)
Let F(z)=(1+i)f(z)=(u-v)+i(u+v)=U+iV
F(z)=U+iV where U=u-v & V =u+Vv
sin2x
cosh 2y —cos 2x
oV _ 2cos2x(cosh 2y —cos2x)—sin 2x(+sin2x)2

V=u+v=

OX (cosh2y—cos 2x)2

oV 2cos2xcosh 2y —2cos? 2x —2sin® 2x
o (cosh 2y —cos 2x)*

oV 2cos2xcosh 2y —2(cos? 2x+sin’ 2x)
x (cosh 2y —cos 2x)°

oV _ 2cos2xcosh2y—2
ox  (cosh 2y—cost)2

N _sina2x =l -(2sinh2y)
oy (cosh2y —cos 2x)

oV -2sin2xsinh2y

F’(z):ﬁﬂa—v [From C — R equations U, =V, ]
F'(z):ﬁﬂﬁ
oy oX
~ (cosh2y—cos2x)® | (cosh2y—cos2x)’
By Milne — Thomson method

oy (cosh2y-—cos2x)’
ox  OX
F'(z)= —2sin2xsinh 2y +i|:ZCOSZXCOSh 2y—2}
Replacing ‘x’ by ‘2" & ‘y’ by 0
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N £rloN i_2c0322—2
(1+i)f'(z)=0+ _—(1—c0522)2}
el i_—2 1-— Z)
(1+i)f'(z)=0+ _—(1—c0322f}

ol
1-cos2z

__—H

~ 7sin?z
(1+i) f'(z)=—icosec’z
Integrating on both sides.

f(z)= l;+'| cosec?zdz +¢

C1+i 1+i
_icotz ¢

BT . |
4) If f(z)=u+iv is an analytic function then find f (z) if 2u+v=e"|(2x+y)cos2y+(x—2y)sin 2y]

Sol:-

—_—I[—cotz]+i_

Given 2u+v=ge* (2x+y)cosZy+(x—2y)sin2y]

f(z)=u+iv

2if (z)=2iu-2v

(1+2i) f(z)=(u—-2v)+i(2u+v)

Let F(z)=(1+2i)f(z)=(u-2v)+i(2u+v)=U +iV
F(z)=U+iV where U=u-2v & V=2u+v

V =e®[(2x+y)cos2y +(x—2y)sin2y |
%:ezx(20052y+sin2y)+[(2x+ y)cos2y +(x—2y)sin 2y | 2e*

% =e”[cos2y+(2x+y)(-2sin2y) |+[ (x—2y)2cos2y —2sin 2y |

F’(z):aa—gﬂaa—\; [From C — R equations U, =V, ]
F'(z):ﬁﬂg
oy  OXx
By Milne — Thomson method
Replacing ‘x’ by ‘z” & ‘y’ by 0
F'(z)=€”[1+22]+i] 2¢* +(22)2¢™ |
(1+2i) f'(z)=e* +2ze* +i2e* +4zie™
(1+2i) f'(z)=(1+2i)e* +2ze* (1+2i)
f'(z)=e" +2ze*
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Integrating on both sides.
f(2) =I(1+22)e22dz +C

2z 22
e e
= (1+22)———

ZZ tze

—ze ‘+C

5) Determme the analytic function f(z)=u+iv given that 3u+2v=y*—x*+16x
Sol:-

Given 3u+2v=y’—x*+16x — (A)

Differentiating w.r.t. ‘x’ partially

3M oM oxi16 —— 4 (1)

oX  oX
Differentiating (A) w.r.t. ‘y’ partially
3a_u + 2@ =2y

a oy
Given that f(z) is analytic, from C — R equations U, =V, & U, =-V,
—3@ + Za—u =2y

oX  OX

2M 3N oy 2

OX  OX

2xeq" (1)= %‘4+4@:—4x+32

3><eq :6%

136— = —4x—6Yy+32

ov 1
N = ax— 2
> 13[ x—6y+32]
3><eq”(1):>98—u+6 = —6X+48
OX X

2xeq" (2 ):4%—6%:@

136_u =—6x+4y+48
OX

ou 1

—=—[-6x+4y+48

OX 13[ Xy ]
()=
(Z)_ax+|6x

()= L1 i Lrax—
f (Z)_l3[ 6x+4y+48]+|13[ 4x—6y+32]
By Milne — Thomson method
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Replacing ‘x’ by ‘2’ & ‘y’ by 0
1 .1
f'(z)=—[-62+48|+i—|-42+32
(2) = [ -62+ 48] i [-42+32)
Integrating on both sides.

f(z)=%J.{[—62+48]+i[—4z+32]}dz+c

=é[%+48z+i(#+3zzﬂ

f(z) ==%[—322 +487 +i(—222 +322)]+%

6) Find an analytic function f (z) such that Re[ f'(z)]=3x*~4y -3y’ and f(1+i)=0
Sol:-

Given that Re[ f'(z)]=3x*-4y -3y’

Let F(z)=f'(z)=u+iv

u=23x"—4y-3y?

ou ou

—=6X, —=-4-6y
OX oy

F'(Z):ZU +-Z; [From C — R equations u, = -v, ]
X

oX  OX
F'(z)=6x+i(4+6y)
By Milne — Thomson method
Replacing ‘x’ by ‘2" & ‘y’ by 0
F'(z)=6z+i4
f"(z)=6z+i4
Integrating on both sides.

f’(z):_|.(62+i4)dz+c1

f’(z)=%+i4z+cl

Again integrating on both sides.

f(2)=[(32° +i4z+c )z +c,
3 2

f(2)= 32 4z

_TH?Jrclz+c2
f(z)=2+i2z"+cz+c,

Again f(1+i)=0
f(L+i)=(1+i) +i2(1+i) +¢,(L+i)+c,
0=1-i+3i-3+2i[1-1+2i]+c,(1+i)+c,
0=1-i+3i—-3-4i*+c (1+i)+c,
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0=—6+2i+c,(1+i)+c,

c,=6-2i—c (1+i)

Subin f(z)

f(z)=2"+i2z" +cz+6-2i—c, (1+i)

Practice Problem

1) If e [(x2 — yz)cos y—2xysin y] is real part of an analytic function, find analytic function
[Ans: f(z)=e’z’+c]
sin 2x
cosh 2y —cos2x
[Ans: f(z)=cotz+ic]
3) Prove that the function v(x,y)=sinxcoshy+2cosxsinhy+x*—y? +4xy
4) satisfies Laplace equation. Determine the corresponding analytic function u+iv
[Ans: f(z)=2sinz+22°+2i(sinz+2*)+c]
2sinxsiny
CoS2X+cosh 2y
[Ans: f(z)=secz+cC]

2) Find an analytic function whose real part is

5) Find an analytic function whose imaginary part is

6) Find an analytic function whose real part is u=e*(xcos2y - ysin2y)

(or)

u(x,y)=e*(xcos2y-ysin2y) is a harmonic function, find its harmonic conjugate
[Hint: put z=x+iy in f(z) then you will get v]
[Ans: f(z)=ze* +c,v=e"(xsin2y+ycos2y+c)]
7) Find the conjugate harmonic of u=e*" cos2xy. Hence find f (z) interms of z
[Ans: f(z)= e’ +c,v=e""sin2xy+c]
8) Show that u=e?" sin(x2 - yz) is harmonic. Find the conjugate function v and express
u+iv as an analytic function of z
[Ans: f(z)=-ie" +c,v=e""cos(X’+y*)+c]
9) Find the function w such that w=u+iv is an analytic function given
u=x>—3xy* +3x*-3y° +1 [Ans: f(z)=2"+3z+1+ic]
10)Find a & b if f(z)=(x*—2xy+ay®)+i(x* —y* +2xy) is analytic. Hence find f(z) in terms
of [C - R equations u, =V, & U, =-V,. check for which value ofa&b C-R

equations are satisfied. Next after substituting a & b write f’(z) = Z—u +1 ;ﬂ
X X

use Milne — Thomson method, then we get f (z)=(1+i)z*+c]
[Ans: a=-1&b=1]
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Multiple Choice Questions

1. An Analytic function f(z) = u(x,y) + iv(x,y) then u(x, y)& v(x, y)must satisfy- [ ]

A U =1, &U, = 1, b.u, =v,&u, = v, c. None d.none [Ans.a]
2. Let f,(2) = z? & f,(2) = Z be two complex variable functions. ....... [ 1 [Ans.b]

a. Both are analytic b. only f;(z) isanalytic  c. only f,(z) is analytic d.none
3. If f(z) = (x? + ay?) + ibxy is analytic function then------------------ [ 1 [Ansb]

a. a= —-1&b=-1ba=-1&b=2 c a=1&b=2 d a=1&b=-2

4. Letz = x+ iythencosz =--------------=--m--- [ 1 [Ans.b]
a. cosz b.cosz C.sinz d. None

P R L1 (s
a. —2i b.-i C. i d. 2i

6. If 2x — x? + ay? is to be harmonic , then a Should be---------------- [ ]1[Ans.a]
a. 1 b.-3 c.-2 d. -1

7. Solutions of Laplace’s equation having continuous II order partial derivatives are called [Ans.b]

a. Biharmonic functions b. harmonic functions c. Conjugate harmonic functions d.none

8. w= iis analytic everywhere except at ---------------=--=--- [ ] [Ans.b]
a. z=o b.z=0 c.z=-1 d. None
9. Real part of w = @2 --mmmemmmmeeeceeeee [ 1 [Ansa]

a. u= e* ¥ cos 2xy b, u= e*” cos 2xy c. u= e ¥ sin 2xy d.none
10. Imaginary part of sinz i -----------=--m-mmmmmmeme e [ 1 [Ans.c]
a. sinxsinhy b. cosx sinhy C. —cosx sinhy d. None

Fill in the blanks

1. Analytic function of an analytic function is --------==-========smmmmmemmee- [Ans: Analytic ]
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2. f(2) = ZiSNOt -----mm-mmmmmmm e anywhere . [Ans: Differentiable ]

3. lim I i [Ans: 2 ]

4. Polar form C — R Equations -----------=-===-m-mmmmmememeoeee [Ans: u, =-vy, v, = —=uy ]
5. If f(2) =zZ thenu =-------------mmn-m-- , U = mmmmmmeeee [Ans: x% + 2,0 ]

6. w= z3—4z+ 1isanalytic --------------=---mm-mun-- [Ans: Everywhere ]

7. Real part of @7 -----------mmemmmmmm oo [Ans: e* cosy ]

8. w =Zé+i1)is not analytic at-----------------------—-—-——-—- [Ans: 0, +i ]

9. u(x,y) is said be harmonic if -----------=-----mn-o-- - [Ans: V2u = 0]

10. Imaginary part of %% —----mmmmemmeeeeemeeeeee [Ans: e™ sin x ]

Short Answer Questions

1. Find the value of a if cos ax sin hy is harmonic.

no

Find the points at which f(z) = ﬁ is not analytic.

Show that the functionf (z) = e?is entire.

Find the analytic function whose real part is xy.
Show that f(z) = z|z| is not analytic anywhere.

Find the harmonic conjugate of u = 2xy + 3y.
Write the Cauchy’s Riemann equations in polar form.

Show that the function f(z) = sinx cos hy + i cos x sin hy is continuous and analytic everywhere.

© o0 N o gk~ W

Show that f(z) = z + Z is not analytic anywhere in the complex plane.

x
x2+y2

10. Show that u = is harmonic.

11. State the necessary and sufficient conditions for a function f(z) to be analytic.
12. Show that the functionf (z) = xy + iy is everywhere continuous but is not analytic.

13. Show that f(z) = |z|? is not analytic at any point.

Long Answer Questions

1. Find the analytic function whose real part is e?*(x cos 2y — y sin 2y).

2. Show that both the real part and the imaginary part of any analytic function satisfy Laplace’s equation
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3.

10.

11.

12.

13.
14.

15.

16.
17.

18.

19.

20.

. . . . _ sin 2x
Find the analytic function f(z) = u + iv where u = Goshzy—cosom)’

x3(1+i)-y3(1-i)
Prove that the function of f(z) defined by f(z) = x2+y? ’
0, z=0

z#0 is continuous and C-R

equations are satisfied at the origin, yet f'(0) does not exists.

If £(2) is an analytic function of z, prove that (aa_; + aa_;) If(2)|? = 4|f'(2)|?

Find the analytic function whose real part is (r - %) Sin 6.

Determine p so that the function f(z) = %log(xz +y?) +iTan™?! (r;—x) is analytic.

Find the analytic function f(z) = u+ iv if u — v = e*(cosy — siny).

Determine the analytical function whose real part is x3 — 3xy? + 3x% — 3y? = 1. Also find the

harmonic conjugate of this real part.

2V 3) % (0,0)

Discuss the continuity of f(x,y) ={ **+y* '
0, (x,y) = (0,0)
If u(x,y) & v(x,y) are harmonic functions in a region R, Prove that the function (Z—; — g—Z) +

. fou 6V - . .
i (5 + 5) is an analytic function.

Let f(z) = u(r, 8) + iv(r, 8) be an analytic. If u = —r3 sin 36, then construct the corresponding
analytic function (z) in terms of z.

Find analytic function f(z) = u(r, 8) + iv(r, 8) where v(r,8) = r? cos 20 — r cos 6 + 2.

If £(z) = u + iv be an analytic function of zand if u — v = (x — y)(x? + 4xy + y?) find f(2) in
terms of z.

Define analyticity of a function. Show that the function defined by f(2) = Jlx—ﬂis not analytic at the

origin although the C-R equations are satisfied at that point.

Determine the analytic function whose real part is log \/m

Show that the function u = e=2*¥ sin(x? — y?2) is harmonic, find the conjugate function 'v ' and
express f(z) = u + iv is an analytic function of z.

If f(z) = u + iv is an analytic function in a region R. prove that the curves u(x,y) = c;, v(x,y) = c;
form two orthogonal families.

Find the analytic function f(z)whose real part is e ™*(x sin y — y cosy).

Find the analytic function f(z)whose real part is e*(x sin y —y cos y).
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GATE PREVIOUS QUESTIONS

1. The function w = u+iv :%Iog(x2 + y2)+ itan” Y is not analytic at the point
X
[GATE 2005]
(a) (0,0) (b) (0,1) (c) (1,0) (d) (2,0)

2. The function w=u+iv :%Iog(x2 + y2)+ itan™ £ is not analytic at the point
X

[GATE 2005]
(a) (0,0) (b) (0,1) (c) (1,0) (d) (2,0)

3. An analytic function of a complex variable z = X + iy is expressed as

f(z) =u (x, y) +1v(x,y) where i=—1.If u=xy, the expression for v should be
[ GATE-2009]

(@) @w (b) —(X_Zy)z ko (© ﬁ—)yzgxz ik () ﬁ—)ngyz +k

4. The modulus of the complex number ((iJr;")) Is. [GATE-2010]
—2i
1 1
a) 5 b) /5 c) — d) =
(a) (b) () G (d) c

5. For an analytic function, f(x+iy)=u(x, y)+iv(x,y),u is given by u = x* —3x’y”.

The expression for v, [GATE-2010]

6. For an analytic function, f(x+iy)=u(x, y)+iv(x, y),u is given by u =3x* —3y?.
The expression for v, considering K to be constant is [GATE-2011]
(8) u=3y* -3x*+k (b) u=6x—6y+k (C) u=6y—6x+k (d) u=6xy+k
7. For an analytic function, f(x+iy)=u(x, y)+iv(x,y),u is given by u = x*y*. The

expression for v, [GATE-2014]

8. For an analytic function, f(x+iy)=u(x+iy)+Vv(x+iy),uis given by u=e™ cosx.

The expression for v, [GATE-2014]
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