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Matrices - Introduction

Matrix algebra has at least two advantages:

* Reduces complicated systems of equations to simple

expressions

» Adaptable to systematic method of mathematical treatment

and well suited to computers

Definition:

A matrix is a set or group of numbers arranged in a square
or rectangular array enclosed by two brackets
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Matrices - Introduction

Properties:

* A specified number of rows and a specified number of
columns

 Two numbers (rows x columns) describe the dimensions
or size of the matrix.

Examples:

3x3 matrix T 2 4
2x4 matrix 4 -1 5 1 1 3 -3 h _1]
1x2 matrix 3 3 3 O 0 3 2 _
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Matrices - Introduction

A matrix 1s denoted by a bold capital letter and the elements
within the matrix are denoted by lower case letters

e.g. matrix [A] with elements a;;

dq ... g a,

A — 821 322... aU 32

a, a, a a

fj mn

1 goes from 1 to m

j goes from 1 tO n Freshman Engineering 5



Matrices - Introduction
TYPES OF MATRICES

1. Column matrix or vector:

The number of rows may be any integer but the number of
columns 1s always 1

N i i 3 ]
A 1 ay;

A
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Matrices - Introduction
TYPES OF MATRICES

2. Row matrix or vector

Any number of columns but only one row

h 16 035 2

la, a, a, a,




Matrices - Introduction

TYPES OF MATRICES

3. Rectangular matrix

Contains more than one element and number of rows is not
equal to the number of columns

1
- 11100
S, 2 0 330
.76.
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Matrices - Introduction
TYPES OF MATRICES

4. Square matrix
The number of rows 1s equal to the number of columns

(a square matrix A has an order of m)
mxim

1 1 1T 1 17

9 9 0
3 0
6 6 1

The principal or main diagonal of a square matrix 1s composed of all
elements a; for which i=;
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Matrices - Introduction
TYPES OF MATRICES

5. Diagonal matrix

A square matrix where all the elements are zero except those on
the main diagonal

3000
1 00 0 300
0 20 0050
001 000 9

i.e. a; =0 forall i #

a; 7 0 for some or all i =
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Matrices - Introduction
TYPES OF MATRICES

6. Unit or Identity matrix - I

A diagonal matrix with ones on the main diagonal

1000
0100 j
0 010 |01 |0 g
0 00 1

1.e. a; =0 for all i 7]

a;=1forsomeoralli=; .o




Matrices - Introduction

TYPES OF MATRICES

7. Null (zero) matrix - O

All elements in the matrix are zero

a,.j=0

0 0O
0 0O
0 0O
For all i,j

Freshman Engineering
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Matrices - Introduction
TYPES OF MATRICES

8. Triangular matrix

A square matrix whose elements above or below the main
diagonal are all zero

g N =
N — O
W o Qg
N — O

N =
W o o
o o =
O 2
W o ©




Matrices - Introduction
TYPES OF MATRICES

8a. Upper triangular matrix

A square matrix whose elements below the main
diagonal are all zero

| | 1 7 4 4
GG Gy 18 01 7 4
0 & g 0 1 8
b 0 0 7 8
0 0 g 0 0 3
: 1oL - 000 3

1e.a;=0foralli>;




Matrices - Introduction
TYPES OF MATRICES

8b. Lower triangular matrix

A square matrix whose elements above the main diagonal are all
Zero

g 0 0O 1 00
a, a 0 2 1 0
8 & & 5 2 3

1e.a;=0foralli<j
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Matrices — Introduction
TYPES OF MATRICES

9. Scalar matrix

A diagonal matrix whose main diagonal elements are
equal to the same scalar

A scalar 1s defined as a single number or constant
0 0] 1 0 O 6
0 1T 0

a; 0 0
0

2
0
0

O O O O

O o0 O O
o O O O

1e.a; =0 forall i =
a;=aforalli=j

Freshman Engineering 16




Matrices - Operations

EQUALITY OF MATRICES

Two matrices are said to be equal only when all
corresponding elements are equal

Therefore their size or dimensions are equal as well

N =

N = O

W o Qg

N =

Freshman Engineering
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Matrices - Operations

Some properties of equality:
[f A =B, then B= A forall A and B
[fA=B,and B=C, then A=C forall A, Band C

1.0 0 [, b, by
7 121 0| B|b, b, by
523 |b b, by

If A = B then al.j = b/’j

Freshman Engineering
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Matrices - Operations
ADDITION AND SUBTRACTION OF MATRICES

The sum or difference of two matrices, A and B of the same
size yields a matrix C of the same size

C; = a; tb

Matrices of different sizes cannot be added or subtracted

Freshman Engineering
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Matrices - Operations

Commutative Law:
A+B=B+A

Associative Law:
A+B+C)=(A+B)+C=A+B+C

7 3 -1 (1 5 6 [8 8 5
-4 -2 3] [-2 -7 9

2x3 2x3

Freshman Engineering 20




Matrices - Operations

A+0=0+A=A

A + (-A) = 0 (where —A 1s the matrix composed of —a;; as elements)

6 4 2] [1 2 0] [5 2 2
327 [10s8 [22 -1

Freshman Engineering 21



Matrices can be multiplied by a scalar (constant or single

clement)

Matrices - Operations
SCALAR MULTIPLICATION OF MATRICES

Let k be a scalar quantity; then

Ex. If k=4 and

4

2
2

kA = Ak

'3

-1
l
-3
[

Freshman Engineering
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Properties:

Matrices - Operations

3 7
2
2 -3

.4 1.

- k(A+B)=kA + kB

 (k+g)A=kA+gA

- k(AB) = (kA)B = A(k)B

Freshman Engineering
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Matrices - Operations

MULTIPLICATION OF MATRICES

The product of two matrices 1s another matrix

Two matrices A and B must be conformable for multiplication to
be possible

1.e. the number of columns of A must equal the number of rows
of B

Example.
A x B = C
(1x3) (3x1) (Ix1)

Freshman Engineering 24




Matrices - Operations
B x A = Notpossible!

(2x1) (4x2)

A x B = Not possible!
(6x2) (6x3)

Example
A x B = C
(2x3) (3x2) (2x2)

Freshman Engineering 25



Matrices - Operations

0, By
B, b,
L, by

(a.x8,) +(a,xby) +(a;xb,) = ¢

(a.xBy)+(a,xb,)+(a;xby,) =G,

(8y%B,)+(ay,xby) +(asxby) = 6,

(8% B,) + (a5 % by) + (8% by) = 6y
Successive multiplication of row i of A with column j of

B row by column multiplication

Freshman Engineering
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1 2 3
427]

o o A
W N o

Remember also:

TA=A

Matrices - Operations

(1x4) + (2% 6) + (3% 5)

(1x8) +(2x 2) + (3x 3)

(4x4)+(2x6)+(7%x5) (4x8)+(2x2)+(7x3)

31 27
63 57

Freshman-Engineering
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Matrices - Operations
Assuming that matrices A, B and C are conformable for

the operations indicated, the following are true:
1. AI=TA=A
2. A(BC)=(AB)C=ABC - (associative law)
3. AB+C)=AB+ AC - (firstdistributive law)
4. (A+B)C = AC + BC - (second distributive law)

NOTE:

1. AB not generally equal to BA, BA may not be conformable
2. If AB =0, neither A nor B necessarily =0

3. If AB = AC, B not necessarily = C

Freshman Engineering 28




Matrices - Operations

AB not generally equal to BA, BA may not be
conformable _ 1 ’

L
=[5 2

1 2][3 4] _[3 8
TS= =
[5 0”0 2] 15 20]
3 41

s7=lo 2|ls o] “[10 o

Freshman Engineering




Matrices - Operations

If AB = 0, neither A nor B necessarily =
0

1T 12 31 [0 O
0 0f|-2 -3] [0 0

Freshman Engineering 30



Matrices - Operations
TRANSPOSE OF A MATRIX

If:
L [2 4 7
A=2A =
2x3 o 3 1
Then transpose of A, denoted AT is:
9 5
A= A =4 3
.7 1.

— Al
ajj - a/’i For all i and j

Freshman Engineering
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Matrices - Operations
To transpose:

Interchange rows and columns

The dimensions of AT are the reverse of the dimensions of A

s [2 4T
2 5 3 1 2X3

3x2

™

\I

c.ol

™

\l

N

|
~N AN
o W O
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Matrices - Operations

Properties of transposed matrices:

1

2
3
4

. (A+B)T=AT + BT

. (AB)T=BT AT

. (KA)T = kAT
(AHT'=A

Freshman Engi i
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Matrices - Operations

l. (A+B)T=AT+ BT

7 3 -11 11 5 6 8 8 5 8 -2
2 5 64 237|279 " |87
2 -5 6| |-4 -2 3| |-2 -7 9

.5 9.

7 21 [1T -4 [8 -2
3 -5l+|5 -2 8 -7
_—1 6_ _6 3_ _5 9_

Freshman Engineering



Matrices - Operations

(AB)T = BT AT
11 al'l 2
[o 2 3]1 =‘8]:’[2 9
-2.
10
b1 21 2|=[2 ¢
0 3

Freshman Engineering



Matrices - Operations
SYMMETRIC MATRICES

A Square matrix 1s symmetric if it 1s equal to its
transpose:

A=AT

a b
b d

a b
b d

A=

AT =

Freshman Engineering 36



Matrices - Operations

When the original matrix 1s square, transposition does not
affect the elements of the main diagonal

a b
A =

c d
AT = a c

b d

The identity matrix, I, a diagonal matrix D, and a scalar matrix, K,
are equal to their transpose since the diagonal is unaffected.




Matrices - Operations
INVERSE OF A MATRIX

Consider a scalar k. The inverse is the reciprocal or division of 1
by the scalar.

Example:

k=7 theinverseofkork!=1/k=1/7

Division of matrices 1s not defined since there may be AB = AC
while B 7 C

Instead matrix inversion is used.

The inverse of a square matrix, A, if 1t exists, 1s the unique matrix
A-! where:

AA =ATA=1

Freshman Engineering 38




Matrices - Operations

Example:

A=, AP =

Because:

S
N
w |
—
N W
I




Matrices - Operations
* Properties of the inverse:

(AB)" =B A"
(A7) =A

(A1) = (A7)
(kA" =1 A

K

A square matrix that has an inverse 1s called a nonsingular matrix
A matrix that does not have an inverse is called a singular matrix
Square matrices have inverses except when the determinant 1s zero

When the determinant of a matrix 1s zero the matrix is singular

Freshman Engineering 40



Matrices - Operations
DETERMINANT OF A MATRIX

To compute the inverse of a matrix, the determinant 1s required

Each square matrix A has a unit scalar value called the
determinant of A, denoted by det A or |A]

1 2
6 5]
then ‘ A‘ — 16 §|

If A=

Freshman Engineering 41




Matrices - Operations

If A =[A] 1s a single element (1x1), then the determinant 1s
defined as the value of the element

Then |A| :det A — 4y

If A is (n X n), its determinant may be defined in terms of order
(n-1) or less.

Freshman Engineering 42




Matrices - Operations
MINORS
If A 1s an n X n matrix and one row and one column are deleted,
the resulting matrix 1s an (n-1) x (n-1) submatrix of A.

The determinant of such a submatrix is called a minor of A and

is designated by m,; , where i and j correspond to the deleted

row and column, respectively.

m;; 1s the minor of the element a;; n A.

43




eg.

Matrices - Operations

a, a,
dy; Ay
&y Gy

a3
)3

a3 |

Each element in A has a minor

Delete first row and column from A .

The determinant of the remaining 2 x 2 submatrix is the minor

of a;;

m, =

a22
a32

Freshman Engineering
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Matrices - Operations

Therefore the minor of a,, 1s:

a1 323
m 2

a31 a33

And the minor for a,; 1s:

ady; Ay
m 3

aS 1 a32

Freshman Engineering 45



Matrices - Operations
COFACTORS

The cofactor Cij of an element a; 1s defined as:

Cy =(=0)""m

When the sum of a row number i and columnj is even, ¢; = m;; and
when i+ 1s odd, ¢; =-m;

Q1(i= 1, J =1) = (‘1)1””?1 =+Mm,
G,(i=1,j=2=(-1"m,=-m,
G,(7=1,j=3)=(-1)"m, = +m,

Freshman Engineering 46




Matrices - Operations

DETERMINANTS CONTINUED

The determinant of an n X n matrix A can now be defined as

A=detA=a,G,+3a,G,+.. +a,G,

The determinant of A 1s therefore the sum of the products of the
clements of the first row of A and their corresponding cofactors.

(It 1s possible to define |A| in terms of any other row or column
but for simplicity, the first row only 1s used)

Freshman Engineering a7




Matrices - Operations

Therefore the 2 x 2 matrix :

a, &,
dy1 Gy

A=

Has cofactors :
G, =M, = ‘azz‘ = ay,

And:
G, ="M, = _|az1| = ~a,;

And the determinant of A 1is:

A=a.G,%a,G, = 18y ™ BBy

Freshman Engineerin 48



Matrices - Operations

Example 1:
3 1
1 2

A=(3@-0)1)=5

A=

Freshman Engineering



For a 3 x 3 matrix:

A=

Matrices - Operations

The cofactors of the first row are:

G

G2

Q3

8, a, a3
)y 4y Ay
a3 Gy dgg
)y a3
= dyd33 ~ Ay3ds;
dy, ai
a1 a3
B = _(321333 - 323331)
ay, A3
a a
21 Gyl _ B
321:.’-132 _322331
33_] a32 Freshman Engineerin
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Matrices - Operations

The determinant of a matrix A is:

‘A‘ = aGq1 8,G, = 848y, ~ 8,4,

Which by substituting for the cofactors in this case is:

‘A| = 8,,(8y8;, 323332) —8,(8,8;; ~ 323331) T a1?,(":721"-'732 B 322331)

51



Matrices - Operations

Example :

1
A=10
|~

o N O
_ W =

‘A| = 8,,(8y8;, 323332) —8,(8,8;; ~ 323331) T a1?,(":721"-'732 B 322331)

‘A| =M(2-0-(0)(0+3)+(N(0+2) =4

Freshman Engineering



Matrices - Operations
ADJOINT MATRICES

A cofactor matrix C of a matrix A 1s the square matrix of the same
order as A in which each element a;; is replaced by its cofactor c;; .

Example:

If A=

1y
._3 4.

4 3
._2 1.

The cofactor CofAis (C =

Freshman Engineering 53



Matrices - Operations
The adjoint matrix of A, denoted by adj A, 1s the transpose of its

cofactor matrix
adjA=C'

It can be shown that:

A(adj A) = (adjA) A = |A| T

1
Example: A=
._3 4.
A=N#A-(2)(-3) =10
L4 -2
adfA=C' =
3

- -
Freshman Engineering 54



Matrices - Operations

o {3 35
(aC”A)Az[: _12“—13 31]:[100 100]=10l

Freshman Engineering



Matrices - Operations
USING THE ADJOINT MATRIX IN MATRIX INVERSION

Since
AA 1l =A-TA=1

and

A(adj A) = (adjA) A = |A| T

then

Freshman Engineering 56




Example

To check

AAT =

A‘1A—

Matrices - Operations

SV
&

AAT =ATA=1

-0.2
-3 4”03 0.1

-0.2
0.3 01” 3 4

nnnnnnnnnnnnnnnnnn

-0.2
0.3 0.1

OO =2 O =4

|

- O - O




Matrices - Operations

Example:
3 -1 1
A=12 1 O
1T 2 -1

The determinant of A 1s

Al = (3)(-1-0)-(-1)(-2-0)+(1)(4-1) = -2

The elements of the cofactor matrix are

) G =(72),  G3=+(3,
1), G, = +(-4), C; = =(7),
), C, = —(-2), G5 = +(5),
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Matrices - Operations

=

The cofactor matrix is therefore

2
-4

3

-/

0.5 -05 0.5]

-1.0 20

-1.5 3.5

-1.0

-2.5

59




Matrices - Operations

The result can be checked using

AA =ATA=1

The determinant of a matrix must not be zero for the inverse to
exist as there will not be a solution

Nonsingular matrices have non-zero determinants

Singular matrices have zero determinants

60




| ~ Linear Equations
* Linear equations are common and important for survey

problems

* Matrices can be used to express these linear equations
and aid in the computation of unknown values

* 7 equations in n unknowns, the a; are numerical
coefficients, the b; are constants and the x; are unknowns

a.xta,x+t+a,x =b
8y X taX, ++a,,x =b

arﬂ)q T anZXZ Tt anan = bn

Freshman Engineering
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Linear Equations

The equations may be expressed in the form

AX =8B
where
(8, a8, 8, X ] b
A = Ay Gyt &, X = X and B - b,
I arﬂ afﬂ ann_ i Xn_ bn
nxn nx1 nxl

Number of unknowns = number of equations =n

Freshman Engineering 62



Linear Equations

If the determinant is nonzero, the equation can be solved to produce
n numerical values for x that satisfy all the simultaneous equations

To solve, premultiply both sides of the equation by A-! which exists
because |[A| # 0

ATAX=A1B
Now since
AlTA=1
We get
X=A1B

So i1f the inverse of the coefficient matrix 1s found, the unknowns,
X would be determined Freshman Enginesting .




Linear Equations

Example
3 =X +Xx,=2
2x + X, =1
X +2X X =3

The equations can be expressed as
3 -1 1][x] [2
2 1 0]x
1 2 Tl{x| |3

]
—
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Linear Equations

When A-l 1s computed the equation becomes

05 -05 0571121 [ 27
X=A"B=|-10 20 -1.0/(|1
-1.5 35 -25/|3] |7

I
|
w

Therefore



Linear Equations

The values for the unknowns should be checked by substitution
back into the 1nitial equations

X =2, 3 =X +Xx,=2
X, = -3, 2x + X, =1
X, =7 X +2X X =3

3x(2)-(-3)+(-7)=2
2% (2)+(-3) ="
(2)+2x(-3)-(-7) =3

Freshman Engineering 66




Rank of a matrix: ROV
Let A is be an matrix .If A is null matrix , we define its rank to be 0 (zero).

*If Ais non zero matrix ,we say that ‘r’ is the rank of A if

* (i) every (r+1)th order minor of A is O(zero) and

* (ii) there exists at least one rth order minor of A which is not zero

* Rank of A is denoted by p(A)

* Note:

* 1) Every matrix will have rank

* 2) Rank of a matrix is unique

*3) p (A)=1 when A is a non-zero matrix

*4)If A is a matrix of order rank of A= p (A) min(m,n)

*5)If p (A) = r then every minor of A of order r+1 or more is zero

* 6)Rank of the identity matrix Inis n

«7)If A'is a matrix of order ‘n’ and A is non-singular (i.e; det A 0) then p (A)=n.

* 8)The rank of the transpose of a matrix is the some as that of the original matrix(i.e;
p (A)=p (AT))

*9) If A and B are two equivalent matrices then rank A=rank B

* 10)if A and B are two equivalent matrixes then rank A = rank B.
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I —£ —3 R
IJFI'IlﬂﬂJJkOFﬂlemam';{_a 3 u] ....................
2 2 4

Sol:- det| A = (A) = 1(12-0) — (-2) (-12-0) -1(-6-6)
= 12.24+12=0
2. A 1s singular
Let us take a submatnix of given matrix
151r=[_13 ‘33] = {B} = 3-6 = -3£0
Rank of given matrnx = submatnix rank = P(A) =2

. E -~ o

-1 0 6
Find the rank nfﬂ:ematrtx&=[ 3 6 1]5,3
-5 1 3
ol:  Det A of given matnx (A) = -1(18-1) - 0(9+5)+(3+30) = -17-0+198

= 1810
A 15 non - sigular third order matnx
rank of A = p (A) = 3 = order of given matnx.
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Echelon form:-

The Echelon form of a matrix A 1s an equivalent matnx, obtained by finite number of elementary
operations on A by the following way.

1) The zero rows, if amy, are below a nonzero row
) The first nonzero entry 1n each nonzero row 1s one (1)
3) The number of zeros before the first nonzero eniry in a row is lessthan the number of such zeros

in the next row immediately below it.
Note:- (1) Condition (2) 15 optinal

(1) The rank of A 15 equal to the number of nonzero rows in 1ts echelon form.
Solved Problems:

2 L 3
1) Find the rank of the matrix by echelon form [1 4 2]
Z B B

1. ¥ 3
Sol- Given A = [1 4 E]
2 6 5
Ry —Fo-R;; B3—FR;-2R,

1. 2 3
"-’CI 2 —1]
| S R |

B:—R;-2R;

1. 2 3
~ ’EI 2 —1]
o0 0 0

Freshman Engineering
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H p (A) =Rank of A = npumber of non zero rows = 2

4 2 3
2) Find the rank of the matrix [ a8 4 & ]
—2Z —1 —15

4 2 3
Sol - Given A = [ a8 4 & ]
—2s =L =A%
F.;—F.-2F,;;: R:—2F:+R,

4 32 3
- [D Q D] . Rank of A = p (A) = Number of non zereo rows =1
g 0 0

1 1 —1 1
3) Find the wvalue of K such that the ramk of A = [_1_ —% k —1] is 2
3 1 0 1
1 1 —1 1
Sol:- Given A = [1 —1 s —1]
3 1 0 1

E>—R:-R;i; Ri—=R3-3R,;

'L +1 ==L 1
_jo —2 k+1 —J

Ly —2 +3 ==

R:—EBs:-F,
1 1 —1 1
o —2 E+1 —2]
iy (1] —k + 2 0

Give rank of A 1s 2| there will be only two non zero rows
o Third row must be zero row — 2-K=0

=K =2

Freshman Engineering
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Normal form:

Every m x n matnx of rank r can be reduced to the for [ Ir 0] or Ir or (3) [:ﬂ g]

by a finale number of elementary row or column transformations. Here ‘1" indicates rank of the matmx.

Solved Problems:
2 3 i
1) Find the rank of the matrix by using normal form where A= [3 -2 4]
1 -3 —1
% 2 7
Sol:- Given A = [3 e, 4
1 -3 -1
Fi+> Rs
1 —3 —1]
=3 =32 4
i 3 7
F..:—"' F..: - EF..] :_R.j —}Rg—ER]
(1 —3 —1]
- |0 & i
L0 9 o -
Ca— Cy +3C,; C3 =C5+HC,
i1 O O
A_Jo0 7 ?]
0 9 o

R:—Raiz B3 —Rs 3

1 0 O
4 [D 1 1]
g 1 ‘1

F;— F; —R.:l

Freshman Engineering
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n 1] o
i [ﬂ 1 1
i 1] L1 ]

I:,-_—h- C-;—C:

B2

-Ie 3l

Hamk of 4 — p {A) — r = 2 — umst mmaimix ordes

Sl Fivem A =
o, == T
X Ln ] = —=
A — i =+ = & ]
1 = = 4 i

B__L—:I-R_;—R-_

EX (8] = — 27
— i ] =+ = &

£ i ] = i =
C¢_—'1-C3—EC_C4—J-C,‘_.—:C;

EX (8] i 0
— i ] =+ — &

£ i ] = —= e &
BR..—I2ER, B

E 5] i 10
= i ] = —a &

I i ] o [ i) i
ey —

=

ri o i D
— 1o A —_— &

I ] (5] i Ll

- e al

Bank of & —p {A)=x= 3=

Freshman Engineering
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Inverse of Non-zingular matrix by Gauss — Jordan method:- ):::L
We can find the inverse of a non-singular square marix using elementary row operations only. NRM
Suppose A 15 a ponsingular square matrix of arder n we wnite A=L A

Now we apply elementary row operations only to the maenx A and the prefactor [ ofthe RHS We
'ﬂldnﬂ:isﬁﬂngtmu[ulﬁmnfﬂnme—BA Then abviously B is the inverseof A

3
1) Find the inverse of the Mamx F Jhmﬁm-hﬂnw
Sol:- Given A= E j
WneA=L A
2 =1 1 0 0O
1 1 ;] = [g 1 0].A
d -1 0 1
R;HR}_
. & X 1 O
2 -1 3] =11 0 0]-A
1 -1 1 0 0 1

lL—bRc-..E‘.q Rs—rRrR

sk
1
IL-rlL{—
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1 1
[u 1 —1;3]
0o —2
R,—R.-R. R, —-R 2R
1 0 473 1/3
o 1 —1;3] - |—1/3
o o —=2/3 —23
Rs—R3(-372)
1 © 473 1/3
o 1 —1;3] = |—-1/3
o © 1 1

—T
I,..=B AwhereB= [ o

Fxercize-

Find the mverss of the followinys marrixes by usinzy Gaupgps —

1 =
1) [?.. 4 E]
3 5
—2 1
x) o —1 E]
1 =

-1 =3 3 —
3) [ 1 1 —1 0

2 —> 2 —3

—1 1 o i

-1 n
-7
hn n —1/2

173
2/3
173

1/3
2/3
—172

F,—F. -43F,. E.—_-*—*R.—_H-l 3 Ra

2

-1{3 2{3 g]
1

]
4]
o | a

—1/2] A

—3 )
i

172
—172

—3/
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Solution of linear System of equations: ):::L
An equation of the form ax +ax~ax+*. ... fax =b.. ... (1) NRGM

Where ;. %. ..., X, are unknowns and 2,2, ..., &, b are constants is called a linear aquations in n
mimmcmﬂsﬁmmﬂmhmmmwnm

A+ ket L A =02

1% = Bk . MR PRI [
where aifj s andb, b . _____. b are copsiamis An ordeved n- mple {x,.0x X ) sanisfving all
equaitons in {2 is called a solnbon of the sysmem ()0
The Sy=i=m of equaisens I (2) can be writien in mairs oo A X=8 {33

Whkere A =@l x = (X Bz . Ea) - B =By b= .. _B0"

The Mami=x [4/B] = called the anpmented maivix of the sysieo] 1)

T HE=0 m (3], the sysi=m = saii o b= Homos=neons otherwise the sysiern Is said o be mom —
bhompzaregiis.

= The system AN = 0 is always consistent since X =0 (le_ ==—=0_ x—0, .. _ X =0 = always a solohon
of AY = 0 This solution is called Trival sobrtion of the systemm

= iven AW = 0, we oy o deride whether it has a soloton 3 = 0. Swch a solvison . if exists. is called a
mon- I rval solution

= If thers is a l=aw ope soluokon Sor the ziven sysiem is sand & consistent . If the sysiem does not hawvre
amy solnnon, the sy=rem i= s3id o be InCon=isTerT

Soluoon of Non-bhomosensons sy ztem of eguatons:

The sy=tern ANW=F is consis=nt 1  if has a sohodon (omiogoes or inhOnite ) I and only if rank 4 = @ank
[AB]

i) If rank of A = ank of [AB] = r-o then the sysiem is consistent amd it has infnrtely muawy
sohrions. There ¥ = rank n = pombey of mnknowms o the swsoemns
iy | If rant of A = rank of [A/H] = r = n then the system has unigoe sohrisom

b H ) Ifrank of A= rarnk [4./HB] then the sysiem s mwonsistent i e | It s no solnion
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[}
Solved Problemm=-: Y
1) Solve the sy=tem of eguations =+2v+3z—1; Ix+3T-8=—3 . m*w=sz =3 %
Sl - Gven sysiem can e wrirten in mairis Sorem o o

2 E‘??JE]:E]

A B
Aunmmenited mairiw of the gven sy=iem
rF F T ¥
[Am] = E F =B _;']
£ ¥

BE-—=RJIR,. B8,

¥ £ F I
- [g —I b -t?]
—xF —TF 2
B, =B B
¥ 2 ¥ §
a2 —s I
- ramik af A = ramk [A/H] == 3 = mowmbeay of umknowmns = n

- m=r=3

by iy

-, The given system is consistent and it has unique solution. The solution is as follows from the last
augmented matix we can write as|

4z=1 +2z=0 x+ly+3z=1
z=— =y x=1-2y-3z
AP =y =1-2-1)-3()
=1 = ]+2+2
X=07

+. The solution of given syvstem : %=972, v=-1. =112
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2) Solve ghe system of eguanons x+2vy-z =14
x~dvy-z=11
x+3ysz =11

Sol:- Given system can be wTiften in matmix form as

1 2 1 x |
[:1' < J] [}'] . [L-!‘]
2 3 1 - Il

A X

=B
The supmented matnix of the given system as

‘R
[,Lﬂ]=L3¢1:;]
? 3 1 1

R—FR-3R.. R.—R,-1R,

7 J i4
-1 -2 =2 -;H]
b =1 =i =IT

Rx—1R Rz
1l 2 1 14

- ¢ -2 =2 -ﬂ-.i.f]
g 0 =0 =3

PRank of A=21=3 =ramk of AB

-~ The given system has no solution ie.. the system is inconsistent
3) Show that the system x+y+z=§. x-2y=+3z = 14, x~3v-Tz = 30 are consistent and solve tham

Sal-- Given system can be WTilten io mamix form as

(iAE - [

Augmentrad

r I I ]
[Afnl=h 23 ;;}
4 F 3

Freshman Engineering

77

aaaaaaaaaaaaaaaaa



ssssssssssssssssss

Bo—F-R.. L.—E-R,
1 1 1 6

: [ﬂ i 2 3]
D 3 6 24

R —E 3R,

l1 1 1

1

o 0 0
Rank of A =rank of AB =r=21 < 3 = n= mumber of unknowns
~. The system has consistent and it has mSnitely many solutions.
Here x+y+z=6

[+2z=§

Latz=k
Now v=§8-2r=8-2k
Now x=06-v-2

= 6-(8-2k)-k

%= 6-8-2k-k

= k-2
-. The system has mfinitely many solutions x=k-2: v=8-2k. =k
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F) For what valnes of 5 and p the systern of egoations ‘X

E2RFIw-SE—90 have {I) no solrioae NRCM
Ta=3v-Ix—28 () nnhgqee soiniiom your oot 0 scess,
Ix+Iwvsiz—u (1) Imrinitely many salntbores

x 3 F = =

3 2] EF B

" 4 3 L ==

Ths aupmrm-anted marTis of Siven Sysieas
& F i

{A,B]=[."-' F -2 a
T = A& i

B -2 —TRI: B =R B,

> E = -
2 [a —I5 —3I —4?]
o g A —35F m—o

BBl
I 372 572 o523
= [e:r _I5 —39 —4:-']
o a A —35 m—

Case 1 - 2=5_ p=0
Then pfAY—2 p(AB)=—S3
P LAY =I=3=p (AB)

Th+ svstenn has oo soluton

Case 20— AES. =

Then o (A) = p (AB) =1r=0=3

Cames 3 =5 a=0_0

Thean o (A) = p (AB)—7r—2- 3=p—numbear of unknowns
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Conzistency of system of homogeneou: linear equations: R
Consider of system of homogeneous lmear equations in o unknowns namely

3,505 % =0

B %y * ket X, =0

---------------------------

Gy "';':: ----- Gim
ﬂ:::1 ﬂ:z - wee ﬂ'::u }
'H'-lnml - -'“-n
o

Ifmnkuf.ﬂ.-n(mmbernfmblﬁj
The system of equanons have only mivial solution (ie . zero solunon)
If r<'n then the system have an infinitive number of non tmivial selutzons.
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1) Find all the solutions of the syvstem of equatsons
R=2y-g=0, Ix-+y+r=0, x-3y+35r=0
Sol. Given syvstem can be wrnithen i matrix Sorm

I b —1I L g
R

—= F =
Augpmented Daatrie

F | 2 — I
[AB]l=|2 I d g]
— 3 a

B.—-R 2B, . B.—R R,

[ 4 =
== o —3 3 o
o —8 ]

i b 4 e |
— o =3 = § o
LG 2 o

Fank of A = rank of AB = y= ppmber of non Dero rows = 2o imps purnber of variables
-. The sysiemnm has mifmiiely oreny sohybons o the abowe muairs
=3 y—=—3 == ==lv-z=0)

— T
Let us copssder n-r=3-2=] arbirary constants
Letz=—%k thenv=Ek

5=k

Since =+ Xy-z=l
= WEZ-Iv

= z-Tw
=k-2k
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Solve the syvstem of equations x~v-w=0. ¥—I=0. s—v-I-w={. s—v=-21z=0 %
a
a
i
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We will consider the svstem of equations

A=K+l E, = by i1
Ay T AnNeT ARy = bs =
3% T Ak AnXa = by i

Where the diagonal coefficients are not zero and are 2 comparad to other coefficients such a systen
15 called a “diaponally dominant system™ =
The system of equations (1) can be wTiften as

:1-*_:7 [br-apX-a%). . .......(F)
w S Prmscaax] . (9
t,ﬁ Oty S AeE]. . ........(6)

Let the inirial approximate solution be x,"". x:"". x,"" are zero Substrte x.". x,” In (4) we ger
%' = Vg [0r-2i0%:"-2,5%,"] this is taken as first approximarion of x,
Substinmte x,'. x," in (5) we get x.' = l/a[b.-a..%, -a,,%,"]

This is taken as first approximation of &, now substinute x,' %' in (§). we get

5 = lag byayn,-a%, ]

Ths 1s taken as first approximation of x,continue the same procedure until the desired order of
approximatien is reached or rwo successive iterations are nearly same The final values of x,.%..%;
obtamed an approximate solution of the Fiven system
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