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DOUBLE INTEGRALS

Definition:
The expression:

f:yl .E;I S (x, y)dx.dy

is called a double integral and provided the four limits
on the integral are all constant the order in which the
integrations are performed does not matter.

If the limits on one of the integrals involve the other
variable then the order in which the integrations are
performed is crucial.
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EVALUATION OF DOUBLE INTEGRAL IN CARESION CO ORDINATES:

We shall discuss the three cases. y
A

CASE (i) Y2 = f(X)
Wheny , y, are functions of x and x, x,are constants, f (x, 9‘
y) is first integrated w.r.to y keeping .x constant between
limits y, = f,(x) and y, = f,(x) and then the resulting
expression is integrated w.r.to x within the limits x , x,;
The region of integration is the area ABCD, shown in
the figure. Here the strip PQ moves along the direction

of x axis. Thus,
‘I:_Df:h f(x,y)dxdy = j_:” f}_'r:_f'(,r,+1') dy|dx
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CASE (ii) Y\
When x,, x, are functions of y and y, y, are
constants, f(x, y) 1s first integrated w.r.to x

keeping y fixed, within the limits x = f/(y) — P____Q _,
and x, = f,(y) and the resulting expression is 1) BRI ¥~ 12Y)
integrated w.r.to y. The region of the integration A _ B
ABCD is shown in the figure. £ ¥EE N\
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The horizontal strip PQ moves along the
direction of y axis. Thus, we have

J, [ sxndeay=| [ 1] steyde|ay
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CASE (iii)
When both pairs of limits are constants, the YA
region of integration is the rectangle ABDC,
shown 1n figure. The order of integration Y=Y,
i1s immaterial in this case. We may first
integrate f (x, y) w.r.to x keeping y constant
and the result 1s integrated w.r.to y or we
may integrate f (x, y) first w.r.to y keeping x y
constant and the result w.r.to x.

It 1s clear that 1n the integral

X = Xy {plermroormed X = X

"
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d b
f f(x,y)dydx, the limits for y are a to

¢ of o

b and limits for x are ¢ to d.



Evaluatfjl j‘ xydydx
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Evaluate f f xydxdy
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Evaluatf.:f f X ydydx
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DOUBLE INTEGRALS IN POLAR COORDINATES

In polar coordinates, the double integral yj
f " f : f(r,0)drdf gives the integral of f
G i

(r, 8) over the region A, shaded and 1s as
shown in the figure.

This region 1s bounded by the curves
r=r = f(6),r=r,=f(6) and the straight
lines = ¢, and 6 = 6,. To cover this region,
we first move over the sector OPQ from
r=r, to r = r, and then rotate this sector
from 6 = ¢ and 6 = 0,

% £ v . . .
.. To evaluate f " f f(r,0)drdd, we first integrate w.r.to r between the limits
§ Jr

r=r and r = r, keeping ¢ fixed and the resulting expression is integrated w.r.to
¢ from 6, to 6,
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f (8cos 0 —0)df

(using Reduction Formula)




‘ Evaluattzf f xydxdR is the first quadrant of the circle
R

x*+y’=a’(x >0,y > 0)

SOLUTIC

The region of integration is the first quadrant of the
circle. OAB is the region of integration.
Let us assume the strip parallel to y-axis, so y

2 7

should have variable limit y =4va™ — x7;

el

As in the first quadrant, take y=+a’— x’

Limits: x: 0toa. y:0 to Va~ —x’
I = wal xydydx —f (g]xla:_fdx—%j(
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Evaluattz[ f x ydxdypver the region in the positive quadrant

for whichx +y <1

SOLUTIC

The region of integration is the triangle OAB.
Draw strip parallel to y axis; y should have
variable limit.

Limits: x: 0to 1; y: 0to (1 —=x)
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Evaluate f f (x"+y )dxdy over the region for which x, y
each>0andx+y<1

The region of integration 1s the triangle bounded by the lines x = 0, y = 0 and
x+y=1
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Limitsof y:0to 1 —x
Limits of x: O to 1

f[(x +¥)dxdv~ff(x + y* )dydx

0 0

3y %
_‘fx}’*“?]n dx

\

:fx1(1—~x)+(lu;x)- dx
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| Evaluate f f ydxdyover the region between the parabola R

x? =y and the line x + y = 2, in the positive quadrant

SOLUTIO

Points of intersection: x> = 2 — x

L x*+x-2=0
=5 x+2)x=1)=0
t=1,~-2

.. The point A is (1, 1)

t f f ydxdy= f f ydxdy+ f f ydxdy

(AR ABC

I

— f ‘ ]I1 _).:a'_vderj" Tycirf{v :JL ("’2;] dx +‘ [ W x)ff"'dy
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Evaluatt‘}[ f r’ sin’* @drd0 over the circle r = a cos 0

SOLUTIC

The equation of the circle is r = a cos 6

L L T T
. rvaries from 0 to a cos & and 0 varies from =5 to—

m
2 acosf

I f r-‘si.fadrdﬂzf f ¥ sin*0drdf = [ sin” 9{ ]wde
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Evaluatgf f + and indicate the region of integration
x’ +y’

0 2

| X

”f Xy dx:ftanlyldx
“0 X’ +}’ "0 A dy

| £
= [ ttan™ ()~ tan” 'xlax = [T —an”" xfax

0 ()

I
X), f’[dl] xdx— —(xtan” x)[}+ mdr

T 7 [1 S S S B gl

~ = tl-logl +4%)| == ——+|=log(1+x*)| ==log2
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CHANGE OF ORDER OF INTEGRATION

2
Evaluattff dedy by changing the order of integration
X Ty

SOLUTIC YA
Given: First integrate w.r.to x, then w.r.to y A2, 2)
To change the order of integration, first determine the P
region of integration )
Limits -x: x=ytox =2 Q-_- x=2
y:. y=0toy=2 ,ﬁiHi:;;iimn P’
which are straight lines, the region of integration is ) B2.0) x

shown in figure.
The region is covered by first moving along the horizontal strip PP’ and then
sliding this strip parallel to itself to fromy =0 and y = 2.
By changing the order of integration, first move along the vertical strip QQ’ on
which y varies from y = 0 to y = x then slide from x = 0, to x = 2.

.'
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1 2—x
Change the order of integration in f I xydydxand hence

0 x?

evaluate the same (AU., 2012)

SOLUTIC
1 2—x
I= f [ xydydx . Here first integrate w.r.to y

and the then w.r.to x.
By changing the order of integration, integrate
first w.r.to x, then w.r.to y.

Region of integration is y = x° (1)

y=2-x,x+y=2 (i1)

=il =1,
Solve (i) and (ii), the point of intersection is A(1, 1)
The region of integration is OABCO
The region is divided into two parts: OAC, ABC



/ f f xydxdy + f f xvdxdy e

0 0

_f y d}’+ f(xyn ‘dy




CHANGE OF VARIABLE FROM CARTESION TO j“L
POLAR CO-ORDINATES M

Let the polar coordinates of point P whose cartesian coordinates are (x, y) be (r, )
Putx =rcosfandy=rsinf
ox  Ox

(x,y) o o

cosf! —rsinf

d(r,0) |dy dy
dr of

| f F(xy) d,t'd}':i f . f f(r,0)rdrdb
R R

sinfl - rcosd

Hence change dxdy into rdrdf using the substitutions x = rcos ¢ and y = rsin ¢




EXAMPLE 1 By transforming into polar coordinates evaluat{ f —dxdy
AR y

over the annular region bounded the circlex’ + y*=a* and x* +y* =a*(a > b)

SOLUTIC

By transforming into polar coordinates, the two circles
become 1= a and r =

01 sin' 6
ity

= [ [ 1 cos” Asin” Odrdb



dere r varies from b to ¢ and @ varies from 0 to 27

f f 7 dx{jyz [ f 2 cos*sin® Odrd)
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Example 2 By changing into polar coordinates evaluate the integral

2a x"rZ ax— x°

(x* + y*)dxdy

0 0

| SOIUtiOn
y varies from 0 to m
y=+2ax—x*

— ¥y = 2ax — x* o| y=0 (2a, 0)

xY

X+ y=-2ax=0=>x-a) +y*=a
This 1s a circle with centre (a, 0) and radius = a
The region of integration is the semicircle x* + y* = 2ax above the x-axis.
- : . T
Changing into polars, the region becomes r = 2a cos 6 from 6 =0 to 0= >

Hence the required integral,
% 2acosf 7 2acost

[:f f (rF cos’0+r? sinzt?)rdrdﬁ':f f rdrdf

0 0
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Example 7 By changing into polar coordinates, evaluate f f (x’y+y*)dxdy

. - 2 2
y varies from 0 to vya™ —x

A
y=+a—x*"=>x+y'=a’
The region of integration is the positive quadrant of the f

LY
r=a
circle x2 + y? = @ o
Put x = r cos 6, y = r sin 6. Then x*> + y* = r? and / r

dxdy=rdrdf
r varies from 0 to a: # varies from 0O to E

T\”j’ll WX’ +}’)d~ld}—ffr sind (rdrd?)
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fr"dr




Triple Integrals

Consider a function f(x, v, z) defined at all points of a given volume V. Divide V
Into ‘n’ elementary volumes.
Let dx 0y 0z be the volume of an element surrounding the point (x, y, )

Then lﬂ;zz 25.X5 yoz is called the triple integral of f (x, y, z) over the volume

Ay—0
Az—0

V and is written as f f f f(x, v, 7) dxdydz
v 5

It can be expressed as a repeated integral of the form [ f [ f(x,y, z)dzdydx

SRR




If x, x, are constants; y , y, are functions of x and z , z, are functions of x and y,
then this integral is evaluated as follows:

First f(x, v, z) is integrated w.r.to z between the limits z, and z, keeping x and
y fixed. The resulting expression is integrated w.r.to y between the limits y and
¥, keeping x constant. Finally, the result is obtained by integrating the expression
w.r.to x from x, to x,.

The order of integration may be different for different types of limits.

VOLUME OF TRIPLE INTEGRALS

Divide the given solid by planes parallel to the coordinate planes into rectangular
parallelopipeds of volume dxdyoz

Then the total volume = jl“lI_I)[l}ZZZ d0x by bz
Ay—0
Az—0

= volume of the solid = f ‘ [ . f dx dy dz

The above volume integral is evaluated with appropriate limits of integration
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Example 1 Evaluate f f f cuyix -~ where V is the volume of the
Wo(x+y+z+))

region bounded byx =0,y =0,z=0,x+y+z=1

The volume V is bounded by the planes x =0,y =0,z=0,x+ v+ 2z =1
[x+y+z=1=z=1-x—-Yy]

Limitsofzz:0to 1l —x—y
Limitsof y: Oto 1 —x x4+ y=1=y=1-—x]
Limits of x: O to 1 x-—1]

(AU., Dec. 2013)
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11 l—x—vy
dzdvydx 1 N :
: ff[;(lﬂﬂﬂr-‘ dydx
o 0

[[f d+x+y+2z)°

0

1 |

|
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= — = [ {—— Ededx
2'{1 0 4 U+x+y)
1 1T : l l—x
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|
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I ; g 1 rd
=g - g g [

1]

1{a-x°] ix]l 1 1
=—|——| —|=| + =[log(1+ x)]
8[ 2 o 2 © ’

1 1 1 1 d
=————+—log 2= —log 2— —
16 4 2 S 2 S 16

|
= —[8log 2—5
16[ g, ]

log2 » xilogy
Example 2 Evaluate ff f e dzdydx

0o 0 0

log2 y xtlogy
Let szjjfeW“m@m
0 ‘f]' .ﬂ

log2

T fererxsmean
0 0




- If fe* "(ye* — Dydx

f fye dy— J +‘d)]‘
log2

= f [e**[ ve' —e'l, —e'(e’),ldx
0

log2

- f e’ [xe* —e* +1]—e'(e* —1)}dx

:f{xe_“s.r _€3.1'+€2.1' _82.1. _I_E.l}dx

log2

= f[xe“ —e* Le¥dx

log2 log2 log2

= r xe dx — fej"'dr - fe"alx
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‘j_‘using’.r[a Sinzg a_lsin_;g]dg
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using Reduction formula
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Example 10 Evaluate f f f xyzdzdydx (or) Evaluate f f f xyzdxdydz

0 0 0

taken over the positive octant of the sphere x> + y> + z2 =1

SOIUtiOn

i —x? - - ¥
v |( ?"l N
Given integral = f f xv{"z] dydx
1]

L [y
:]—r.r f W1—x* — y)) dy|dx

. "0 [ o
] I - 2 4 \l P
1}
=—|x (l—r )___ dx
2 'f 2 Iy

I

L [(1=x%)? (1=-x»)?, _ 1 B
~2—l” — _ i dx = 81”11’(] ) - dx
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Example 11 Evaluate xy’ zdzdydx
I
 SOIUtiOn

Given integral = f xdx

0

3
f v dy
I
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=xample 14 Evaluate f

0 0 ]
SOIUtiOn
i [ b

0 0

—ff[ =y ]

i \'H‘ —[

=/
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_25

[“Jda{x —f\/—fdx

a )
a- . X
g —xt e —gin ' =

dzdydx

.7 1‘
.,_a —Xx7 —y

\/az _x? _yz —ZZ

dydx Since
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Example 2 Find the volume of the tetrahedron bounded by the plane
X ¥y . 2

—+=+—=1 and the coordinate planes
a b ¢
SOIUtiON ]
Z42iior mp=cl 222
a b c a b
p
J 0 >
Whenz =0, 2+2=1 = y=b/1-2
a b a

Wheny=0,z=0,~=1 = x=a
o

Over the volume of the tetrahedron,

( )
z varies from 0 to cl] .. l]
a b

- (T e
y varies from O to b ll — —| and x varies from 0 to a
(4]



The required volume = f f f dxdydz

X
d

—fff

2l b _l
’d::dyd_x f f [z, = dydx
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Example 3 Find the volume of that portion of the ellipsoid iz— +% —|-z—2 =1
a c
which lies in the first octant using triple integration (AU., 2007)

 SOIUtiON

Required volume = j:[]‘dxdydz
%

2 2 2
where V is the region specified by x > 0, y > 0, z > 0 and xg —I—"'—g +—= <1

a b C

- X ’
Hence z varies from 0 to c\/ - — —)—j
a b
rl
y varies from 0 to b,[1——- and x varies from 0 to a
o
3 ||I .'L: . Igl _.‘.: ‘_‘
a 1'J ar ‘lJ a® b

Required volume :f f f dzdydx
{ 0

0
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Taking B =¥ {] _—]

a \ a ‘ 1_1__ 3
= [ e i
0 0
[ [ =g

i ‘i a 1
=L f \/b [1__] y>dydx
b 0 tﬂ a

we find Volume _—]ﬂf«.lB“ — vy’ dydx

0 0




C [
Volume =—
b '!

:glg[ﬂin“ﬂ)—ﬂiﬂ‘]@)]dx

a 2 b A 2
:Esz[l_xj ]dx o DK 1_x_j]dx
4b 0 a 4 0 a

TTbC IB ‘ ",'."'.l'bC cl
= —|x— — iz
4 3{12 =) 4 3




