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FUNCTION OF SEVERAL VARIABLES
Functions of § L Variahl

A Symbol ‘Z’ which has a definite value for every pair of values of x and y is called a function
of two independent variables x and y and we write Z = f(X,y).

Limit of a F ion f(x.v):-
The function f(x,y) defined in a Region R, is said to tend to the limit ‘1’ as x—a and

y—b iff corresponding to a positive number e, There exists another positive number & such that
| f(x,y) —1|< e for 0<(x-a)’+ (y-b)* < & for every point (x,y) in R.

A function f(x,y) is said to be continuous at the point (a,b) if
Lt f(x,y) = f(a,b).
X—a
y—b

Homegencous Function:-
An expression of the form,
ao x"+ar x"'y +ax"?2y?+ --- -+a,y" in which every term is of nh degree, is called a
homogeneous function of order ‘n’.
Euler’s Theorem:-

If z=1(x,y) be a homogeneous function of order ‘n’ in x and y, then X 5%+ YbZ=ngz
6 6F
Total Derivatives:-
ifu=1(x,y)

where x = ¢(t) , y = y(t)

then du = Odudx +0u
dydt oxdt odydt

1) if f(x,y)=c

then
dy = - (Ou/0x)
dx (ou/oy)

2) if u = f(x,y) where x = ¢(s,t), y = y(s,t)

then
du = du Ox @+ du 0Oy
0s O0x  0s oy  0s
ou = ou oOx t ou 0Oy
ot Ox ot oy ot

Eulers theroms problems;
1.Verify Eulers therom for the function xy+yz+zx
Sol;  Let f(x,y,z)=xy+yz+zx

f(kx,ky,kz)= 2f(x,y,z)

This is homogeneous fuction of second degree
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— T
6f 6f

6f
We have —=y+z —=x+z =X+
ehave 6x Y 6y 6z y

x4y 20 =x(y+z)ty(xtz)tz(xty)
6

6 "6
=XytXztyxtyz+zxtzy
=2(xy+yz+tzx)
=21(x,y,z)
PROLEMS:
1.Verify the Eulers therom for z=__1 _
2+ +
2.Verify the Eulers therom for u= sin~! “tan~1”_
3.Verify the Eulers therom foru= x?tan!2-y2tan~'> and also prove that
2 = 7
66 2+ 2

Jacobian (J) : Let U=u (x,y), V=v(x,y) are two functions of the independent variables x,y. The

jacobian of (u,v)w.rt(x,y)isgiven by
( u,v ) ( x,y\\
J —

Similarly of U=u(x,y,z),V=v(X,y,2), W=w(X,y, 2)

Uy ‘ Note : J

[

1

J(ur) = 8lur) = ‘ u,

- y a4
X0 Bilxa) Ly

Then the Jacobian of u,v,w w.rto x,y, zis given by

EICTRCETY

J (:.' .2-‘.‘.'.-') _ 7 —

XS &z}

o(x, y,z)

1. Ifx+y?’=u, y+22=v,z+x*=w find
o(u, v, w)

Sol: Given x+y?’=u,y+z’=v,z+x’=w

o x Uy Uz 1 2y 0
We have ?-:z == % Vy Y2 =10 1 2z
] W, W, W w0 1
=1(1-0) — 2y(0 — 4xz) + 0
=1-2y(-4xz)
=1+ 8xyz
2 lx ) 1 1
= Bluvw) [i‘ ;:_'; ] 1+ Sxyz



Matrices And Calculus(25MA101):
Dr. PMAHENDRA VARMA, FME-1
itz NARSIMHA REDDY
Y  ENGINEERING COLLEGE

NRm An Autonomous Institutionl Affiliated to JNTUH | Approved by AICTE
Accredited by NBA & NAAC with A’ Grade

2. S.T the functionsu=x+y+z,v=x>+y*+2z>-2xy —2yz-2xz and w =x>+y*+ 73 -3xyz
are functionally related. (07 S-1)
Sol: Given u=x+y+z
v=x2+y?+ 72 -2xy - 2yz -2xz

w=x3+y3+ 2 -3xyz

we have
U, Uy, U
LICTREETE 2 7 e
P * Yy Uz
{xanz) ) ' '
W, W, W,
1 1 1
= |2x — 2y — 2z 2y —2x — 2z 2z — 2y —2x
3x% —3vz 3v? — 3xz 3z — 3xv
1 1 1
=6| x—v—=z V—x—z I—v—x
x® — vz vi—xz z? —xy
C1 =>C1—C2
C2=>C2—C3
4] 4]
=6 2x— 2v 2v— 2z I—v—x
xf—yz— itz vi—xz—zl 4y 22— xy

=6[2(x - y) (y* + xy—xz-2* )-2(y - 2)(x* + X2 — yz - y*)]
=62(x -y y-2)(xty+2z)-2(y-2)X - y) X +y+2)]
=0

2 {x =)

3. Ifx+y+z=u,y+z=uv,z=uvw then evaluate 06 S-1)

Sol: x+y+z=u
ytz=uv
Z = Uuvw
y=uv-—uvw =uv(l —w)

x=u—-uv=u(l-v)

, X, X
e |y |
S o i’
11— —u 0
= |v(l—w) ull—-w) —uv
W UW o
R2=>R,+Rj
1—v —u 0
- e u 0
W UW U
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u?v

4. Ifu=x*—y?,v=2xy wherex=rcosf,y=rsinf S.T
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) =4r3 (07 S-2)

Alu.e
i

8
Sol: Given u=x*>-y? , v =2xy
=r’cos? & —r’sin? @ =2rcos @ rsin @
=1?(cos? 8 —sin? &) =12sin2 #
=r2cos2
Alaaw) U, Ug ‘ 2reos2 l": [—stEj 2
arrg) | v, Vg | B 2rsin2f r’ (cos28)2
— (912 cos2f —rsin2 8
@O | g r (cos26)
= 412 [rcos?28+ r sin?2 ]
=41r2(1)[ cos?26+ sin?2 8]
=413
5. 1fu=2 ,v== w="2 find 3= (08 S-4)
Sol: Givenu= f V=S w=
% We have
U, u, U,
B{u,pmw) R v
— = x Yy Vz
@2l ‘ W, W, W ‘
= vr(-1/x2) =22 =Z =1
woyl) =ZE L u=t =t
vy = V= xe(ly) =T v
H".i{ z ’ H"_‘_.' z 9 1'1'..3' XY( 1/Z ) .3'
vz z y
A{uarmw) * = x
Pyl Zxz x
LAAnES W 2
i i —xy
= z g% .
1 1 1 —¥=z Xz Xy
=% 2 2 vz —xz xy
-1 1 1
_oaeaen | 4 ;7 1
J.': '.'=3=
’ 1 1 -1
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= 1[-1(1-1) -1(-1-1) + (1+1) ]

=0-1(-2)+(2)

=2+2

=4
Assignment

2ix.v.E)

=X} ]
I.\.I-H.I.'II.F J

Calculate

cos?

6. Ifx=e'sect,y= e tanf p.T 222} Zind)
Fir8) Bilxy)

Sol: Given x = e" sectl, y = e’ tan #

— ¥
-y V. Vg

4

By _ X, Xg
& (r.8

b
x,=e'secld =x ,

v,=¢'tanf =y |

x? —y? = e (sec’f tan> ¥

= 2r=log (x*-y?)
= r=Ylog(x>-y?)

—_—

ifx=yvw ,y= ywu ,z=+ur and u=rsinf cos?, v=rsinf sin® w=r

%8 =1 (°08S-2)
3 (r.8) T Ty
E(:c._‘.'.} :‘ E.r E ‘

x5=e'secftan 7

V= e sec?d

1 x

e =Va—— (2X) = o
(2 -w2 ) WKL - Fe )

1 -

T, =} -2y) =

b 7 (x2-v2 ]} ( Y) (%2 -2 3

x secf  _ 1/cosd 1

v tand sinf /cosd sind

' - — ain-l(E
= Sinf . ,IS' sin (:c )

. = —=y(-2)

¥
ST

by = == (/%)

¥
ST

&

atxyy _ |e"sect tanf
() e sec2f

= e sec?f - y e sect tan®

=% sec [sec?d - tan?f ] = e sec ?

x —y
aira (%2 - (%2 -y2
Alxa) _ 1
P N
e : ]
{x®—y xZ— xlxs—y= )y x=—y~
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x(x?—y2) i =y /2% —y® g  zac 8

Blxy) S(rd) _

Aird) | Blxy

Functional Dependence

Two functions u and v are functionally dependent if their Jacobian

) u, U,
JE) - |

a9 K
[ P |

= =0
If the Jacobian of u, v is not equal to zero then those functions u, v are functionally independent.
** Maximum & Minimum for function of a single Variable:

To find the Maxima & Minima of f(x) we use the following procedure.

(1) Find f'(x) and equate it to zero

(11) solve the above equation we get Xo,X1 as roots.

(ili)  Then find f!(x).

If f'1(X)x=x0) > 0, then f(x) is minimum at xo

If f'(X)x=x0),< 0, f(x) is maximum at xo. Similarly we do this for other stationary points.

PROBLEMS:
1. Find the max & min of the function f(x) = x> -3x*+5 (°08 S-1)
Sol : Given f(x) = x° -3x* + 5
f1(x) = 5x* - 12x3
for maxima or minima  f!(x) =0
S5x4—12x*= 0
X=0,x=12/5
f11(x) =20 x> - 36 x>
At x =0=>fll(x) = 0. So fis neither maximum nor minimum at s = 0
At x=(12/5) f1(x) =20 (12/5)* — 36(12/5)
=144(48-36) /25 =1728/25>0

So f(x) is minimum at x = 12/5

The minimum value is f(12/5) = (12/5)° -3(12/5)*+ 5
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** Maxima & Minima for functions of two Variables:

Working procedure:
1. Find Z—i and j—f Equate each to zero. Solve these equations for x & y we get the pair of values
(a1,b1) (az,b2) (a3 ,b3) ceveveninninnt.

. _of 2 2
2. FindI="7 m=_0f n= of
ox? 0 x oy 0y?

i) IF /In-m?>0and/ <0at (a;,b)) then f(x ,y) is maximum at (a;,b:) and maximum value is
f(a1,b1) .
ii) IF In-m?>>0and / >0 at (ai,bi) then f(x ,y) is minimum at (a;,b;) and minimum value is
f(ai,b1) .
iii) IF /n-m?<0 and at (a;,bi) then f(x ,y) is neither maximum nor minimum at (a;,b:). In this
case (ai,b1) is saddle point.
iv) IF /n-m?=0and at (ai,bi), no conclusion can be drawn about maximum or minimum and
needs further investigation. Similarly we do this for other stationary points.
PROBLEMS:
1. Locate the stationary points & examine their nature of the following functions.
(07 S-2)
u=x*+y*-2x2 +4xy -2y?, (x > 0, y > 0)
Sol: Given u( x ,y) = x* + y* -2x? +4xy -2y?

Ou
For maxima & minima — — 0> -y
ox oy
P
Lo AxH4y=0 =X -x+y=0 > (1)
=4y’ +4x-4y=0 =y +x-y=0 > (@)
Adding (1) & (2) ,
x}+y3=0
S=X=-y > (3)

(1) = x2-2x = x=0,2,—-2

Hence (3) =y=0, <2, 2
2
1=/

2

82u 8 , du 22u
:12X2—4 , m:H:E E,'_ ) =4 & H:E :12y2—4

Ox
In—m?=(12x2—-4)(12y>—4)-16
At(—v2, V2),In-m?=(4-4)24-4)-16 =(20) (20)-16 > 0
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The function has minimum value at (—v2, v2)

At (0,0), In—m?=(0-4)(0-4)-16 =0

(0,0) is not a extrem value.

Investigate the maxima & minima if any of the function f(x) = x3y?(1-x-y).

(‘08 S—4)
Sol: Given f(x) =x%y? (I-x-y) =x’y%-x%y? —x%y?
% = 3x%y? — 4x%y? -3x%y? z—f = 2x%y - 2x%y -3x%y?
For maxima & minima z—i =0and Z—f =0
= 3x%y?—4x3y?-3x%y? = 0 => x%y?’(3 - 4x -3y) = 0-----mmmmmemeee- > (1)
= 2x%y - 2x%y -3x°y? = 0 => x’y(2 — 2X -3y) = Q--mmmmmmmmeeeeen >(2)
From (1) & (2) 4x +3y—-3=0 2
2x +3y-2=0 3
2x=1=>x="
4 (%) +3y-3=0=>3y=3-2,y=(1/3)
Py
1=/ _ 6xy%-12x%y? -6xy>
ox?
(& f)
I_Zl\ 111111 J) A AE VAR _lh\llb} \1/.}} _U\llhl\ll_}} T 1o T 1o Ty T TL I
NG
2f L. 2 2
m=_ a3 )TOXy-oxy-—vxy
ox0y
[ &2f)
| | a2,13)=6(1/2) (1/3) -8 (1/2) (1/3) -9(1/2) (1/3) =g—s-z3=_4
K@x@y} ¥ 1
n= ?{ =2x* -2x* -6x%y
(21
\ﬂ—) \treytioy TNT T TN\l 4) TU\LI&) \LII) 1 - l - 1 — -1

5 2 8
In-m? =(-1/9)(-1/8) «(-1/122 == - == === =—= >0

T 1a4 14a

The function has a maximum value at (1/2, 1/3)

3. Find three positive numbers whose sum is 100 and whose product is maximum.

(08 S-1)

An Autonomous Institutionl Affiliated to JNTUH | Approved by AICTE
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Sol: Let x ,y ,z be three +ve numbers.
Givenx +y+z=100
= Z=100—-x-y
Let f (x,y) = xyz =xy(100 — x — y) =100xy —x?y-xy?

For maxima or minimag =0 and Z—f =0
22 —100y -2xy-y? =0 =>y(100- 2x ~y) =0 > (1)
jf— 100x —x2 -2xy = 0 => x(100 —x -2y) = 0 >(2)
From (1) &(2)

100 -2x -y =0

200 -2x -4y =0

100 +3y =0 =>3y=100 =>y=100/3
100—x <(200/3)=0  => x=100/3

1=%f _
2 a :

(%xfj (1003, 100/3 ) = - 200/3
L)

& f )
m= S S22 10020y
(&f \I (100/3 , 100/3 ) = 100 <(200/3) —(200/3) = ~(100/3)
N

62
n= Fy{_ =-2x
(&1 (10053, 10053 ) = - 20073
&)

In -m? = (-200/3) (-200/3) - (-100/3)?> = (100)?/3

The function has a maximum value at (100/3 , 100/3)

100 100 _ 100
3 3 ) 3

The required no. are x = 100/3, y = 100/3, z=100/3

i.e. at x =100/3, y =100/3 oz =100-

4. Find the maxima & minima of the function f(x)=2(x?-y?) —x*+y* (°08 S-3)
Sol: Given f(x) = 2(x? —y?) —x* er4 =2x2 2y? —x* +y*

a

For maxima & mlnlma =0 and &_f =0

L =dx-4x’=0 =>4x(1x)=0 =>x=0 ,x==%1

10
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L=ty +dy=0 =>-4y(l-y)=0 =>y=0,y==1

=827 =412¢
dx2
dxdy ox\ oy

n=22 =4+12y?

we have In —m? = (4-12x?)( -4 +12y%) -0
=-16 +48x? +48y? -144x%y?
= 48x2 +48y? -144x2y? -16
1) At(0,+1)
In-m>=0+48-0-16=32>0
1=4-0=4>0
f has minimum value at (0, £ 1)
f(x,y)=2(x*—y?) —~x* +y*
f(0,£1)=0-2-0+1 = -1
The minimum value is ‘-1 .
i) At(£1,0)
In-m?=48+0-0-16=32>0
1=4-12=-8<0
f has maximum value at (£1,0)
f(x,y)=2(x*—y*) ~x*+y*
f(£1,0)=2-0-1+0=1
The maximum value is ‘1 “.
i) At (0,0),(£1,%1)
In-m?<0
1=4-12x2
(0,0) & (=1,=£1) are saddle points.

F has no max & min values at (0,0), (= 1,=%1).

Assignment

1. Find the maximum value of X,y,zwhenx+y+z=a.

11



Matrices And Calculus(25MA101):

Dr. PMAHENDRA VARMA, FME-1
v~ NARSIMHA REDDY

ENGINEERING COLLEGE

- v =
NRm An Autonomous Institutionl Affiliated to JNTUH | Approved by AICTE
Accredited by NBA & NAAC with A’ Grade

o e e
*Extremum : A function which have a maximum or minimum or both is called

‘extremum’

*Extreme value ;- The maximum value or minimum value or both of a function is

Extreme value.

*Stationary points: - To get stationary points we solve the equations z—j =0and
% =0 i.e the pairs (a1, b1), (a2, b2).cvvreerrennnee. Are called
Stationary.
*Maxima & Minima for a function with constant condition :Lagrangian Method
Suppose f(x ,y, z) = 0------------ (1)
EI(X5y;Z):0 ______________ (2)
F(x,y,z)=1f(x,y,z)+¥ @(x,y,z) where ¥ is called Lagrange’s constant.
1 0= 4,80 = 0o 3)
Ox B U oAx
R L —— )
ay By Ty
OF —0 =>8f 4+, 80 = Qe (5)
oz az T

2. Solving the equations (2) (3) (4) & (5) we get the stationary point (X, y, z).
3. Substitute the value of x , y, z in equation (1) we get the extremum.
Problem:
1. Find the minimum value of x? +y? +z2 given x +y + z =3a (08 S-2)
Sol: u = x? +y? +z2
O=x+y+z-3a=0
Using Lagrange’s function
Fx,y,z2)=ux,y,z)+¥O(x,y,z)

For maxima or minima

OF —8u 4,80 =)y 4 = (eemcemcemee (1)
Ox o Y Ax :
S TN Y | N— )
ay By T B !
OF —ou 4, 80=07 4, = Occecemeeee 3)
Oz =z A= :

From (1), (2) & (3)
y=-2x=-2y=-2z

12
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OBJECTIVE TYPE QUESTIONS

13. If u=X "~ - 2y v=x+y then % =
(@) (x+ 1)% (b)2(x+1) (c) 3(x+1) (d) None
16. If u(1-v)=x, uv=y then J (E) ] (ﬁ) -
(@)o (b) 1 (c) xy (d) None

- ro_ _ L1 e 1]
17. Ifu=,v =—F&:+L_ﬂ 1x+¢'£hi€nf(__ ) .f(A—J)=
—xy x.3

SR

(a) 0 (b) 1 (c) xy (d) None

—_— TR
18. Are u=xV 1 — X~ v=2x functionally dependent? If so what is (:) ?

(a) yes,1 (b) yes,0 (c) No,0 (d) None
- 3 GIETREY
19. fu=X"y ,v=XV" then—/ s
- d(x.7)
()52 972 (b)4 7 y* (c) 2x7y? (d) 3x%y?

(Assignment Questions)

{ Functions of Several Variables}

dixy.z)
2= 2= 2 S
1. Ifxty*=u , ytz*=v ,z+x°=w find P
8 (xa.28)
2. Ifxtytz=u, y+tz=uv, z=uvw then evaluate 7 —— .

3. S.T the functions u=x+y+z, v=x>+y*+z>-2xy-2zx and w=x*+y3+z3-3xyz are functionally

related.

o

Find the max & min values of the function f(x)=x>—3x*+5.

9]

Find three positive numbers whose sum is 100 and whose product is maximum.

o

Locate the stationary points & examine their nature of the following functions — u=x*+y*-
2x2+4xy-2y? (x>0,y>0).

.- . - Bl
7. If u= Z v==", w==2  find \
x ¥ =

13
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