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Multiple Integrals:

Definite Integrals: Let y =f(x) be a function of one variable define and bounded on [a,b]
consider the sum E ;-1‘=1 f (l}-) ) X; of this sum tends to a finite limit as n => suckthat length
of 6X; tends to O for arbitrary choice of the t;’s. The limit is define to be the definite
integral _]-:f(l,')d.x,

The generalization of this definition to two dimensions is called a double integral and

to three dimensions is called a triple integral.

X

b rya(x)
Double Integral: An expression of the form fa f)—‘f{'x} flx,y)dy dx  or
b rxy(v) . : . :
fa fxl:'j=} f (l’. }’)d x dy is called an iterated integral or double integral.
1 px ;
4) Evaluate f{r fﬂ ¥ty dy dx
1 F
Ans: = > (e — 1)2

1 . .
5) Evaluate |, | (%% + ¥?) dxdy

1 \CRPNP. 2
[ gdx [+ Dy

1 2 Yo

= J_odx [x7y + 13 ax
S — 1_';}3 3

= Lo PNx + =] - [+ ]l dx
=l + - -] dx

i:x}% 4+ :x]% B ax* 1
ol 5 3.% 3.4.]ﬂ

2 2 1 30+14-35 9 3
=7%1573 T des T 105 35S

[0 (xy + ey axay
Sy + e yayax

LHS= ff[hff(xy + &%) dxdy
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-[iy 2+ edy
[y 2+ e¥]?
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>+ 37 Jay

:f:{[x.g +e’] — E + e]}dx

= :]:Z—X-[—Ez —E] dx
2

=[§%+ e’x — ex] 3

=(§ *9+3e% — 3e) -(Z* 16+4e? -de)

21

=—+ E‘z —€
4

-+ L.H.S=R.H.S

3. Evaluate f f V dx dy where R is the region bounded by the parabolas J-"z —4xand X7 =

4y

The co-ordinates of points O & A are (0,0) and (4,4).
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[y avdy [ dx 23" y dy

X
n
4 y? 24/x
= [ oo @ ()2
1
4 4x x‘L
ool T o1
1 xz xz 4
25[4'? 18, 5]0
=3l _15]

1160—64 196 48
LR

[y dxdy-=

4. Evaluate f f x* + ¥y ? dx dy in positive quadrant for which x+y<I.

ffx2 + }’zdxdyZ
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your roots Lo success
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1 1-x
= f dxf (x*+ y*)dy
x=0

=

1 X

—xﬂ(x y+ dx

:fﬂl[x"z(l — x) o

:fﬂl[x'z — x? +i (1 —3x+ 3x%—x?)]dx

-
=

1—x]

| dx

(2:::"' 4 x 1 )
=y et 0
2 11 1 4-3 1
:___+___:_:_
3 3 3 2 6 6

- 1
" f f x? + yzdxdyZE
Change of order of integration:
5. Evaluate the following integrals by changing the order of integration.

Sol:

R
1 Y 1—x 2
IgJ, 7 " yPdxdy
The area of integration lies between y=0 which is x-axis and

y=v1l-— x? =x?+y? =
Which is a circle. Also limits of x are 0 to 1.
Hence the region of integration is OAB and is divided into vertical strip for changing the

order of integration, we shall divide the region of integration into horizontal strips.

The new limits of integration become x = 0 to x= V1-— }’2 and those for ‘y’ will be y=0 to y

=1.
Hence
1 1—x° 5 J-l d Vi—v? d
fﬂ. fﬂ. y dx d}" = y=0 y x=0 y X

Vi- J
Lo y?[Ge)y ™ 1y
1 n
:fy:ﬂy‘zvl — y2dy
Put y = sinfl chosﬂdH
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T

hence I= f;:‘j sin‘fcos?0de

m 1
202

6.1y I,

Sol. The region of integration lies between x=y a straight line and passing through the origin

2+ 2ydx

x=a and y=0. Also the limits for y are 0 to a, which is AOAB and the region is divided by

horizontal strips.
By changing the order of integration take a vertical strip PQ so that the new limits become

y=0 to y=x and x varies from 0 to a.

Hencel—f f
- I

2 dy dx

X

dxf

j_.’:ﬂl :.,:2 + _1}_,2

a 1 1 ¥
oo (Ctan lz)ﬂxdx

_ f;{r tan™*(1)dx

=1

7f f“ﬂ(t + y*) dx dy

I_
I——>"|,

| =

Sol. The region of integration is defined by y= which is a parabola and y= i

=]

=> x=ay is a straight line passing through the origin. The points of intersection are O(0,0) and

A(a,l). The limits for x are 0 to a.
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Integration is done by taking strip parallel to y-axis. By changing the order of integration take

a strip PQ parallel to x-axis. The limits for x in this case will be x=a j—’z to x=ay and that for y

will be y=0 to y=1.

r— =

3
I:faa fy

)

1 x=ay - C] ’/(3’
[ [ 2n (% + y?) dx dy L

i:\!ﬂ(xz + j_,-2) dx dy [m“)
a s
3 = Ya

‘L;

T T
N3 g Yy 5 /0
l'."-lf-3 E ﬂg a l'.'I-3 [
“127421 s “28 T30
a 572\-% 5 5 ﬂ il
s fy=§ (x*+ y*)dxdy="__+7

Change of variables:

Let x and y be functions of u and v and let x = Ef'(u, 1) and y = x(u,v) then

fR [ £ (x,v)dx dy is transformed into le [ FioGu, v),x(u,v)} | J|du dv

PP is the jacobian of transformation from (x,y) to(u,v) co-ordinates and R'is

P
a8 (x.)

Where o =

the region in the uv plane corresponding to R in the xy plane.

In polar co-ordinates x=rcos? , y= rsin®

dx dx
g ar a8 ]casﬂ —rsing
= P - | = . =1
ay oy sind rcos@
ar a8

~ [ JfGoyddxdy = [, [ flrcos8, rsing} rdé
8. Evaluate the following integrals by changing to polar co-ordinates.
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Since both x and y vary from 0 to “C , the region of integration is the xoy plane, change to

polar co-ordinates, x= €088, y =1sinf dx dy = r dr d9 and (x* + ¥*) =2, In the region

of integration ‘r’ varies from 0 to % and & varies from 0 to S
WO (el 2y = ¥ 2
] | + 7 -
' fﬂ f{r gV T ”IdxdyZJ-gz:Gfr:GE " rdrdf
Putt =T 2

odt=2rdr
r=0=>1t=0

=50 =>t = oL

-
JL

2 [= -tdt
- H=ﬂfﬂ € gda

S S

m
‘2

SR

9. Show by double integration, the area between the parabolas j-"z =4ax and
2 16 =

X" =4ay is 5@

Sol:

The P OI of given curves is A(0,0) and B(4a,4a). by taking a vertical strip parallel to y-axis.

We get the area between the two parabolas as:
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C

- .

Y, e

= 12
x=0" ,_X°
Y= %a
_da ]23Hd
x=0 ﬁ y
ia
da — X
fx 0 (2 \.-ﬂx——ﬂ) dx
3 da
— x2 x3 32 ., 16 16
_l2vaZ — | g2 82 10
3 12 3 3 3

) da v=2+/ax 16 5
. fx:gf x2 dx = 3
V=1a

Triple integrals:

Let f(x,y,z) be a function which is defined at all points in a finite region v in space. Let ox,

dV,

OZbe an elementary volume v enclosing of the point (x,y,z) thus the triple summation.

limgy—o 2 22 f(x,¥,2) 6x, 6y, 6z
§y—0
dz—0

If it exists is written as fff f(x,v,z) dx dydz which is called the triple integral of f(x,y,z)
over the region v.

If the region v is bounded by the surfaces x=x1, x=x2, y=y1, y=Y2, z=21, z=2> then

[ f(x,v,2)dxdydz = f:z _]':2 _]jzf(:!c, v, z)dx dy dz
Note:

(1) If x1, x2; y1, y2; Z1, 22 are all constants then the order of integration is immaterial

provide the limits of integration are changed accordingly.
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1.€.

Z2 ¥z ¥z

= f f f f(x,v,z)dx dy dz
Z1 V1 X
Y2 rZ2 X2

= f f f f(x,y,z)dx dz dy
¥ T2 Xy

Xa r¥a2 rZa
— f f f f(x,y,z)dz dy dx
X1 V1 T &

(i1) If, however Z;, Z; are functions of x and y and V3, Vs are functions of x while
Xqand X7 are constants then the integration must be performed first w.r.to ‘z’ then

w.r.to ‘y’ and finally w.r.to ‘x’.
ie.

I f(x,y, 2)dxdydz =

x=b ry=0:(x) rz=(xy)
— f f f f(x,v,z)dz dy dx
x=a 3 z

=04 (x) Jz=8; (x.¥)

10. Evaluate the following integrals:

T a2 1 a3l
fﬂlfgl i f” o xyz dz dy dx

(i) 0
[ A0 2 vy da| dy | d
x=0({"v=0 z=0 xXyz az y X
T .2
1) TR AN
_ xzﬂ{fy:ﬂ [ y—L }dy dx

V1—x7 [xy (1—x?—v?)
[ [ ; ” dy dx

1
~JYx=0

J_.?:ﬂ'
11 Vi-x? 3 2
:E :)L':ﬂ{f}’:{r ]:xy — Xy —Xy ]} dy dx
V1—x2
“2Jx=01] 2 2 2+

:Ej-fl_ x(1—x%) B x? (1-x2) B x(1—x%)? dx
27x=0 2 2 4
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_Ejl_n:—.t:g —.1:3+_1:5J x(1-2x%+x jd

2 4
1 fl x—2x3+x%) 243

) dx

2 4

3t x — 2x% + x5dx
g0

11 1 1 1
= |- 4+4= —
8[2 2 EI 48

f fﬂl = f” oy Xyz dzdyd:x:zi

(ii) fl' ffﬂg}f ff logy dz dx dy

Sol.

-1

j_.?

1= f;f—1 fm‘qy f Jogzdzdx dy

Consider sz=1 logz dz -[zlogz — z]¢"

=€x ]ogExe-Ex-l-l

—xe¥.e* 1

—e (x-1)+1
1=, lfmg}{(x—l)é' +1} dx
Consider ], T m“C‘T:”’{(A:'JE ety dx
= [xe® — e*— ¥ + 1]?51}’

= [xe* — 2e* + 1}“}5’3‘

= [vlogy — 2¥+logy] - [e-2e+1]

= (y+ 1)logy — 2y + (e — 1)
 ylogy + logy — 2y + (e — 1)dy

_ [ v 2
= |Jlogy =+ ylogy—y —y*+(e—1)y|

2

2
=[S loge —= + eloge —e —e? + (e — 1)e]-
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- [logl -2+ logl—1—-1+e—1]

2

ez e 1
:(? - +e—2e)(— PR

2el—e?_ge+1+12
4

N ffﬂgy [ logy dz dx dy { [e° -8e+13]

12
=7 [e? -8e+13]

APPLICATIONS OF INTEGRATION

Length of curves (Rectification):

The process of finding the length of an arc of the curve is called rectification .

Equation of curve Length of arc

Cartesion form:

i) y=f(x) & x= a, x=b;

b
S=/ (1+( )2 dx.

ii) x=f(y) & y=a, y=b; _ (b dx
Parametric equation: 5. 5 i 2
+ .
x=x( ), yy( )& = 1,8= 3 - “(df‘) G’ ¢
Polar form : _ ..
o S= Iy J0?+ (G2 d
i) r=ff) &b =a,8=, A
ii) 8 =00)&r=r,r=n S = fﬂ fl-l—( r)? ( )2 dr.

et —1
1. Find the length of the arc of the curve y =log (E_ X1

) from x =1 to x

=2Sol: Given y=10g(Ex - 1)—10g(€x + 1)

dy e” e et —1+e%+1 2™
d.ﬁ:_ex—l_ex+1_e[ g2x 1 ]_sz_l

Hence required length = flz ( )2 dx.
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fz 4e%%
=1 (e2% _1)2 dx.
2 'fez*‘*‘+1; 2 'fez*‘*‘+1;
f | '\2 dX = f -\2 dX
\ (e \ (e
| (2% +1) :
J‘E [ 2ette
=N | ,:921 -1 dx. fl .r_:"r—.r_:l_‘:" dx.
‘\J et '
= log[(e™ — e x)] 21
el—g?
—log( 1_g—1 )
(el4+e L)el-—e
= log ol o1 )
1
= + =
log(e . )

2. Find length of the loop of the curvex =t>,y=t—t/2

Sol :

Symmetrical about x- axis.

Intersection with the co-ordinate axis:
2

Puty=0 =>t-— = 0=>t[I- —]—

= t=0 or 3=t~ =>t=\-"'§

3\3

3

2 dx=0orx=V3-—=0

X =3

Here ‘x’ is even function of ‘t’. & ‘y’ is an odd func of t, so the curve is

Thus the curve cuts x-axis at A(0,3) and O(0,0) due to symmetry a loop is

formed in between these two points.

d

x

*+ Required length = 2f d 1‘)

=2 [, M-q-r2+(1 t2)2dt
\‘E .’+

=2)y W (1+ t%)%dt
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= 2[\;’5 - 3;—5] =2\/3 2]=4V3

3. Find the perimeter of the cardiod r=a(1-c0s3 ).

Sol: This cardiod is symmetrical

about the initial line and the maximum value of r is 2a when & =T and

minimum value of r is 0 when & =()

++ It lies with in the circle r=2a

“+ perimeter = 2 x length of curve

O 2 o (42
=2fH\|1 +(E) o

T
_2{I'

_ g G’T J (2 —2cos6)? 48

Ja2(1 — cos6)? + a?sin?6 49

_ _2afﬂ” \||'|2[1 — (1 — 2sin? (g) a8

-2a(2) [, sin (g) df

8
—CGSE T
=-4a[—T= ]}

2

T
- 8a [—cosg + cos0]

=-8a
*» perimeter = 8a

Volumes of solids of Revolution:

Region

Volume of solid generated

Cartesian form:

b

ordinates x=a,x=b

(1) y = f(x) the x-axis and the V=1 J‘a y2dx
lines x =a, x=b

(ii) x = g(y) the y-axis and the Ve fcd x2dy
lines y =c, y=d

(i)  y=y1(x), y = y2(x) the x-axis and

h . }
V=n[ (y:— yi)dx
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(iv)  x=xi1(y), x =x2(y) the y-axis and V=1 f; (x2 — x2)dy
ordinates y=a,y=b
Parametric form:
@) x=0(t),y=@(t) the x-axis ver [ y?at

and ordinates t=t; , t=t
.. . - av
(i1) X:Eﬁ(r),y:@(f) the y-axis V:Efttf xzd_idt

and abscissae t=t; , t=t,

Polar form:

(1) r=f(&) the initial line V= 23_” fuﬁ' 3 sing do
& = 0 and the radii vectors
8 =a, 6=p.
- 3
g= S perpendicular to the

initial line and the radii vectors

8 =0, 6=p.

(iii)  r=f(&) the initial line Ve 23_ff ff r3sin (6 — 1) d6
f = 7 and the radii vectors

8 =0, 6=p.

1) Find the volume of a sphere of radius ‘a’.
Sol: Sphere is formed by the revolution of the area enclosed by a semi-circle about its

diameter.

Equation to circle of radius ‘a’ is X 24 j-"z L (1)

In Semi-circle ‘x’ varies from —a to a.
a 2
Required volume = f_ aﬁ Y odx
a 2 2
] (0% —x%) &

xS
?] Ea

—n[a‘x —
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-
=

2) Find the volume of the solid generated by revolving the lemniscate

ta |*-|

ri-a (:052Iral about the line g =

Sol: Given 7"* = &”c0s28 the upper half of the loop. ‘8” varies from 0 to i

Required volume obtained by revolution of the loop about the line 1 Ve

-

k1| H

2 =
Volume =2 *?TIS r#cosé df
am 5 3
:?f‘;(a cosf)z cosf b
4T z
_Z e 43 —
=~ JEa®(1
LetvV25in® = s{.@

V2c0s6|df = cos® &
When & =0=>sin® =0=>® =0

A =— —>sm® \,2— >®— \JL

3
2

— a3 fz(l 2sin? @)

4-‘1':'.'1

f (CDSq'Q) 40

3
25in’6)z cosf df

1
— cos® d0
42

n—
sincef cos*o df = ,

* S (if n is even)

2 x-"Errag 3 1 m 42m°a
= — k% — % — —
3 4 2 2 8
Surface areas of Revolution:
Equation of curve Axis of Surface Area
revolution

Cartesian Form:
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(1) y =f(x) X —axis b IT

= I
s=27 [ y\ll'l + (5 ax
(ii) x = 0(y) Y —axis ; o
S=2ﬂ:fc x\fl-l_(d_j,)zdy

Parametric Form:

(1) x=x(t), y=y(t) X — axis

|
tz [ dx ay
S=2i"[ft1 }’\"II(E)2 + (E)zdt

(i) x=x(t), y=y(t) Y — axis
s=a7 [ x '(,:H)2 +( 2 a

Polar Form:
0] r=1f(&) f=0 62 . [ dr 4
S=2T rsing () + (—)* df
(x —axis) g1 *J( ) (de}
S B g_= - [ (12 + (22
(i) r=A8) 2 S=27 [, r‘cosﬂd(r) + ()% df
(y —axis)

1) Find the surface area of the solid generated by the revolution of the cycloid
x=a(3 + sinf@), y= a(:L + ¢c058) about its base.
Sol : Given x=a(f + sinf) y=a(l + cosd)

& g —ad + -*:058) — _-asmﬂ

For cycloid 8 varies from 0 to 2T

Surface area = 27T szy ll(dﬁ)z +( )2 af

2, g

=TT f;T El(l + EDSE’) 2a. cos(3) df
5> [2m 3 8

—omoa® [, 2cos () dé

= 87a’ f;n cos? (g) de

g
Lett=7 2dt=d0f

B=0=t=0
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B =27 =>t=T1

= 8ra’ f; cos3t 2 dt

=16ma’2 fﬂi cos3t dt

2 2
327 a .E.l

64ma’
3

2) Find the area of the surface of the revolution generated by revolving about the

x-axis of the arc of the parabola }TE =12xfromx=0tox =3
2VBx =223 =
Sol: y=<24VayXx =L EVo. 2%

3 | ay. -
surface area = 271 fﬂ y |1+ (:)2 dx

3 — — 3
=2m |, 2~¢-3¢x\j1 + = dx
X

|
= r3 — jx+3
~am3 [T VE [ e
3
(x+3)2

S E e

pa || +

3
2

8m 2

-—=1(6)2-(3)7
N

S (3)F ()7 1
V3

=241 [2¢/2 -1]

3) Find the length of arc of the curve x = 28 — sin28, y=2 sin*8 as & varies from
OtoT

dx

g =2 2c0s20 = 2(1-co )

Sol:

day
40 ~4sinf cos =2 sin2f

dx = (1- cos28)
dé
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48 \‘I (d8)2 (_)

=J4 (1 —cos26)? + 4sin?28

=2,/(1 — 2c0s28)2 + cos?28 + sin?28

=2,/(1 — 2cos26)+1

=2,/2(1 — cos26)

=24/2.2 sin?8=22s5inf =4s5inf

T ds

Lengthofarc—f —{fﬂ f 4 sinf do

=4 [-‘3059];} = -4 [cosIT — cos0]
= -4[-1-1]
=4[-2] =

4) Find the length of the curve 9x* =4 (1 + j'zj ? from the point (§

1045
point (—,,2)

Sol : Given curve is 9x? =4 (1 + yﬁ) ?
- 4 .
ngg(l + }’2)3

> 2
x=3(1+ y%)?2

dx 2 3 1
e € )

1
2

=2y(1+ yz)

ds | X g 2 2
2y de) =1+ 4y2(1+ y?)

=1+ 4y? + 4y*)

-J(2y?)2 +2.2y%.1 + 12)
-@2y* +1)

Length of curve = J-; (2}’2 + 1)dy
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-
=

:l-' F
=25 + 93

8
:(2'5 + 2)-0
16+6 22
- 3 3
PROBLEMS

1). Show that the volume of the solid generated by the revolution of the loop of the

curve J-"z (a—x) = x? (a + x) about the x-axis is 21 [log2 - il a?

Sol: Givencurveis V(a—X) =x"(a+ x)
It contains only even powers of y hence it is symmetric about x-axis for x=0 =>y =0
and for y=0=>x=0orx=-a

“+it passes through (0,0) and (-a,0)

. ¢ 2
wv=m [_ y?dx
2y -
0 x“ilatx)
v=m [ ——dx
TTa {a—x)
r 2 3
0 {ax~+x7)
v=m [ ———dx
Ta {a-x)
o
] 2a
v=m | —x?—-2ax —2a®*+— dx
s—a (@ =38
3 2
x 2ax -
v=nl; - —— - 2a’x — 2a’logla — x|]2,
2

V=2 HHE[logZ—E]

2). Find the volume of the solid generated by revolving the lemniscates

r? =a 2c0s2*5| about the line 9=;—L



Given

k= | A

curve is 7* =@ cos28 the upper half of the loop & varies from & T0

Required volume obtained by revolution of the loop about the line OY i.e. § =

-

27
- Volume =2. f“" —T r? cos@ d@

=2. f (n 4:'05249)2 cos@ df

_4ma? f* (1:'0526*)2 cos6 do

T

Mj J& (1 - 2sin? (49))5 cos6 db

Let M"'?S ing = sin®
== \.'2_ cost dg =cos€j d@

When & =0=>sin@=0=>@=0

— 1 0
A =— —>s1n‘:3‘J V2 o ==
V2 2

_ e f2 (1-— 23{'112({1’3))%% cos® dd

212 Tas fz CDS2(®){f®

3). The part of the parabola cut off by the Latusrectum is rotated
(i) about the Latus rectum (i1) about the axis.
Show that the volumes generated are in the ratio 16:15

Sol: Equation of the parabola is j-‘z = 4ax

83



Let vi be the volume generated when rotated about the Latus rectum and vz be the volume
generated when rotated about the axis equation to Latus rectum is x=a.

When the area of the parabola cut off by the latus rectum revolves about the latus rectum any
point(x,y)

On the parabola describes a circle radius a-x

SV =TT ff;ﬂ(ﬂ — X)Edy

. 2
=TT [-2.:1 (ﬂ _ 2 )zdy

"_EI'.'I- 4,,:1
. 2 4
2& . nr :l-,
2 y
=2T a“ — — R d
ff-‘ 2 1602
2 y* v° 124
vi=2Ta“y— —+ ——
1 [ Y - Sﬂﬂz]{r
2 8a®  32a’
=2M2a° — — +
2 [ 6 80.:12]
3 4:13 2:13
21| - ]
g 20T0re 316 32ma’
=2 [ 15 1=2 15 15

va=T [ (¥)? ax

T fﬂa 4ax gx

_ ﬂ:{al-ar

vl 32ma® 16
V2 15+2ma® 15

3

15 =2ma®-0j=2 ma®

4) Find the surface area of the solid generated by the revolution of the cycloid x=a(Er
64 o
+sin9), y= a(1+cosgj about its base is 7~ 7Tc",

Sol:  Given equation of cycloid is xza(fﬁI +asinf ), y = a(l+cos& )

dx
48 = a(1+cos8)

dy = —asine
dd
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as” (da)z Gs

- Ja?(1+ 2cos 6 + cos?8 + sin?6)

—a+/2(1 + cos8)

‘ , 8
—a \I|' 2.2.cos? )

=2.a cﬂs(gj
For the arc of cycloid & varies from 6= 0 to 8= 27
“rsurface area = f e= 2 ﬂ:y - dﬁ
27 g
= Zﬂf;T a(l + cos 8)2a cos(_—) a6
- 4mwa’ f 2.cos (E) ::05( ) &
3 (27 3
—4ma’® [ 2.cos (5) a0
-8ma? |, cos®t (2dt)
Let t=£ 8=0 t=0
2
df = 2dt 0 =2m t=T
o 2a a
= 16ma® = 2 fﬂz cos>t (dt) [sincef{r fx)dx =2J::r f(x)dx

64 ma

=32 Mzé) 1=(——)

5). Find the area of the surface of the revolution generated by revolving about the
x-axis of the arc of the parabola J-"z = 12x from x=0 to x=3

Sol: Given parabola }’2 = 12x

= y= 2\-"I§ \-E

i) = V3
2 — =2V ===
X 24x yx
ds | dy
s 1+ (D2
dx Y dx
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jx+3

= |1-|—— = |—
N N

[3 27T s X
Surface area = J y dx d

=27 f; 2 u‘?y‘? \| LH dx

—4m\/3 fs (x + 3)5dx

-

o

[}
—

ra|

|
o

=

-
L
||
o w

B | b

[S—

o
]
b | L

‘o

1
Ld

|m .-*|
E=

b | 0

L
b |
™2

L
w|
[
R
| S

Ba | D

I
o
=~
w

o

|
|

-

=247 [22 _ 1]

6) The lemniscate 12 =a? cos28 revolves about the initial line find the

surfacearea of the solid generated.

g

Sol: Givencurveis 7™ =~

cos2Differentiating w.r.to

dr
0> or— 9 712 sin2g

d8 T
ds [T { 4 2
2= s dr.s _ | o a~sin<28
a8 \|” +(25) J@ cos26 + —
] 4 1 2.
i a“sin< 26
= |a® cos20 + ————
\ a“cos28
|Jc705229+5in228
= |
\ cos28
a
Vcos20

. T
Ifr=0=C05208=0ic26 = T2
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1)

2)

3)

4)

T
5> f-—C
4 4

The curve consists of two equal loops.

— dar
*+ Required surface area = 2 f{f ZIIT}’ — df

T

—4ﬂTf r sinf

Voos2

-
JL

=47 [* a/cos26 sing

T

dé

de

“cos2

=4ma? [ sin6 de

-
4

= 4ma’ [—»::4:15*9]%r

2 —1 2
= Hﬂ — = N —
ATTAT[ =+ 1]=4Ta”[1- =]

MULTIVARIABLE CALCULUS(INTEGRATION)

| [1%]

il

The length of the curve y = § ¥2 fromx=1tox=41is

, 3 5.3
(a)§52 (b)7 2

2

©); (52 22)

(d) (5'2 +2

4 =
The length of the curve y = 3 X2 fromx=0tox=20is

@R PSS @RS (d)None

The length of the curve x=t> — 3t, y=3t from t=0 to t=1 is

@ 4 (b 8 (c) 6

()2

. I,
The length of the curve x=e' sint, y=e' cost from t=0 to t="_"is

87

E
2)



' ' ' '

(a)2ez (b) €z-1 (c) 2(ez-1) (d) V2ez-1

2
5) The perimeter of the asteroid X2 + ¥ is

(a) 4a (b) 6a (c) 8a (d)12a
6) The perimeter of the loop of curve 9y? = (x-2)(x-5)? is

w |k
W |k

=0

= LE = V3
@2v3 (b o (c) 43 (d) B
7) The perimeter of the cardioids r=a(1-cos &) is
(a)da (b)2a (c)6a  (d)8a
8)  The upper half of the cardioids r=a(1+cos &) is bisected by the line

@8-3 )67 ©f8=% (@ None

9. The volume generated by revolution of r=2acos & between
n
§=0tof =—is

1Ta? 2ma® 47a® Sa®

(@)= (b) = G, G

0. [ [Ty dydx
4 4 2
(@73 (b)Z ()3 ()

=)

1

—

oL ey axay

@@+  ©5@Hh) @A D) (@@ h)

11 dx dy
12. fefa x ey

V(122 1-v?)

k3|
~
(@)
N—
I

@5  ® : @7
13. _]-GI _]-GI g~ (¥ +%) dxdy

(@3 (b) 3 (©) (d)3
14 [T rdrae

— -5
e T

(a) — (b)
4

a
4 2 2



1 p1-x? )
15. The iterated integral for f_ . fn f (x, j.-‘) dx dy after changing order of

integration is-------

2

1 1—y
Ans: fﬂ _Jﬂxl—-_,__.z fx, y)dxdy

FILL IN THE BLANKS;

a o x2402
16. f o f ,:: " dx dyafter changing to polar co-ordinates is...............

a jbt—yl

R
17. fc} fﬁ ¥ xy dx dvafter changing the order of integration is...............

102 03 .
8. ), J, [xyzdxdydz......
19. The area enclosed by the parabolas g = y and j—’EZX iSH

20. The area of the region bounded by V * =dax and X7 = 4ay 1S..ciiiiiiiin

21. the area of a plate in the form of a quadrant of the ellipse = + b 1

2 [ [ [Jxyxdedydz..oooooo.....

23. f_11 j_zz f_gg dx dy dz

(a) 12 (b) 24 (c) 48 (d) 36
24. The volume of tetrahedron formed by the surfaces x=0, y=0,z=0 and
T Y 20
- + b + o S

25. The volume of tetrahedron bounded by the co-ordinate planes and the plane

Xty+z=l1S....ocoiiiiininnin
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INTEGRATION AND ITS APPLICATIONS
(Assignment Problems)

. 1 [x'1+x2 dy dx
1) (i) Evaluate J;} Jo m

2
(i) Evaluate f,j f; x(x? + y?) dxdy

2) (i) Evaluate f I(IZ + J’z) dx dy in the positive quadratic for which
x +y<l

(i1 ) Evaluate f I(l’: + J’Z) dx dy over the area bounded by the ellipse

2 N 32

f asin® v dr d0
3) Evaluate J:J fﬂ T2z

& &

da -~y TR
4) Evaluate fﬂ f y2 m dx dy by changing into polar co-
4a

ordinates.

1 p2—x
5) By changing the order of integration, evaluate fﬂ fxg Xy dx {f}'

e ."l—xz—y
[‘\
]

. Z
6) Evaluate fel E; T x xyz dz dy dx
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