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UNIT =V
TIME VARYING FIELDS AND FINITE
ELEMENT METHOD
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Stationary charges > electrostatic fields

Steady currents " magnetostatic fields

Time-varying currents " electromagnetic fields

Only in a non-time-varying case can electric and magnetic fields be
considered as independent of each other. In a time-varying
(dynamic) case the two fields are interdependent. A changing
magnetic field induces an electric field, and vice versa.
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Electric charges may not be created or destroyed (the principle of conservation of charge).

Consider an arbitrary volume V bounded by surface S. A net charge Q exists within this region. If a
net current | flows across the surface out of this region, the charge in the volume must decrease at a
rate that equals the current:

p s
: dt
S 14 i
d : : :
Divergence theorem top Partial derivative
[v e T because may be a
7 Rk function of both time
t and space
This equation must hold regardless of the choice of V, therefore the integrands must be
equal: :
q - Ch the egu§tlon of
ot |__continuity
For steady currents = [ Kirchhoff’ s current law
e U follows from this

that is, steady electric currents are divergences or solenoidal.
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For magnetostatic field, we recall that VoH

Taking the divergence of this equation we have

V-(Vx;):O:V-J_

However the continuity equation requires that

o op
V-J=T—L=0
ot

Thus we must modify the magnetostatic curl equation to agree with the continuity equation. Let us
add a term to the former so that it becomes

T A ) N e

where s the conduction current density , andl - dsEts_ be determined and defined.
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: king the divergence we have

—Disple

F4—8
w1 NI

V-(VXH_)ZOZV-J_+V-J_d e
In order for this equation to agree with the continuity equation,
Gauss’ law
} . S i
V-sz—v-J:apV=a(v-D)=v-£
ot ot ot
— oD . |
Js = — <+ displacement current density
ot
vxH=J+22
ot
. s oD
[oxA.as=[]7+2 |G — de|=|+ja_'d3
s S ot - 5 b

Stokes’ theorem
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ISp

A typical example of displacement current is the current through a
capacitor when an alternating voltage source is applied to its
plates. The following example illustrates the need for the
displacement current.

/Jd=0

Using an unmodified form of (fH_.dT: IJ_.EZ o e

Ampere’ s law t '
- (no conduction current

- [fH -dl = [3-d5 =1, =0 flows through s, (

[ S, =6))

To resolve the conflict we need to include  in Ampere’ s law.



121

Surface S2

The total current density is  J + In the

first equation J$0-ib remains valid.
In the second equation so that
Fe=)
dt
Q
S % A S e e T
faH e e i
dt
L S, Sy
d el Sy
- pD-ds =Q
dt
S;1+S,
[D-ds=

So we obtain the same current for
either surface though it is conduction
currentin  and displacement
current in : s,



Faraday discovered experimentally that a current was induced in a
conducting loop when the magnetic flux linking the loop changed.

In differential (or point) form_this experimental fact is described by
— 0B
NoXoEnz —
t

the following equation

Taking the surface integral of both sides over an open surface and
applying Stokes’ theorem, we obtain

Integral form

> jﬁg.d_/:_ij‘g.d?:__

oy
ot ot
S

wherev is the magnetic flux through the surface S.
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Time-varying electric field is not conservative.

Suppose that there is only one unique
B voltage vV, =V, -V, Then

However,
Path L1
S e e )
§E -dl =[E-dl - [E.-d = -1
L L L ot
1 A
Va8 Vs
Path L2
Vormenloapmnal)
A oy /ot =0
The effect of electromagnetic induction. When -(Ij-h:.s dVAB Icaﬂf be unamblgu_ously :
time-varying magnetic fields are present, the CEHRCER Oy : _ .(in practice,
value of the line integral of  from A to B may if than the-dimensions of

depend on the path one chooses. system in question)
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A circaicarrying current | produces a magnetB_ic field which causes
t'a #ix?to pass through each turn of the circuit. If the medium

surrounding the circuit is linear, the flux

current | producing it

1A

Magnetic field B produced by a circuit.
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IS proportional to the

vy -y 2 (voltage induced
ot across coil)

oI oI
= K e
ot ot

N A
o
I I

, H (henry)

Self-inductance L is defined as the
ratio of the magnetic flux linkage ta
the current I.




In an inductor such as a coaxial or a parallel-wire transmission line, the inductance

produced by the flux internal to the conductor is called the internal inductance L, while
that produced by the flux external to it is called external inductance

Lext (L = Lin +Lext)

Let us find L...of a very long rectangular loop of wire for which R=0 a adw
w << h . This geometry represents a parallel-conductor transmission line. Transmission

lines are usually characterized by per unit length parameters.

Wire radius = a e
ext
4—,<19 I
s
I H W
— & S )
©
— h ~i

Finding the inductance per unit length of a parallel-conductor transmission line.
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1 V-D=p,
2 V-B=0
3 vxE--_2B
ot
4 vxH=1+2L
ot

In 1 and 2, S is a closed surface enclosing the volume V

In 2 and 3, L is a closed path that bounds the surface S
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Remarks

Gauss’ Law

Nonexistence of
isolated magnetic

charge

Faraday’ s Law

Ampere’ s circuital law




Electric fields can originate on positive charges and can end on

negative charges. But since nature has neglected to supply us with

magnetic charges, magnetic fields cannot begin or end; they can
,s0nly form closed loops.
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n electromagnetics, information is usually transmitted by imposing amplitude, frequency, or phase
modulation on a sinusoidal carrier. Sinusoidal (or time-harmonic) analysis can be extended to most
waveforms by Fourier and Laplace transform techniques.

Sinusoids are easily expressed in phasors, which are more convenient to work with. Let us consider

the “curl H” equation.
e ;:f(x,y,z,t)
t

Its phasor representation is

+ joe E

Lt]

VxH=J+joD =

H_is a vector function of position, but it is independent of time. The three scalar components of are
complex numbers; Hthat is, if

H(x,y,2,t)= f (x,y,2)cos (m+¢1)€x+ f (x,y,2)cos (m+¢2);
e B s o

then / /

e ( N )
Hoberpme oy e e due (x,y,z)e“"zey




H(xy,zt)= Re[H(x, y, Z)el
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Integral Form

[D-ds=]p, av

JH-di= [ (@+joD)ds



1
Magnetostatics G% =

' W
Free magnetic (b)
charge density (
e 0

Electromagnetic flow diagram showing the relationship between the potentials and vector fields: (a)
electrostatic system, (b) magnetostatic system, (c) electromagnetic system. [Adapted with
permission from IEE Publishing Department]

130



e e S r———

et |mé’-_\_/arying fields are present in a material that has hig

onductivity, the fields and currents
tend to be confined to a region near the surface of the material. This is known as the “skin effect”.

Skin effect increases the effective resistance of conductors at high frequencies.

Let us consider the vector wave equation (Helmholtz’ s equation) for the electric field:

z

V’E = jou (GE+j0)8 )E (VZE=V2§ e e e_)

y e T AR 4
T Yol

If the material in question is a very good conductor, so that o, >>We can write
e V EErErann e
- — _h
Since E - J lsZwe also have e S
AT jops . J

Consider current flowing in the +x direction through a conductive material filling the
half-space z<0. The current density is independent of y and x, so that we have

5 PHPH 1+ i)z 1+ i)z 12p770 1+ )z
a ‘LL . i 5 5 ~ S S y =a + jB
srajopersaaliaeei Joeoie Fpe = +Be

e-Z - Z i i i
a =B =
Current density at surface ], 8
: Skin depth
(Air) Z2>0 ) Y ~ R 2 = it
(Metal) Z<0 OUC UG

Magnitude of current density decreases
exponentially with depth
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—(+j)z18

oA

X

+ Be

(A+j)z/8

ey A + Be

As z - -», the first term increases and would give rise to infinitely large currents.
Since this is physically unreasonable, the constant A must vanish. From the condition
when z=0 we have J,

and
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Skin depth (micrometers)

Jovenpas ekt g

o

Zoatod)
: _
! ! l 10mm
1000 \ : i 1mm
100 | \l l 1mm
: :
10 l * \‘
. o~
1 <1
T N
N | Y
10' 10 108 10* 107 10* 10Y 10" 10"

[ (Hz)

Skin depth §versus frequency for copper

Current density magnitude
decreases exponentially with
depth. Its phase changes as well.

Abeli ey

g e
e

At |2 =

J,=-0.043 J,

[10kHz — & = 0.6mm

/160 Hz —» 6 =8.6mm
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Skin Depth and Surface Resistance for Metals

- f\ RSE/Bﬁ

Metal | c:(@m), B
Silver 6.81-.10 SR T e 2.41-10 "
Copper 5.91-10 6.55 -10 2.59 -10 -
Gold 4.10 -10’ 7.86 -10 3.10 .10
Aluminum 3.54 10’ 8.46 -10 334710
Iron e 0 L Lng g 622 0




S i ; 1 1 iy
1 .(z)=1J.e'e , the total current per unit width is e
0 1+ i)z 1S e \/2—
1, = [3,0 = JJ ety = < 45°out of phase with Jo
1+ j
= 2
: S
Since J, = §.E we can write / UG,
P c .0 e 1 E «— Voltage per unit length
1+ Z :
o Surface impedance
E Ly ®
e = :(1+1)L=Rs+jxS (Ry = X )
lw G E8 20 E
[z 1=2 or
Direction of current flow
‘.—ef f' “ohms per square”
e——
y — L lWW
t e
w b -—— v
o —
f— Vv E.I ( | W
- — — = i Z s _
| Py \w )
If I=w (a square surface)

lllustrating the concept of “ohms per square” L
1
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Surfnce resistance Rg
(ohms per sgunre)

107°%

107

e
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108 10° 10% 10° 107 10% 10° 10 10"

Rsis equivalent to the dc
resistance per unit length of the
conductor having cross-sectional
area 1x 3§

For a wire of radius g,

W = 27a



B oy _10 ‘um ire (copper) bond

2r =d =0.1mm =100 um

f o0 GH n =

G _=5.91-10 Y e O e Plated metal connections

p=p, =4n-10 "H /m

d 2
§ = ——"=0.6um << — =50 um
5 (a)

@+ ) Thickness of cugrent layer
— N

i - (1 + j)x0.026 O

S
(o)

z =zS(L\= 25(104—”“")

2nr
(w) ke 00mm:s)
= (0.86 « j\o_.se_/)gz
b oL
Z =R + jX
L. = X / o (Internalinductance) P

(b) ()

Finding the resistance and internal inductance of a wire bond. The bond, a length of wire connecting two pads on an
IC, is shown in (a). (b) is a cross-sectional view showing skin depth. In (c) we imagine the conducting layer unfolded
into a plane.
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THANK YOU
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