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1. Field Lines and Gauss’s Law

2. The Divergence of E
3. Application of Gauss’s Law

4. The Curl of E
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A single point charge g, situated at the origin

EXlr )= er
47'[80 r

Because the field falls off like 1/r * the vectors get shorter as | go
father away from the origin,and they always point radially outward.
This vectors can be connect up the arrows to form the field lines.
The magnitude of the field is indicated by the density of the lines.
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strength length of arrow strength density of field line



1.Field lines emanate from a point charge symmetrically in all

directions.
2.Field lines originate on positive charges and terminate on

negative ones.
3.They cannot simply stop in midair, though they may extend

out to infinity.
4.Field lines can never cross.

N

Figure 2.14 Equal charges Figure 2.15

Equal but opposite charges
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Since in this model the fields strength is_prop. ortional to the
number of lines per unit area, the flux & [E-da ) is
proportional to the the number of field lines passing through

any surface .
The flux of E through a sphere of radius r is:

o7 L 1 q = 2 : = 1
IE-dazj ( F)-(r°sin® dO do¢ )= —qg
Aot €0

The flux through any surface enclosing the charge is q /¢
According to the principle of superposition, the total field is
the sum of all the individual fields:

EzE [Eda=3 (& da)—Z(—q)

) i=1 i=1

A charge outside the surface would contribute nothing to the
total flux,since its field lines go in one side and out other. -



Turn integral form into a differential one , by applying the
divergence theorem

P

i = = [ (v -E)ds

surface volume

Eaibey 1
= - Qenc v _[ (P
0 volume

Gauss’s law in differential form 'ET —p
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Calculate the divergence of E directly
R" A
V(o lrdr R=r-r

47[80 R y

: 1
N

The r-dependence is contained inR

‘ R B
B )= —p (rHdr’
4n80 I 2
all space
From A
R 3
V-(—) =418 °(R)
R2
Thus
.l_: 1 y Adiih 1_, 1_, 1 y Adka
= [4n8°(r - r))p(rdt’ = —p(r)

g
4n80 0

15



Example 2.2 Find the field outside a uniformly charged sphere

of radius a
Sol:

j E'dé_: — Qenc

surface

(a) E point radially outward ,as does da

[ E da = HE‘dé_
surface
(b)E is constant over the Gaussian surface

Figure 2.18

i Elda = |E] i da = |E|4nr?
surface surface

Thus ‘E‘47t rzzi s é_: 1 q ”

€0 47[80 r2
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1. Spherical symmetry. Make your Gaussian surface a
concentric sphere (Fig 2.18)

2. Cylindrical symmetry. Make your Gaussian surface a
coaxial cylinder (Fig 2.19)

3. Plane symmetry. Use a Gaussian surface a coaxial

the surface (Fig 2.20)

Gaussian
surface

% 7
/
e . a— — -/
Gaussian surface -

Figure 2.18 Figure 2.19 Figure 2.20
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Example 2.3 Find the electric field inside the (;ylinder which
contains charge density as p = kr
Solution: El

/Gaussian surface

b Ak, S 1
|j = Ua = —Qenc ' r,
surface &9 S ' BN ST N (.
\ W s

The enclosed charge is  \E _ Figure 2.21
r 2
i o ’ ’ ’ S 12 o 3
Qeng = [ pdt = [(kr)(r'dr'de dz) = 2m kI[ r'“dr’ = 37cklr
[ E “da = [|Epa=|E|[da=|E|2nrl (by symmetry)
thus -
L 2 1
Elnri=—Znkir® ==>| E=—kr’r
€0 3 380
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Example 2.4 An infinite plane carries a uniform surface chargeo.
Find its electric field.

Solution: Draw a "Gaussian pillbox
Apply Gauss’s law to this surface

A S 1
J‘ Eaa 0
&0

surface Figure 2.22

By symmetry, E points away from the plane
thus, the top and bottom surfaces yields

A

jE-dé_=2A\E\

(the sides contribute nothing)

1 l__
2AlE|= —0c A = -

€0
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Example 2.5 Two infinite parallel planes carry equal but opposite
uniform charge densities +c .Find the field in
each of the three regions.

Solution:

80

The field is (6/€0 ), and points to the right, between the
plane elsewhere it is zero.

- c/
04 104 L

(1D

—0a

Figure 2.23

(111)

-———

+C/ )
280

+(©
280

)

—_—

—a

Figure 2.24

—(C
2¢

Field of
left plate

Field of

riiht plate
0
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e ’\_E—_,
A point charge at the origin. If we calculate g
the line integral of this field from some point /) ;
a to some other point b : /
B = |
I E -dl - % Figure 2.29
a
In spherical coordinate
2 % s = 1 q L
dl =dr F+rd0 0 + rsind6do ¢ E-dl = dr
47'[80 r2
b
T = 1 b 1 o )
[ E -dI = qurz = - =
o dme ar2 ey T 4n80\ra g

a

This integral is independent of path. It depends on the
two end points

A A,

E-dl =0 _ (if ra=1»)
Apply by Stokes’ theorenv, x —
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The principle of superposition

s o

e ke e

iy

=Ny EI_+EI_+=V><EI_+V><EI_ +0 =0
g=Vx(E +E +B8)=(VxE )+ (VxE )

must hold for any static charge distribution whatever.
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5 are free to move in a conductor

(1) g = o inside a conductor

A

otherwise, the free charges that produce E

will move to make = O inside a conductor

(2) p =0 inside a conductor

i il

(3) Any net charge resides on the surface

(4) V is constant, throughout a conductor.

) Ry

b
V(b)—V(a):—IaE-dI =0

~V(b)=V(a)

+ + + + 4+ + + + + +

L

\




(5) c is perpendicular to the surface, just outside a conductor.
Otherwis€;  will move the free charge to make g, = 0
in terms of energy, free charges staying on the surface have

a minimum energy.

Ein=O Win=O

P Energy =
20me, R

Ein = 0 Win;tO
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Example : A point charge g at the center of a spherical conducting
shell. How much induced charge will accumulate there?

Solution :
;. =0 Q  induced
2 / - a
e = — G
TT Ga q a T a2

charge conservation

47cb2-cb=—4rca2c5 G

a
Eijn =0

Qenc = 0+ Uinduced = 0

Qinduecd = — 9
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Example 2.9 Within the cavity is a charge +q. What is the field
outside the sphere?

-q distributes to shield g and to make E;, =0

e, V. . =cofistant

from charge conservation and symmetry.
+g uniformly distributes at the surface

S L O = e ; r P 2
47580 r g
E-dl =0
b _
4 B a,b are arbitrary chosen
a
Eincavity =0

A

. a Faraday cage can shield out stray E

Conductor
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0

E - 7

above Ebelow
€0

l—

AE;, =0 or Epelow =0

If we know V, we can get o.
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orce on a surface charge,
A 1 A A

e g =

average

why the average?

p A y A i

) A ) <
Eabove = Eother K Epetlow = Eother ~ K
280 280
Eother = ;(Eabove + Epelow) = Eaverage
In case of a conductor electrostatic pressure
1 e o . 62 & 2
! o F bove . P ¢
2 280 280 2

28



e

Consider 2 conductors (Fig 2.53)
The potential difference

- I((_+)) = (V is constant.)

= 1 F <

e J==P9*  double p - double Q - double E - double V

Define the ratio between Q and V to be capacitance

- a geometrical quantity

V
inmks 1farad(F)=1 Coulomb/ volt

; : 10°°F :microfarad
Inconveniently large ;

i F picofarad
29



Solution:

o Q

€ ASO

Eiadas R d
ASO
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Example 2.11 Find capacitance of two concentric spherical shells
with radiiaand b .

-Q
Solution:
o 1
= S
47'[80 r2
e a 1 (1 1\
V=—j Eodl - - 9 I dr = =
b 47T80 b r2 47’580(3 bJ
ab
C=g=4ﬂ:80
Vv (b-a)
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2. 10-—Conductors and Dielectrics——

® Conductors
e Current, current density, drift velocity, continuity
® Energy bands in materials
® Mobility, micro/macro Ohm’s Law
® Boundary conditions on conductors
® Methods of Images
® Dielectrics
@ Polarization, displacement, electric field
® Permittivity, susceptibility, relative permittivity
® Dielectrics research
® Boundary conditions on dielectrics

33



Conductors and Dielectrics

® Polarization
@ Static alignment of charge in material
e Charge aligns when voltage applied, moves no further
e Charge proportional to voltage

® Conduction
e Continuous motion of charge through material
® Enters one side, exits another
e Current proportional to voltage
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11+-Current and currentder

® Basic definition of current C/s = Amps

dQ
I = —
dt

® Basic current density (J perp. surface}—" —x

Al = JyAS

® Vector current density

_— n
1= [3-as = =
S
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- LHTEI IT C NS Arae Vel oG /——
X ensity and c

® Basic definition of current

l Al - p.Av  p. dS Ax

At At At

= Py dsS v

* Combining with earlier expression

= [[a-as
S

* Gives current density

] =ppv

36



~ Chargeand current continuit

® Current leaving any closed surface is time rate of change

of charge within that surface

10; d
1=?§J-ds o B
S‘ ([r (It \ro]

® Using divergence theorem on left

, d
£OI(V - J)dv = e /ml P, dv \ /

® Taking time derivative inside integral

30,
f (V - Ddv =/ _(‘p dv
vol vol ot

® Equating integrands

=
(V- D=~

37



Given spherically symmetric current density

1 :
= o g

Current increasing fromr=5mtor=6m att=1s

F=].5 = —e 1475 = 23.14A @ 5m,

D

Current density from continuity equation

1 ¢ 1
[ == ;‘_:’ & (N -—T:,L
Drift velocity is thus
1
J pog -
1 e s : s
£ Yo
e

T+ CONSL(1r)
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Encrgy gap

Energy Energy gap
Filled Filled
valence valence
band band
Conductor Insulator Semiconductor
(a) (b) ()

Discrete quantum states broaden into energy bands in condensed materials with overlapping
potentials

 Valence band - outermost filled band
« Conduction band - higher energy unfilled band

Band structure determines type of material

a) Insulators show large energy gaps, requiring large amounts of energy to lift electrons into the
conduction band. When this occurs, the dielectric breaks down.

b)  Conductors exhibit no energy gap between valence and conduction bands so electrons move
freely

c)  Semiconductors have a relatively small energy gap, so modest amounts of energy (applied
through heat, light,or an electric field) may lift electrons from valence to conduction bands.



v — 4 |

5'UNM s Law (1] DSC

---._

Free electrons are accelerated by an electric field. The

applied force on an electron of charge Q = -e Is
F=—¢E

But in reality the electrons are constantly bumping into
things (like a terminal velocity) so they attain an

equilibrium or drift velocity:

Va = _,ueE

where L. is the electron mobility, expressed in units of
m2/V-s. The drift velocity is used in the current density

through:

So Ohm’s Law in point
form (material property)

With the conductivity given as:

0 = —Pefle

J = ppyvi = —pepieEE = oE

J=0E

0 = —Pelle T Phith

S/m (electrons/holes)
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Ohm's Law becomes

Rearranging gives

Or

Variation with geometry
Conductance vs. Resistance

sremens

L pl

al

—  ohms
S

(conauctance )

(resistance

)

)
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P17 ‘EGTiEIary conditions forconductor:
o

* No electric field in interior
— Otherwise charges repel to the surface

« No tangential electric field at surface
o Ef —_ O
— Otherwise charges redistribute along surface

« Normal electric field at surface
s goEn — Dn — ,U‘\

— Displacement Normal equals Charge Density
(Gauss’'s Law)

42



unda};aondition for Tangential Electric Field E

b & d a
Over the rectangular integration path, we use % E-dLL=0 or / - f - / + / =0
a b ¢ d

To find: | l
E,Aw — EN.alb'z'Ah 4 EN.ata'z'Ah =0
N 7
e
These become negligible as Ah approaches zero.
dielectric
EN
n Therefore
7 Aw b i 0
f pr—
EAII
C
d .
Aw More formally: E x n| — 0
s
conductor

43



—

ondition for the NormatDisple

-

/".}J""ﬁ C

Gauss’ Law is applied to the cylindrical surface shown below:

% D-dS = / + J/ + =0
S top bottom sides

This reducesto: [ Ny AS = Q = 0g /A S asAhapproaches zero

D dielectric
- f\ Therefore
~ \

\ AS

More formally:

conductor D-n = Ps

44



e

ummary

]

1. The static electric field intensity inside a conductor is zero.

The static electric field intensity at the surface of a conductor is everywhere
directed normal to that surface.

3. The conductor surface is an equipotential surface.

K n|s =0 Tangential E is zero

At the surface:
D - nls = Ps

Normal D is equal to the surface charge density

45



e

ample -
V =100(x* — y?)
Potential at (2,-1,3) is 300 V. Also 300 V
along entire surface where
300 = 100(x2 — y?)

Thus we can “insert” conductor in region
provided the conductor follow hyperbola

VR

The Electric Field is at all times normal
to conducting surface

E=-VV =-=200xa, + 200y a,
Electric field at point 2,-1,3)
— Ex=-400 V/m, Ey = -200 V/m

— Down and to left

oundary Conditions for Conductors

® Potential given by

z=3 plane

46



e

® Slope of line equals electric field ratio

dy Ey 2003 y

dx E; =200 x X

- Rearranging

dx dv
=+Z =0
b v

Inx +Iny =,
ey Cz
- Evaluate at P(2,-1,3)

Xy =-2

= [ xarﬁple - Streamlines of Electric Field

z=3 plane
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16 Dielectrics

Polar molecules are When an external The charged edges of the dielectric

randomly oriented in electric field is applied, can be modeled as an additional
the absence of an the molecules partially pair of parallel plates establishing
external electric field, align with the field. an electric field “ﬁiml in the

s
- —/-r —Y — direction opposite that of E,.
| I ~ |
—— I |
v - g
fou | . ) I e
T a
)

I > L S 2 < < |
—lp P — k> % B |
,m — r
o @‘._ @_ ‘—13 ~ ki 3 iy
b T " {b i <" < |
R '

® Material has random oriented dipoles

® Applied field aligns dipoles (negative at (+) terminal,
positive at (-) terminal

® Effect is to cancel applied field, lower voltage
® OR, increase charge to maintain voltage
® Either increases capacitance C= Q/V
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iew Dipole Moment

® Define dipole moment

p=0Qd

« Potential for dipole

v — Qd cos 6

4 egr?

« Written in terms of dipole
moment and position

P-a,
V =
47‘[601"2

« Dipole moment determines “strength” of polar molecule
amount of charge (Q) and offset (d) of charge

49



Introducing an electric field may increase the charge separation in
each dipole, and possibly re-orient dipoles so that there is some
aggregate alignment, as shown here. The effect is small, and is

greatly exaggerated here!

n = charge/volume
p = polarization of individual dipole
P = polarization/volume

50



rization near electrode

®» From diagram

— Excess positive bound charge near top negative
electrode

— Excess negative bound charge near bottom
positive electrode

— Rest of material neutral

positive

« Excess charge in bound (red) volumes

AQ = nQd AS

neutral

«  Writing in terms of polarization

AQ = P AS

«  Writing similar to Gauss’s law

Qb:_f[)'d.q

negative

(Note dot product sign, outward normal
leaves opposite charge enclosed)
5



oining total, free, and bounc

® Total free, and bound charge

(\)r:Q;+Qh

« Total

Q, = ft‘(,l‘f ~ds
« Free

()/ — f D = (IS

« Bound

Q;,Z—fp'([b'

« Combining

D =¢,E+P



e

B and E in Dielectric

® D continuous

Polarization increases
E decreases
D=¢cE+P

C/m2 E=Ey @

D=gyly @i

P-0®

e L=k,

> DSE‘)EO
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Taking the previous results and using the divergence theorem,

we find the point form expressions:

Bound Charge: (), = /,Ode — —f P -dS =
v g

Total Charge: QT - /pT dv = % GQE'dS —
v S

Free Charge: Q — /pv dv = %D.ds —
v S

V:P=—pp
V-eE = pr
V-D=p,
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onstant

A stronger electric field results in a larger polarization in the
medium. In a linear medium, the relation between P and E is
linear, and is given P = ¢\ .E

where v, is the electric susceptibility of the medium.

We may now write: D = ¢)E + x.€0E = (xe + DeoE

where-the-dielectrie-eenstant, or relative permittivity is defined as:
€ = Xe + 1

€ — €,€0
Leading to the overall permittivity of the medium: | D = €E
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® Typical permittivity for various solids and liquids.
e Teflon- 2
@ Plastics - 3-6
® Ceramics 8-10
e Titanates>100
® Acetone 2 1
e \Water 78

® Actual dielectric “constant” varies with:
® Temperature
® Direction
e Field Strength
® Frequency
® Real & Imaginary components 57



® Other Applications
e Bio
e Liquid Crystal
e Composite polymers
e Titanates
® Wireless characterization
e MRI dyes
e Ground water monitoring
® Oil Drilling fluid characterization (GPR)
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~—— Electric Field E

Since E is conservative, we setup line integral straddling both

dielectrics:
%E-szo Region 1

€,

Left and right sides cancel, so

Eranl DWW — Eian2a Aw =

Leading to Continuity for tangential E

Et:-m] — Etanz

And Discontinuity for tangential D

Dtanl Dtan2
= Eun1 = Ean2 =
€] €2

E same, D higher in high permittivity material
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undary Condition f

Apply Gauss’ Law to the cylindrical volume straddling both,

dielectrics n As Y

r gk
: /‘\u‘//\

Flux enters and exits only through top Rogion 2 Dy

and bottom surfaces, zero on sides &2

DN|AS - DNQAS e AQ - psAS

Leading to Continuity for normal D (for pg = 0)

Dy1 — Dn2 = ps Dyn1 = Dyo>

And Discontinuity for normal E

81 ENl — 82 ENZ D same. E lower in high permittivity material
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~benc ing of D at boundary

® Boundary conditions

— D,, continuous
Dr, €

Dys €2

« Trigonometry
high &

Dt
- tan(8;) = U—l

D
- tan(6,) = —

» Eliminating D

t’dll(@l) R D'I'l g]
tan(62) Dtz &
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