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UNIT - V TIME VARYING FIELDS

Faraday’s Law of Electromagnetic Induction — It’s Integral and Point Forms — Maxwell’s Fourth
Equation. Statically and Dynamically Induced E.M.F’s — Simple Problems — Modified Maxwell’s
Equations for Time Varying Fields — Displacement Current.

Wave Equations — Uniform Plane Wave Motion in Free Space, Conductors and Dielectrics —
Velocity, Wave Length, Intrinsic Impedence and Skin Depth — Poynting Theorem — Poynting Vector
and its Significance.

Faraday's Law of electromagnetic Induction

Michael Faraday, in 1831 discovered experimentally that a current was induced in a conducting loop
when the magnetic flux linking the loop changed. In terms of fields, we can say that a time varying
magnetic field produces an electromotive force (emf) which causes a current in a closed circuit. The
quantitative relation between the induced emf (the voltage that arises from conductors moving in a
magnetic field or from changing magnetic fields) and the rate of change of flux linkage developed
based on experimental observation is known as Faraday's law. Mathematically, the induced emf can
be written as

_a¢
Emf= df Volts (5.3)

where # is the flux linkage over the closed path.

d
A non zero m#y result due to any of the following:

(@) time changing flux linkage a stationary closed path.
(b) relative motion between a steady flux a closed path.
(c) a combination of the above two cases.

The negative sign in equation (5.3) was introduced by Lenz in order to comply with the polarity of
the induced emf. The negative sign implies that the induced emf will cause a current flow in the
closed loop in such a direction so as to oppose the change in the linking magnetic flux which
produces it. (It may be noted that as far as the induced emf is concerned, the closed path forming a
loop does not necessarily have to be conductive).

If the closed path is in the form of N tightly wound turns of a coil, the change in the magnetic flux
linking the coil induces an emf in each turn of the coil and total emf is the sum of the induced emfs
of the individual turns, i.e.,
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Emf = dt  \olts (5.4)

By defining the total flux linkage as
A=Ng (5.5)
The emf can be written as

_da
Emf=dt (5.6)

Continuing with equation (5.3), over a closed contour 'C' we can write

Edi
Emf = Je (5.7)

where E is the induced electric field on the conductor to sustain the current.

Further, total flux enclosed by the contour 'C ' is given by

4 fﬁ; (5.8)

Where S is the surface for which 'C' is the contour.

From (5.7) and using (5.8) in (5.3) we can write
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By applying stokes theorem
[ Vx Eds = ! Ly
. 5 gt (5.10)
Therefore, we can write
VxR =— E
it (5.11)

which is the Faraday's law in the point form
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We have said that non zero ¢#n be produced in a several ways. One particular case is when a
time varying flux linking a stationary closed path induces an emf. The emf induced in a stationary
closed path by a time varying magnetic field is called a transformer emf .

Example: Ideal transformer
As shown in figure 5.1, a transformer consists of two or more numbers of coils coupled magnetically

through a common core. Let us consider an ideal transformer whose winding has zero resistance, the
core having infinite permittivity and magnetic losses are zero.
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Fig 5.1: Transformer with secondary open

These assumptions ensure that the magnetization current under no load condition is vanishingly
small and can be ignored. Further, all time varying flux produced by the primary winding will follow
the magnetic path inside the core and link to the secondary coil without any leakage. If N1 and Nz are
the number of turns in the primary and the secondary windings respectively, the induced emfs are

g =M @

dt (5.12a)
8y = j_"'.fz @

dt (5.12b)

(The polarities are marked, hence negative sign is omitted. The induced emf is +ve at the dotted end
of the winding.)

e M (5.13)

ca M




I.e., the ratio of the induced emfs in primary and secondary is equal to the ratio of their turns. Under
ideal condition, the induced emf in either winding is equal to their voltage rating.
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v; (5.14)

where 'a' is the transformation ratio. When the secondary winding is connected to a load, the current
flows in the secondary, which produces a flux opposing the original flux. The net flux in the core
decreases and induced emf will tend to decrease from the no load value. This causes the primary
current to increase to nullify the decrease in the flux and induced emf. The current continues to
increase till the flux in the core and the induced emfs are restored to the no load values. Thus the
source supplies power to the primary winding and the secondary winding delivers the power to the
load. Equating the powers

ilvl = 3.21"2 (515)
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homoe (5.16)
Further,
By —4 =0 (5.17)

i.e., the net magnetomotive force (mmf) needed to excite the transformer is zero under ideal
condition.

Motional EMF:

Let us consider a conductor moving in a steady magnetic field as shown in the fig 5.2.
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Fig 5.2

If a charge Q moves in a magnetic field &, it experiences a force

-+  —

F=Qv<B (5.18)




This force will cause the electrons in the conductor to drift towards one end and leave the other end
positively charged, thus creating a field and charge separation continuous until electric and magnetic
forces balance and an equilibrium is reached very quickly, the net force on the moving conductor is

Zero.
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can be interpreted as an induced electric field which is called the motional electric field
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w=vXE (5.19)
If the moving conductor is a part of the closed circuit C, the generated emf around the circuit

v EBdi
is Ech . This emf is called the motional emf.

A classic example of motional emf is given in Additonal Solved Example No.1 .

Maxwell's Equation

Equation (5.1) and (5.2) gives the relationship among the field quantities in the static field. For time
varying case, the relationship among the field vectors written as

vx_}j__ﬁ

a1 (5.202)
VxH =7 (5.200)
V.D=p (5.20c)
VE=0 (5.20d)

In addition, from the principle of conservation of charges we get the equation of continuity

vi--%
G (5.21)

The equation 5.20 (a) - (d) must be consistent with equation (5.21).

We observe that
VVRH =0=V.J (5.22)

Since V.¥*4 s zero for any vector 4.

% _,
Thus ¥ * 4 =.J applies only for the static case i.e., for the scenario when &
A classic example for this is given below .




Suppose we are in the process of charging up a capacitor as shown in fig 5.3.

Balloon shaped Amperian Loop
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Fig 5.3

Let us apply the Ampere's Law for the Amperian loop shown in fig 5.3. lenc = | is the total current
passing through the loop. But if we draw a baloon shaped surface as in fig 5.3, no current passes
through this surface and hence lenc = 0. But for non steady currents such as this one, the concept of
current enclosed by a loop is ill-defined since it depends on what surface you use. In fact Ampere's
Law should also hold true for time varying case as well, then comes the idea of displacement current
which will be introduced in the next few slides.

We can write for time varying case,

v(vxﬁj=u=v?+ﬂf
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v><§=5+@
B (5.24)

The equation (5.24) is valid for static as well as for time varying case.

Equation (5.24) indicates that a time varying electric field will give rise to a magnetic field even in
an .

the absence of « . The term & has a dimension of current densities (ﬂfm ) and is called the

displacement current density.

a0
Introduction of & in ¥ *H equation is one of the major contributions of Jame's Clerk Maxwell.
The modified set of equations

3B
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de (5.25a)




VRH =+ —

di (5.25b)
V.i=p (5.25¢)
VE=0 (5.250)

is known as the Maxwell's equation and this set of equations apply in the time varying scenario,

&
2 .3]
static fields are being a particular case (aﬁ :

In the integral form
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foas=0 (5.260)

The modification of Ampere's law by Maxwell has led to the development of a unified
electromagnetic field theory. By introducing the displacement current term, Maxwell could predict
the propagation of EM waves. Existence of EM waves was later demonstrated by Hertz
experimentally which led to the new era of radio communication.




10.2 General Wave Equations

In general the wave equations can be obtained by relating the space and time

variations of the electric and magnetic fields, using the Maxwell's equations.

To obtain general wave equations, let us assume that the electric and magnetic fields
exist in a linear, homogeneous and isotropic medium with the parameters p; € and o. Also
assume that the medium is source free which clearly gives the idea about the charge free
medium. Assume that the medium obeys the ohm's law i.e. ] = ¢ E. Then the Maxwell's

equations are given by,

0 ie. VH=0
0 ie  V.E=0
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. (2)

..3)
...(4)

To eliminate H from equation (1), taking curl on both the sides of equation (1), we get,

Vx(VxXE) = -;{Vx%—?]

...(5)

V operates indicates differentiation with respect to space while gf operates
differentiation with respect to time. Both are independent of each other, the operators can

be interchanged.
So we get,
VxVXE = -p.%(Vxﬁ)

Substituting value of V x H from equation (2), we get,

VxVxE -u%[of+e%—f]
VXVXE = -uo%%—ue%—z;g
Now according to the vector identity,
VxVxE = V(V.E)-V3E
Substituting V.E = 0 from equation (4), we can modify equation (8) as,
VxVxE = -V2E

Substituting value of VxV x E from equation (9) in equation (2) we get,

...(6)

...(8)

..(9)
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2F = Ao o’k
V°E = uoat +ueat2 ...(10)

This is the wave equation for the electric field E. Now multiplying both the sides of
equation (10) by &

- o¢E 0%cE
2 3 o R<des
V*(@E€E) = po 5 tHE 32
- aD °D
: 2P =
ie VD = ucatﬂleaz ...(11)

This is the wave equation for D in uniform medium.
Exactly on the similar lines, the wave equation for H can be obtained by taking curl on
both the sides of equation (2), we get,

dE

Vx(VxH) = VX(cE)+eVx— 35 ..(12)
As V operator and 3— represent independent relationship between the two, we can
interchange them as follows.
VxVxH = ofVxE)+e. -(VxE) ...(13)
i = oH . s
Substituting VxE = ~H 5 in equation (12), we get,
VxVxH = {-uaal:] { uaa}:]
VxVxH = -po-; ue%ﬂ ...(14)
From the vector indentity,
VxVxH = V(V.H)-V’H ...(15)
Substituting V. H = 0 from equation (4) in equation (15), we get
VxVxH = -V’H ...(16)
Substituting value of VxVxH in equation (14) we get,
oH oH
-VH = -po— 5T MEr
- H H
ie. V?H = uoTHﬂxa-qy— ...(17)

This is the wave equation for the magnetic field H. Now multiplying both the sides by
p'l we 82tl

JuH 9*(uH)

2 H =
VigE) = po—g-+pe—g
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V3B = po— +ue%§§ ...(18)

This is the wave equation for D in the uniform medium. Hence in general we can
write,
3
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A% = ucat ...(19)
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Above equation is three dimensional equation for all the field vectors.

9.2 Uniform Plane Wave in Free Space

Assume an electromagnetic wave travelling in free space. Consider that an electric
field is in x-direction; while a magnetic field is in y-direction. Both the fields will not
vary with x and y; but with z only. They will also change with time as the wave
propagates in free space.

Consider Maxwell's equation expressed in E and H as

W . 7.9D
VxH =] he

Let us assume that a free space is perfect dielectric, then J =0,

— @D
VXH—Ft—




Expressing D in rectangular co-ordinate system,
VxH = Z’a—t [D,i, +Dy iy +Dzix]

Writing curl of H on left of equation,

OH, @Hy]. [oH. 0H,]. [0Hy oH.].
oy o9z |’ |9z x| |ox oy | "

¢ = = =
=5_E[D‘a' +Dy ay +D,,a,]

As H is in y-direction, Hy =H, =0,
odHy, _ JHy _

| B - .
foma Ak Ay —a[D,a,+D,ay+Dza.]

oH
Also Hy is not changing with x, as it is uniform in x-y plane, so -ﬁy— =0

OHy _ 8. _ . .
=iy - a[D,‘a,.+Dy a,+Dza,]

Equating L.H.S. and R.H.S. of above equation directionwise, we can write,

_@Hy _ 2D,
oz ot

aH, AE, e
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dH, JE
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0z * ot @

Now consider Maxwell's equation derived from Faraday's law,
= 0B
VxE = ~3%
Using rectangular co-ordinate system, we can write,

oEy _0E, 5 +6E,‘_aE, 5 +aE,_aE, 3
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As E is in x-direction, Ey =E, =0,

0Ey _  OEx_ 0 - - i

Also component E, is not varying with y, as it is uniform in x-y plane, so ‘;F;‘ =0,

dEyx _ 3] = = =
a—z"a, = -a—t[B,a.+B,a,+Bza,]

Equating L.H.S. and R.H.S. of above equation directionwise, we can write,

dz ot

0Ex _ oHy = ==

37 = -u T B—uH

¢éH, 1 GE,

L = _; < e (2)

Differentiating equation (1) with respect to t,
i [8 H, ] 9% E,

oz

at - at?

Now differentiating equation (2) with respect to z,

é [aH,] _ 1 0%E,

dz| ot | n az2
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Now observe L.H.S. of equations (3) and (4). As we can change order of
differentiation, L.H.S. of equations (3) and (4) is same. So equating R.H.S. of both the
equations,

(O2Ex _ 102K,
at? u éz?
82 E, 1 02E,

ot? e 0z2 i}

According to the results in physics,

1
V= —

T

where v is the velocity of propagation also called wave velocity. For the free space
it is denoted by ¢ and its value is 3x10® m/s.




Hence we can rewrite equation (5) as,

0*E

x _ .202E,
ot?

= .o (6)

Above equation is the wave equation and it is differential equation of second
order. Solving this equation mathematically, the solution is given by

Ex = E}, cos(ot-Pz)+Eq cos(ot+Pz)V /m b 74

Above equation (7) is a sinusoidal function consisting two components of an
electric field ; one in forward direction and other in backward direction. The wave
consists one component of the field travelling in positive z direction having amplitude
E}, ; while other component having amplitude E5, travelling in negative z direction.

We can rewrite equation (7) as follows,

Ex = Eg cos«n(t-Ez)+E.‘n cosw(ngz)V/m w (8)
© ©

Two partial differentiations of equation (8) with respect to z and t yields a similar
equation given by

02Ex _ B2 (02E,
ot?

- (9)

8z2
It is clear that equations (6) and (9) are similar equations. So comparing these two
equations we can get another expression for velocity as,

v = g m/s .. (10)

We can obtain similar type of equations for magnetic field H by considering
equation (2) and putting value of E, from equation (8),

aHy 10 + B - B
3t -EH[E"‘ cos«o(t 52)+E"' cosm(t+az)

a;y -% [BE;\ s‘»imo(t-B )-ﬂE;, sinw(t+%z)]

=2z
o
Integrating both sides with respect to time, we get,
- _Bz)- B & B )
Hy = P E;, coso| t coz o En cos t+mz

H, = Hj, cos(ot-Bz)-Hj cos(ot+p2z)A / m . (11)




This equation is similar to equation (7) representing two components of a magnetic
field one in forward direction while other in backward direction.

From equations (7) and (11) it is clear that when we assume x component for E, it
results in y component for H. Both Eand H are in time phase and both are
perpendicular to each other. Both these fields lie in a plane which is perpendicular to
the direction of wave propagation. Thus E and H together form transverse
electromagnetic (TEM) wave ; with one forward travelling wave in the positive

z-direction with velocity %) and another backward travelling wave in negative

z-direction with the same velocity. Thus E and H are only the functions of direction of
travel and time.

In general, when any wave propagates in the medium, it gets attenuated. The
amplitude of the signal reduces. This is represented by an attenuation constant «. It is
measured in neper per meter (Np/m). But practically it is expressed in decibel (dB).
The conversion between a basic unit neper (Np) and decibel (dB) is given by

1 Np = 8686 dB

It is also observed that when a wave propagates, phase change also takes place.
Such a phase change is expressed by a phase constant f. It is measured in radian per
meter (rad/m).

So attenuation constant («) and phase constant (B) together constitutes a
propagation constant of medium for uniform plane wave. It is represent by y. It is
expressed per unit length as

Yy = a+jp % (12)

The ratio of amplitudes of E to H of the waves in either direction is called

intrinsic impedance of the material in which wave is travelling. It is denoted by n and
given by,

= — i — U e Q
B Vep ... (13)

€
n=_J%=Jgn .. (14)




For free space, intrinsic impedance is denoted by nq,

N = %ﬂ =120 1 Q =377Q .. (15)
0

and
1

Juoﬂo

In general, wave repeats itself after 2x radians. In otherwords, if A is the length of
one cycle of sinusoidal signal, then signal changes phase by 360° or 2= radians. So we
can write relation between A and f} as,

= 3x10® m/s . (16)

2 = C=

k=[—, m .. (17)

Multiplying both sides of equation (17) by frequency f,

0 () = 3—[’;—f=§=v

Thus velocity of propagation or wave velocity is given by,

v="FfA m/s . (18)

9.3 Wave Equations in Phasor Form

An electromagnetic wave in a medium can be completely defined if intrinsic
impedance (n) and propagation constant (y) of a medium is known. Thus it is
necessary to derive the expressions for n and y in terms of the properties of a medium
such as permeability (u), permittivity (&), conductivity (o) etc.

Consider Maxwell's equation derived from Faraday's law,

VXE = ~—— m=p — .. (1)

VxVXE = -p [Vx?—}!]

VxVxE

-p[‘% (V% ﬁ)] w2




Using vector identity to the left of equation (2),
- - ) s
v(v .s)-vzg = - [ﬁ (Vx H)]

But according to another Maxwell's equation,

VXﬁ = j-’-ﬂt)_

Putting value of V x H in equation (3),
% % o (z.8D
V(VE)-V2E = —n|— xone
(V+E)-v2E [at[]+6t ]]

Since most of the regions are source or charge free,
V.E = 0
V(V-E) = 0

Putting value of V(V « E) in equation (4), assuming charge free medium,
= (s oD
-V2E = —-pn|— vl
VE ”[ai’*atﬂ

Making both sides positive,

2% _ . |9(3,2D
VZE = p['a—t'(]'f"ET]J

o (3)

. (4)
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Consider a general electromagnetic wave with both the fields, E and H varying
with respect to time. When any field varies with respect to time, its partial derivative
taken with respect to time can be replaced by jo Rewriting equation (5) in phasor

form,

<
™~

il
[}

u [jo (7+jwD)]
jop [(0 E) +jo(sE)]
[jwu RE +(jo)ep E]
[jor (o +joe)]E

<
”»

el
n

4 g
RN

il mil
] [}

.. (6)




In similar way, we can write another phasor equation as,
V2H = [jou(o +jwe)]H w (7)

The terms inside the bracket in equations (6) and (7) are exactly similar and
represent the properties of the medium in which wave is propagating. The total
bracket is the square of a propagation constant y, hence we can rewrite equations (6)
and (7) as,

V2E = y2E and
VZH = y2H

So the propagation constant y can be expressed in terms of properties of the

medium as,
Yy = a+jf= ,hmp(o +jwe) .. (8)

The real and imaginary parts of y are attenuation constant (a) and phase constant
(B) and both can be expressed in terms of the properties of the medium,

(DJE;[ 1+(£E)2 —l] .. (9)
[ 1+(£E)2 +1] .. (10)

The intrinsic impedance of a medium can be expressed interms of the properties of
a medium and is given by,

_ | _jou
n g o . (1)

It can also be expressed in polar form as |n| £6 where

,h.x/e

2
1-0-(—0 )
we
o
tan 20 = — 0°<0<45°
WE

a

and B =

|
e
= NS
w|E

Inl = and

Let us summarize the equations which are helpful in describing the
electromagnetic waves (uniform plane waves). Table 9.1 lists equations describing the
propagation of EM waves in a medium.




9.4 Uniform Plane Wave in Perfect Dielectric

If a medium, through which the uniform plane wave is propagating, is perfect
dielectric (which is also called lossless dielectric), then the conductivity is zero i.e.
o =0. Let the permittivity permeability of the medium be e=g9e, and p=pou,
respectively.

The propagation constant y is given by,

v = Jjor(0+joe) = tjofJue
Y = a+jB=tjofue sed1)

From equation (1) it is clear that, propagation constant is purely imaginary. It
indicates in a perfect dielectric medium, attenuation constant a is zero. Let us select
value of B which gives propagation of wave in positive z-direction.

L oa=0, B = wfue )
Similarly an intrinsic impedance for a perfect dielectric medium is given by,

L
. 0+jwe £ 2 rae3)

Thus intrinsic impedance n is real resistive. That means phase angle of intrinsic
impedance is zero. But the phase angle of intrinsic impedance is zero means phase
difference between E and H is zero. In other words, for a perfect dielectric, both the

fields E and H, are in phase.

As in perfect dielectric, o =0, attenuation constant (o) is also zero. As wave
propagates, only the phase () changes. Thus no attenuation i.e. @ =0 means no loss.

Key Point: So perfect diectric medium is also called lossless dielectric.
The velocity of propagation in the perfect dielectric is given by,
1 o
Jue B
If A is the wavelength of one cycle of the propagating wave then velocity is given
by

. (4)

VU =

v = Af m/s ... (5)




9.5 Uniform Plane Wave in Lossy Dielectric

Practically all the dielectric materials exhibit some conductivity. So we can not
directly neglect o assuming it zero. Obviously as compared to the results obtained for
perfect dielectric medium, the results for lossy dielectric will be different.

The propagation constant y in lossy dielectric is given by

Yy = % ,f(o +jwe) jop .. (1)
Rearranging the terms
Jja)e [I + —.g—)imp
joe

jw e ’1 -j-u% e (2)

From equation (2), it is clear that the propagation constant for lossy dielectric
medium is different than that for lossless dielectric medium, due to the presence of
radical factor. When o becomes zero as in case with perfect dielectric, the radical
factor becomes unity and we can obtain the propagation constant y for perfect
dielectric. It is also clear from equation (2) that the attenuation constant a is not zero.
By substituting the values of w,o,u and ¢, the attenuation constant (o) and phase
constant B may be calculated. The presence of a indicates certain loss of signal in the
medium, hence such medium is called lossy dielectric.

Y

y=a +jp

When a wave propagates in a lossy dielectric, amplitude of the signal decays
exponentially due to the factor e-@# For forward as well as backward waves, the
amplitude decays exponentially.

As o is not zero, the intrinsic impedance becomes a complex quantity. It is given

b'l
- ’ im” - /
n= ] . —ll’]l 9n Q (3)

Being a complex quantity, n is represented in polar form as shown in above
equation. This angle 0,, indicates phase difference between the electric and magnetic
fields. Thus in lossy dielectric, the electric and magnetic fields are not in time phase.

The intrinsic impedance can be expressed as

i W jor  _ jou
o +joe i ( a)
jog| 1 +—
joe




o ... (4)

The angle 0,, is given by
1 we
0, = 'i [g—tan-l [?)] rad “en (5)

This angle depends on the properties of the lossy dielectric medium as well as the
frequency of a signal. For low frequency signal, © becomes very small. Then

n
0, = 3 rad

For very high frequency signals,
O, = 0

Thus the range of 8, for complete frequency range, from 0 to very high frequency

is 0<B, < ;

9.5.1 Uniform Plane Wave in Practical Dielectric

As we have already studied, for perfect dielectric conductivity is zero (o =0). But
for practical dielectric, conductivity is not zero ; but it is very small. The condition for
practical dielectric is that the loss in the signal is very small i.e. o<<jwe.

The propagation constant is given by

Y = ,[iwu(o +jwE)
; ; o
Y = J()mp)(]we)(l+j—mz)
. o
Y = )m\fﬂz 1+-iE

Consider radical term. Mathematically using binomial theorem,

1+x)" = 1+nx+n(‘;'_l) x2+n(n-;)'(n-2) X%,

where |x| < 1.

In our case x| <1land n= -;-, then neglecting higher order terms, we can write,




1

-
[H_i)‘ - 1+l[.i]
joe 2| joe

Substituting above value for the radical term,

" o
Yy = )w‘[ﬁ [l+j2me:|
y = 0+iﬁ=%‘/§+iw,/p_£ o (1)

Comparing the real terms, the attenuation constant is given by

. |
o= 2J: Np/m w (2)
Similarly comparing the imaginary terms, the phase constant is given by

B = oJpe rad/m e (3)

In general, the intrinsic impedance n is given by,

= jor  _ jou
o+jwe |, ( a)
\)m 14—
j we
= B 1
= ye o
1+—
¥ o
_.;.
= B2
1= o]

Using binomial theorem,

(1+x)7" = 1-nx+n(;!-l) xz_n(n—;)!(n-Z) X

As x = j_c%g is very small as compared to 1, so neglecting higher order terms,

(1+x)™" = 1-nx




Using above result, the intrinsic impedance can be written as,

oo A A LG
LA E[l 2(jme)]
n= \E(“"j‘:—s)n .. (4

For practical dielectric material, the conductivity is very small. This indicates that
the loss in the signal is very small. Let us obtain the condition which indicates
whether the loss is small or not. Consider Maxwell's equation,

— - &b - a(ei)
VxH = IC"'? = aE‘FT

We know that when the fields are time varying the partial derivative with respect
to time can be replaced by jo.

VxH = cE+joeE = (o +joe) E

or VxH = Jc+Jp

Thus the ratio of the conduction current density to the displacement' current
density is given by

These two current density vectors
point in same direction in space as
shown in the Fig. 9.1. From the
expression of ratio of two current
densities, it is clear that displacement
current density leads conduction
current density by 90°

The angle ©® by which the
displacement current density leads the
total current density is given by

0 = tan-! =
we
o Fig. 9.1 Phasor representation of
or | tanf = = Je, Jp and E




When o>>we, the loss tangent is very high, thus a medium is said to be good
conductor. When o<<wg, the loss tangent is also small, thus a medium is said to be
good dielectric. Hence any medium behaves as a good conductor at low frequencies
while exhibits the properties of lossy dielectric at very high frequencies.

9.6 Uniform Plane Wave in Good Conductor

A practical or good conductor is the material which has very high conductivity. In
general, the conductivity is of the order of 107 U/m in the good conductors like
copper, aluminium etc.

For good conductors,

o
—_— 3>
wEe

The propagation constant y is given by,

Yy = Jiop(o +jwe) - (1)

As o >>we, we can neglect imaginary part (joe),
,/jwpo
‘/wpo ﬁ

1.£90°

,/muo \{1 £90°

,/mpo £45°

Jouo [cos45°+jsin 45°]
) —

- ows | i |

,I(Zrtf)uc [:/]-_5 (1+) 1)]

Yy = a+jp=nfpc +j xfpo o (2)
Thus for good conductor,
o = Jrfuc Np/m and

f= ,fufpo rad/m

< =
] ]

But j

-~ = =
] I

~<
| I

~
I




For good conductor, a and B are equal and both are directly proportional to the
square root of frequency (f) and conductivity (o).

The intrinsic impedance of a good conductor is given by

. .- .. 3)

O +jwE

But for good conductor, o >>jwe,

. o
"= yYo t:v‘ji

But .fj = /1.290° = 1 £45°= cos 45°+jsin 45°

e fdaagid
§i - (F5)
Substituting value of .fj ,

|
al
[ s
Sl =
o
)~
[

. fon
n=5e A+
_ [2nfp
n= ot (1)
_ [nfu .
X s (1+j1) .. (4

The angle of intrinsic impedance is 45°. As we have already studied that for
perfect dielectric i.e. zero conductivity, the intrinsic impedance angle is zero and for
the good conductor angle is 45°. Moreover the intrinsic impedance has only a positive
angle. This clearly indicates that the field H may lag the field E by at the most 45°

Consider only the component of the electric field E, travelling in positive
z-direction. When it travels in good conductor, the conductivity is very high and
attenuation constant a is also high. Thus we can write such a component in phasor
form as

Ex = E} e-9ze-ibz .. (5)




When such a wave propagates in good conductor, there is a large attenuation of
the amplitude as shown in the Fig. 9.2.

e

_F

Fig. 9.2 Effect of attenuation constant (o) on amplitude of E,

At z = 0, amplitude of the component E, is E, ; while at z = d, amplitude is
Ewn e %4, In distance z = d, the amplitude gets reduced by the factor e-24. If we

select d = l , then the factor becomes e-! = 0.368. So over a distance d = ;lz— the

amplitude of the wave decreases to approximately 37% of its original value. The
distance through which the amplitude of the travelling wave decreases to 37% of the
original amplitude is called skin depth or depth of penetration. It is denoted by .

a P ,}nfpc e (6)

From the expression of the skin depth, it is clear that 3 is inversely proportional to
the square root of frequency. So for the frequencies in the microwave range, the skin
depth or depth of penetration is very small for good conductors. And all the fields
and currents may be considered as confined to a very thin layer near the surface of
the conductor. This thin layer is nothing but the skin of the conductor, hence this
effect is called skin effect. The exponential decay in the amplitude of E or H field
component entering in a good conductor is as shown in the Fig. 9.3.




Amplitude
Em
(0.37) E,,
—F + z
0 25 35

Fig. 9.3 Exponential decay in the amplitude of field component
of E with the distance along +z direction

From above plot, it is clear that in 15 distance, amplitude reduces to 37% of its
original value. For a good conductor, amplitude reduces to almost zero within 25 or38
distance. Thus uniform plane wave can not travel large distance through good
conductor. This concept is used in a shielding of a conductor. In a co-axial cable, the
inner conductor carries the signal while the outer is shield which is made up of a
material having properties of good conductor. So even if there is an external
interference, its amplitude reduces to zero within a very short distance due to the
outer conductor. Hence the signal carried by inner conductor is not interfered by an
external interference.




Outer conductor

Extemnal (Shieid)
interference

Inner
conductor

Fig. 9.4 Shielding of a co-axial cable

The intrinsic impedance of a good conductor interms of skin depth & is given by,

oo ‘oo

— [ . +i—l—)=£ 245° Q o (7)

The velocity of propagation is given by,

v = = = ————— =
B \/xfpo s/i\[nfpo Wuo
v = -23 = wd m/s .. (8)
po
Similarly the wavelength A is given by,
A= E‘;—t:ZnS m w (9)

Equations (8) and (9) gives the velocity of propagation and wavelength expressed
interms of skin depth & (as B=-;—) .

8.9 Poynting Vector and Poynting Theorem

By the means of electromagnetic (EM) waves, an energy can be transported from
transmitter to receiver. The energy stored in an electric field and magnetic field is
transmitted at a certain rate of energy flow which can be calculated with the help of
Poynting theorem. As we know E and H are basic fields. E is electric field expressed
in V/m; while H is magnetic field measured in A/m. So if we take product of two




fields, dimensionally we get a unit V.A/m? or watt/m?2. So this product of E and H
gives a new quantity which is expressed as watt per unit area. Thus this quantity is

called power density.

As E and H both are vectors, to get power density we may carry out either dot
product or cross product. The result of a dot product is always a scalar quantity. But
as power flows in certain direction, it is a vector quantity. To illustrate this, consider
that the field is transmitted in the form of an electromagnetic waves from an antenna.
Both the fields are sinusoidal in nature. The power radiated from antenna has a
particular directon. Hence to calculate a power density, we must carry out a cross

product of E and H. The power density is given by

P =ExH

Power out

Power in

Fig. 8.4 Power balance representation in
electromagnetic fields

Suppose E = E.a,
and H = Hy ay, then
? = fixﬁ

(1)

where P is called Poynting
Vector, named after an English
Physicist John N. Poynting. P is the
instantaneous power density vector
associated with the electromagnetic
(EM) field at a given point. The
direction of P indicates instantaneous
power flow at the point. To get a net
power flowing out of any surface, P
is integrated over same closed
surface.

The Poynting theorem is based
on law of conservation of energy in

electromangetism. Poynting theorem
can be stated as follows :

The net power flowing out of a
given volume v is equal to the time
rate of decrease in the energy stored
within volume v minus the ohmic
power dissipated. This can be well
illustrated by the Fig. 8.4.

= (Ex ix)x(Hy Sy)=ExHy iz =P7. i;




The above equation indicates that E, H and P are mutually perpendicular to each
other.

Consider that the electric field propagates in free space given by

In the medium, the ratio of magnitudes of E and H depends on its intrinsic
impedance n. For free space,

Em

N = No=pm =120n = 3779

5

Moreover, in the free space, electromagnetic wave travels at a speed of light.

Thus we can write,

H

[Em cos(wt-Bz)]a,

Em -
[71;- cos (ot - Bz)] a,

According to Poynting theorem

P = ExH
= [(Em cos (ot -Pz)) a, ]x[%—"‘—- Ccos (wt-bz)i,]
0
= _ E} =
P = o cos? (ot -Pz) a, W/ m?
No

This is nothing but the power density measured in watt/m?. Thus the power
passing particular area is given by,

Power = Power density x Area

8.9.1 Average Power Density (P,,)

To find average power density, let us integrate power density in z-direction over
one cycle and divide by the period T of one cycle.
1t E2
Py = T{ —nl‘-cos(mt-ﬁz)dt

2 T -
_ E2, I 1+ cos 2(wt [iz)dt
T ! 2
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=
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But oT =2n

Pavg =

B2 [T , sin(4n-2p7) sin Zﬂz
™| 2 4w

- B3 'I_sini.’ﬁz sin2pz | _ Ef,
™2 4o o n

Hence the average power is given by

P.wg = lEm

2
2nW/m

8.10 Integral and Point Forms of Poynting Theorem

Consider Maxwell's equations as given below :

= éB oH

VxE = —em (1)
— = 8D = aE

VXH - J"Ft— E a‘ “e (2)

Dotting both the sides of equation (3) with E, we get,
E(VxH) = E+(oE)+Ee[clE -0
at

Let us make use of a vector identity as given below,

V°(Kx§) = i'(VxK)-K'(in)




Applying above vector identity to equation (4) with A = Eand B = H,
He(VxE)-V+(ExH) = ’F:-(oi)+§-[e%§)
H-(VXE)-v+(ExH) = oE’+§-[e-?3—:FZ) @

Consider first term on left of equation (5). Putting value of V x E from equation (1)
we can write,

He(VxE) = ﬁ-[- g]pm-‘f - )
Now consider term,
S - B
-;—tHZ = 2'ﬁ-af
%‘%(Hz) s ﬁ.g_ .. (ii)

Similarly we can write,
oE

VB o,
2at(E)’E at

... (ii)

Using results obtained in equations (i), (ii) and (iii) in equation (4),

B2 12y (ExH) = oE2+ 52 (k2
»2at‘H2) ve+(ExH) = °Ez+2at(E )
.0 W

-v+(ExH) = 0E1+55-t[pH-+sEz]

But E x H is nothing but Poynting vector; P, rewriting equation,

= 10
-VeP = 0E2+-§m[pH2 +8E2] D)

Equation (5) represents Poynting theorem in point form. If we integrate this
power over a volume, we get energy distribution as,

-I VePdv = IcE’dv+%I %[pH2+eE2]dv




Applying divergence theorem to left of above equation, we get,

g e ¢ 1
-i PedS = ! o E2dv +5—iv -i[pH2+eE2]dv ...(6)

Equation (6) represents Poynting theorem in integral form. The negative sign on
the left of equation (6) indicates that the power is flowing into the surface. The first
term on the right gives the total ohmic power loss within the volume, while the
second term represents time rate of increase of total energy stored in the electric and
magnetic fields. By the law of conservation of energy, the sum of the two terms on
right must be equal to the total power flowing into the volume. Thus the minus sign
indicates the power flowing into the volume. So the total power flowing out of the
volume is given by § P+dS. This can be represented with the help of equation as

s

given below,

= = dr 1
. = - 2 S - 2 2
f P-dS voE dv r‘,‘vt-! Z[pH +¢E?]dv o (7)

When we define Poynting vector, both the fields E and H are assumed to be in the
real form. If E and H are expressed in phasor form, then the average power is given
by,

Py = %Re[f:‘xﬁ'] =%Re[§' x ] (8

where H" is the complex conjugate of H and E" is the complex conjugate of E.
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