
X (t ) = Po isson r.p .

0  t  t  t
1 2 3
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1
k !

( t )
k1 [ (t [ (t

0  k  k  k 
1 2 3

P[ X (t
1
) = k

1
, X (t

2
) = k

2
, X (t

3
) = k

3
]

= P[ X (t ) = k , X (t ) − X (t ) = k
1 1 2 1 2

− k , X (t ) − X (t ) = k − k ]
1 3 2 3 2

= P[ X (t ) = k ]P[ X (t ) − X (t ) = k − k ]P[ X (t ) − X (t ) = k − k ]
1 1 2 1 2 1 3 2 3 2

− t )]
( k 2 − k1 )

− t )]
( k3 − k 2 )

=
(k − k )!

2 1

1 e
−  t1 2 1 e

−  ( t2 − t1 ) 3 2 e
−  ( t3 − t2 )

1 2 1 3 2 e
−  t3

(k − k )!
3 2

( t )
k1 [ (t − t )]

( k2 − k1 )
[ (t − t )]

( k3 − k 2 )

=
k !(k − k ) !(k − k ) !

1 2 1 3 2
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❑ Fourier integral

1
X ( )e

j t
d

2



−

x (t ) = 

1 

[ x ( )e
− j

d ]e
j t

dx ( t ) =


2 − −



x (t )e
− j t

dt
−

X ( ) = 

❑ Fourier transform

❑ Inverse Fourier

transform



22 2 1

T T
X ( ) d



E (T ) = x (t ) d t = x (t ) d t =


−

T

− T 2 −

T T
x (t )e

− j t
d tX ( ) = x (t )e

− j t
d t =



−

T

−T

− T  t  T

o / w

 x (t ),
x

T
(t ) = 

0,

Assum e

Introduction (Contd..)
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x
T

(t ) dt   , for all fin ite T .
T

−T

❑ Energy contained in x(t) in the interval (-T,T)



XX
P = A{ E [ X (t )

2
]}

po w er den sity spectru m

2

21 1T

2T

X
T
( )

d


P (T ) = 
2T −T

x (t ) dt = 
2 −

2

21 1T

XX

2T 2T

E [ X
T

( ) ]
d

2



−T −
lim

T →

P = E [ X (t ) ]dt =lim 
T →



1

X X X X
S ( )d



P =
2 −

2

Introduction (Contd..)
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]
T

XX

2T

E [ X ( )

lim
T →

S =

❑ Average power in x(t) in the interval (-T,T)

x ( t ) → X ( t ), tak e ex p ecta tio n , le t T →  .

❑ Average power in random process x(t)



2 2

0 0 0

0 0

0

2 2

2 A
2

A
2

2 2

2 



2

 = 0

E [ X (t )
2
] = E [ A

2
cos

2
( t +  )] = E [

A
0

A

+ 0
cos(2 t + 2 )]

=
A

2
A

2 

0 + 0

2 2 

A
2

A
2

2 cos(2 t + 2 )d = 0 + 0 sin (2 t + 2 )

= 0 − 0 sin (2 t )


0

2

0

1

2

T

XX

A
0

2T − T
lim

T →

P = A{ E [ X (t )
2

]} =
A

2
A

2

[ 0 − 0

2 
sin (2 t )]d t =

P
XX

= A{ E [ X (t )
2

]}

P
XX

w .s.s.  = R (0 )
XX

X (t ) = A cos( t +  )
0 0

)

Example-1
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

2
 -- u n ifo rm ly d istribu ted o n (0 ,❑ Example-

1



po w er den sity spectru m

0 0 0

0 0

0 0

1

2

2 2

X (t ) = A cos( t +  )
0 0

T

T

T T

A

A
0

e e
− j ( 0 + ) t

dt
j

−T −T

X ( ) = A cos( t +  )e
− j t

dt = [e
j

e
j 0 t

+ e
− j

e
− j 0t

]e
− j t

dt

= e e
j ( 0 − ) t

dt +
A

0 − j

= A Te
j

sin [( −  )T ] − j sin [( +  )T ]
0 + A Te 0

( −  )T ( +  )T

T

−T −T

 

T
j T

j t j t
sin ( T )1

e
j j  T

− j T

t = − T

e − e
d t = = = 2T

T

− T
e

2

Example-2
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]
T

XX

2T

E [ X ( )

lim
T →

S =

❑ Example-

2



0

0 0

0

T
)

2
T

2
)

2
T

2

sin
2
[( −  )T ] sin

2
[( +  )T ]2

X ( ) = X ( ) X
T T

( )
*
= A

2
[T

2 0 + T
2 0 ]

( − ( + 

+ A
2
T

2
(e

j 2  + e
− j 2 

)
sin[( − 

0
)T ] sin[( + 

0
)T ]

( −  )T ( +  )T
0 0

0

0 0

j − j
sin [( −  )T ]

0
sin [( +  )T ]

0X ( ) = A Te
T 0

+ A Te
( −  )T ( +  )T

2


 / 2

0
sin 2

2


E [e

j 2
+ e

− j 2
] = E [2 cos 2 ] = 2 2 co s 2 d =


= 0

0

0 0 0

0 0

[ ]
T

2 T )
2
T

2
)

2
T

2

2

E [ X ( ) ] −  )T ] T s in
2
[( +  )T ]

= +
A

2 T s in
2
[ (

2  ( −   ( + 

*
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0

0 0

T 0

− j j
sin [( −  )T ]

0
sin [( +  )T ]

0
X ( ) = A Te + A Te

( −  )T ( +  )T



0

0 0

2

T

X X

2 T

2

E [ X ( ) ] A
2


S ( ) = lim
T → 

= [ ( −  ) +  ( +  ) ]

2
l im (b )

T s in
2

( T )

( T )T →  

s in
2

( T )

( T )
2

(a ) & (b )  =  ( )

(a)
T sin

2
x 1

x
2

  , if  = 0
= 

 0 , if   0

T
lim
T →  

T

T sin
2
( T )

( T )
2

 

d = dx = 1−  − 

0 0

1 1
0

2
XX XX

A
2

A
2
 

P = S ( )d =
0 [ ( − 
2

) +  ( +  )]d =
2 − 2 −

Example-2 (Contd..)
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
−

dx = 
x

2

2


sin x
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Pro perties o f the po w er d en sity spectru m :

(1) S
XX

( )  0

(2) X (t ) real  S
XX

(− ) = S
XX

( )

XX
(3) S ( ) is real

1
(4 )

XX



S ( ) d = A{ E [ X ( t )
2
]}

2 −

T
X (t )e

− j t
dtX ( ) =

T

−T

XX XX

2T

E [ X ( )
*

X ( )]
( )

T → T →

E [ X (− ) X (− )
*
]

S (− ) = lim T T = lim
T T = S

2T

PF of (2 ):

T T
X ( )

*
= X (t )

*
e

j t
dt = X (t )e

j t
dt = X (− )

T

−T

T

−T

2

XX

2T

E [ X
T

( ) ]

T →

S ( ) = lim



Pro perties o f the po w er d en sity spectru m

XX
(5) S ( ) = 

2
S ( )

XX

2
2 2

2 2T

2T 2T 2T

E [ j X ( ) ]
T

E [ X
T

( ) ]

T →

= lim
T →

=  lim
T →

=  S ( )
XX

S ( ) = lim
XX

E [ X ( ) ]

PF of (5 ):

dt → 0

d X (t +  ) − X (t )
X (t ) = lim

T

Properties Power density spectrum
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

X (t +  ) − X (t )
, − T  t  T

(t ) =
 lim
 → 0


 0,

X

T T
= j X ( )

T T



X ( )e
j

− X ( )
(t ) ⎯

FT
→ lim

→ 0

X

F ( )e
− j a

o/w

f (t − a ) ⎯
F T
→



B and w id th o f the po w er den sity spectru m

S
XX

( ) evenX (t ) real 

XX
S ( ) low pass form  2

rm s

XX

XX

W


2
S ( )d

S ( )d



=
−



−

0
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2

rm s

0

0 X X

XX

W

S ( )d





4 ( −  )
2

S ( )d

=




roo t m ean squ are B an d w id th

m ean frequ en cy

rm s BW

XX
S ( ) bandpass form 

0

0

0

X X

XX

 S ( )d

S ( )d




 =







low pass form
XX

S ( )
10

XX
S ( ) =

[1 + ( / 10)
2
]

2

2
10 10

100

2

XX

 / 2

 / 2

10 sec  d


S ( )d = d =

 / 2 1 + cos 2
100=

 / 2

d = 100 cos
2
 d = d = 50



− − [1 + ( / 10)
2
]

2 − / 2 [1 + tan
2
 ]

2

− / 2 sec
2
 − / 2 − / 2

 = 10 tan   d = 10 sec
2
 d

XX
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 / 210
2

10
3

tan
2


10 sec
2
 d

10
4

tan
2


sec
2





2
S ( )d = d =

1 − cos 2
= d = 10

4
sin

2
 d = 10

4
d = 5000

2



− − [1 + ( / 10)
2
]

2 − / 2 [1 + tan
2
 ]

2

 / 2

− / 2

 / 2

− / 2

 / 2

− / 2



2

rm s

XX

XX

W


2
S ( )d

S ( )d



= = 100
−



−

rm s BW

10

Example

PTSP,V,Nagalakshmi,ECE,NRCM 203

XX
S ( ) =

[1 + ( / 10)
2
]

2

W
rm s

= 10 rad/sec
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1

X X X X

X X X X



S ( )e
j

d = A[ R (t , t +  )]

S ( ) = A[ R (t , t +  )]e
− j

d

2 −


−
*

1 1 2 2

1 2 2 1

2 1

]

1

1

T

XX

X X 1 2

E [ X ( t
2 T

E [ X ( t ) X ( t

R ( t , t

X ( t ) e
j t1 d t ) e

− j t 2 d t
T →  T →  2 T

) ]e
j ( t1 − t 2 )

d t d t
T →  2 T

) e
j ( t1 − t 2 )

d t d t
T →  2 T

S ( ) = lim
E [ X

T 
( ) X

T 
( )]

= lim
1

= lim

= lim

T

− T − T

T T

− T − T  

T T

− T − T

1 2

2 1

2 1

1 1 1
lim

1 1

XX XX 1 2

X X 1 2

R (t , t )e

R (t , t )

j j
dt dt e d

2 2

2

j ( t − t )

T → 2T

e
j ( + t1− t2 )

d dt d t
T → 2T

S ( )e d =

= lim



−



−

T T

−T −T

T T

−T −T



−



XX XX
S ( ) = A[ R (t , t +  )]e

− j
d



−

1

1 1

1 1

X X X X 1 2

X X 1 1 X X

2T 2T

R (t , t ) (
2 T →  2T

S ( )e
j

d = lim + t − t )dt d t
1 2 2 1

= lim
T →

R (t , t +  )dt = lim
T →

R (t , t +  )dt



−

T T

− T − T

T

− T

T

− T

 (t ) ⎯
FT
→ 1

1

Relationship between PSD and autocorrelation

PTSP,V,Nagalakshmi,ECE,NRCM 205

e
j t

d
2



−



−

 (t )e
− j t

dt = 1

 (t ) =





S 
X X

( )

= A[ R (t , t +  )]
XX

FT

A[ R
X X

( t , t +  )] ⎯→



XX XX
R ( )e

− j
dS ( ) =



−

1
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X X X X
S ( )e

j
d



R ( ) =
2 −

R
X X

( ) S
X X

( )⎯
F T
→

❑ X (t ) w .s.s.  A[ R
XX

(t , t +  )] = R
XX

( )
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W (t ) = X (t ) + Y (t )

R
W W

( t , t +  ) = E [W ( t )W (t +  )] = E { [ X ( t ) + Y ( t )][ X ( t +  ) + Y ( t +  )]}

= R (t , t +  ) + R (t , t +  ) + R (t , t +  ) + R (t , t +  )
X X YY X Y YX

S
W W

( ) = S 
XX

( ) + S
YY

( ) + F { A[ R
X Y

(t , t +  )]} + F { A[ R
YX  

(t , t +  )]}



− T  t  T

o / w

 x (t ),
x

T
(t ) = 

0,

C ro ss Po w er co n tain ed in x ( t ), y ( t ) in the in terva l (−T , T )

− T  t  T

o / w

 y (t ),
y

T
(t ) = 

0,

X
T

( )
FT

x
T

( t ) ⎯→ Y
T 

( )
FT

y
T

( t ) ⎯→

Parseval's theorem

Assum e x
T 

(t ) dt   & y
T

(t ) dt   , for all fin ite T .
T

−T

T

−T

1 1

Cross-power density spectrum
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1T

X Y T T

X ( )
*
Y ( )

T T d
2T

 

P (T ) = x (t ) y (t )dt = x (t ) y (t )dt =
2T − 2T −T 2 −



averag e C ross Po w er co n tained in X ( t ), Y ( t ) in th e in terval (−T , T )

cro ss-p ow er density spectru m

to ta l averag e C ross Po w er co n tain ed in X ( t ),Y ( t )

*
1 1

X Y X Y

E [ X ( ) Y ( )]
T T d

2T2T → 2T
lim
T →

P = lim R (t , t )dt =
T

−T



−

XY

T T

2T

E [ X ( )
*
Y ( )]

T →

S ( ) = lim

*

Cross-power density spectrum
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1 1T

X Y X Y

E [ X ( ) Y ( )]
T T d

2T



P (T ) = R (t , t )dt =
2T −T 2 −



T otal cross pow er = P + P
XY YX

XY YX
X (t ),Y (t ) o rthogonal  P = P = 0

1

X Y X Y
S ( )d



P =
2 −

YX

T T

2T

E [Y ( )
*

X ( )]

T →

S ( ) = lim

*

Cross-power density spectrum
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1

YX YX X Y



P = S ( )d = P
2 −
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*
(1) S

X Y
( ) = S

YX
(− ) = S

YX
( )

T

T
X (t )e

− j t
dtX ( ) =

YX X Y

2T

E [Y ( ) X ( )
*
]

( )
T → T →

E [Y (− )
*

X (− )]
S (− ) = lim T T = lim

T T = S
2T

PF of (1 ):

X (t ), Y (t ) real

Pro perties o f the cross-p o w er d en sity sp ectrum :

YX YX

2T

E [Y ( ) X ( )
*
]

( )
*

T → T →

E [Y (− )
*

X (− )]
S (− ) = lim T T = lim

T T = S
2T

T T
X ( )

*
= X (t )

*
e

j t
dt = X (t )e

j t
dt = X (− )

−T

T

−T

T

−T



(2 ) R e[ S
XY

( )] & R e[ S
YX 

( )] -- even

(4) X (t ) & Y (t ) o rth ogonal  S ( ) = S ( ) = 0
XY YX

(5) X (t ) & Y (t ) uncorre lated & have constan t m ean X ,Y

 S ( ) = S ( ) = 2 X Y  ( )
XY YX

Properties of cross-power density spectrum
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-- odd(3) Im [S
XY

( )] & Im [S
YX

( )]

X (t ) & Y (t ) o rthogonal  R ( t , t +  ) = 0
XY

 A[R ( t , t +  )] = 0
XY

A R ( t , t +  ) ⎯
FT
→ S ( )

XY XY

A R ( t , t +  ) ⎯
FT
→ S ( )

YX YX



 S ( ) = 2 X Y  ( ) = S ( )
*

X Y YX

PF of (5 ): R
X Y

(t , t +  ) = X Y  A[ R
X Y

(t , t +  )] = X Y

Properties of cross-power density spectrum
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X ( t ), Y ( t ) -- jo in tly w .s.s .  S
X Y

( )

S
YX

( )

FT

R
X Y

( ) ⎯→

FT

R
YX

( ) ⎯→



Relationship between C-PSD and cross-
correlation
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1

X Y X Y

X Y X Y



S ( )e
j

d = A[ R (t , t +  )]

S ( ) = A[ R (t , t +  )]e
− j

d

2 −


−
*

1 1

1

1

1

T
T T

XY
E [

2T 2T
X ( t )e

j t1 d t
E [ X ( ) Y ( )]

Y ( t )e
− j t2 d t ]

2 2

E [ X ( t )Y ( t )]e
j ( t1 − t2 )

d t d t
1 2 2 1

T →  2T

R ( t , t )e
j ( t1 − t 2 )

d t d t
XY 1 2 2 1

T →  2T

S ( ) = lim
T →

= lim
T →

= lim

= lim

T

− T − T

T T

− T − T  

T T

− T − T

1 2

2 1

2 1

1 1 1
lim

1 1

XY XY 1 2

X Y 1 2

R (t , t )e

R (t , t )

j j
dt dt e d

2 2

2

j ( t − t )

T → 2T

e
j ( + t1− t2 )

d dt d t
T → 2T

S ( )e d =

= lim



−



−

T T

−T −T

T T

−T −T



−



XY XY
S ( ) = A[ R (t , t +  )]e

− j
d



−

1 2 2 1

1

1 1

1 1

X Y X Y 1 2

X Y 1 1 X Y

2T 2T

R (t , t ) (
2 T →  2T

S ( )e
j

d = lim + t − t )dt dt

= lim
T →

R (t , t +  )dt = lim
T →

R (t , t +  )dt

= A[ R (t , t +  )]
XY



−

T T

− T − T

T

− T

T

− T

 (t ) ⎯
FT
→ 1

1

Relationship between C-PSD and cross-
correlation
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e
j t

d
2



−



−

 (t )e
− j t

dt = 1

 (t ) =





S 
X Y

( )A[ R
X Y

(t , t +  )] ⎯
F T
→



0 0 0 0

2
XY

AB

4 j
[ (

− j AB
S ( ) = [2 ( −  ) − 2 ( +  )] = −  ) −  ( +  )]

0 0

2
XY

AB
R ( t , t +  ) = {sin (  ) + co s[ (2 t +  )]}

0

Example
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0

0

1

1
lim

2 2

X Y X Y

AB AB

2 4 j

cos[

T → 2T

T → 2T

A[ R (t , t +  )] = lim R (t , t +  )dt

= sin(  ) + (2 t +  )]dt

AB AB
= sin(  ) = [e

j 0 − e
− j 0 ]

T

−T

T

−T

Example:



Linear system fundamentals
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y (t ) = x (t )  h (t ) = h (t )  x (t )

Linear S ystem



y (t ) = − x ( )h (t , )d

im p u lse respo n se (t −  ) → h ( t , )

Lin ear T im e-In varian t S ystem (LT I system )

 

y (t ) = − x ( )h (t −  )d = − h ( ) x (t −  )d

con vo lu tion in teg ral

Y ( ) = X ( ) H ( )

y (t )

x (t )



h ( )e
j ( t− )

d

x (t ) = e
j t

 =
− =

e
j t

h ( )e
− j 

d = H ( )
 

−



E x am p le-1 :
R

H ( s ) =
sL + R

R
H ( ) =

j L + R

LT I cau sa l  h ( t ) = 0 fo r t  0

LT I

Linear system fundamentals
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stable  h ( t ) dt  


−



Id eal low p ass filter

o/w

  We
− jt0 ,

H ( ) = 

0,

0

Linear system fundamentals
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0

0

0

0

0

1 1

1 1

1

W W

W

e e d 
2 2

2

W



− j t  j t j ( t − t )

− W − W

e
j ( t − t 0 )

− W

h ( t ) = e d  =

=
2 j ( t − t )

e
j ( t − t 0 ) W

− e
− j ( t − t 0 ) W

=
j ( t − t )

s in [( t − t )W ]
=

( t − t )W

 

N o t p hysically realizab leN o t cau sa l 



Random signal response of linear systems
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

Y (t ) = − h ( ) X (t −  )dX ( t ) -- w .s .s . ran d om in p u t

X ( t ) w .s .s .  Y ( t ) w .s .s .

2

2 1 2
)d d

 

E [Y (t )] = E [ − h ( ) X (t −  )d ] = − h ( ) E [ X (t −  )]d



= X − h ( )d = Y

R
YY

(t , t +  ) = E [Y (t )Y (t +  )]

= E [ h ( ) X (t −  )d
1 1

h ( ) X (t +  −  )d ]
2 2

= E [ X (t −  ) X (t +  −  )]h ( )h (
1 2 1

= R ( +  −  )h ( )h ( )d d
X X 1 2 1 2 1 2



−



1 −
 

− −
 

− −



E x am p le-1 : w h ite no ise X ( t ) R
X X

( ) = ( N
0

/ 2 ) ( )

0 1

0 2 2

( N / 2) (E [Y (t )
2
] = −  )h( )h( )d d

2 1 2 1 2

= ( N / 2) h( )
2
d

 

− −


−

1 2

Random signal response of linear systems
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1 2 2 2

2 2

2 2

YY XX

XX

X X 1 1

 

 = −−

R ( ) = [ R ( +  −  )h ( )d ]h ( )d
1 1

= [ R ( −  −  )h (− )d ]h ( )d
2 1 1 1

= R ( )  h (− ) h ( )d

− −
 

− −




2 1 2X X 1 2 1
)d d

= R ( )  h (− )  h ( )
XX

 

E [Y (t )
2
] = R ( −  )h ( )h (− −



XY

Random signal response of linear systems
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XX



R (t , t +  ) = E [ X (t )Y (t +  )] = E [ X (t ) h ( ) X (t +  −  )d ]

= R ( −  )h ( )d

−


= − E [ X (t ) X (t +  −  )]h ( )d



−

XX

= R ( )  h ( ) = R ( )
X X X Y

R
YX 

( ) = R
XY

(− ) = R
XX

(− )  h (− ) = R
XX

( )  h (− )



= R ( −  )h (− )d−

X ( t ) w .s .s .  X ( t ) & Y ( t ) jo in tly w .s .s .

R
YY

( ) = R
XY

( )  h (− ) = R
YX

( )  h ( )



E x am p le-2 : w h ite no ise X ( t )

Random signal response of linear systems

PTSP,V,Nagalakshmi,ECE,NRCM 223

R
X X

( ) = ( N
0

/ 2 ) ( )

XX
R ( ) = R ( )  h ( ) =

XY XX
R ( −  )h ( )d

= ( N / 2 ) ( −  )h ( )d = ( N / 2 )h ( )
0 0



−


−

R
YX

( ) = R
XY

(− ) = ( N
0

/ 2 )h (− )



Spectral characteristics of system response
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R
XY

( ) = R
X X

( )  h ( ) S
X Y

( ) = S
X X

( ) H ( )

*
S

YX
( ) = S

X X
( ) H (− ) = S

X X
( ) H ( )

H ( )h ( ) ⎯
F T
→

h (− ) ⎯
F T
→ H (− ) = H ( )

*
h ( ) rea l 

R
YX

( ) = R
X X

( )  h (− )

R
YY

( ) = R
X Y

( )  h (− ) = R
XX

( )  h ( )  h (− )

S ( ) = S ( ) H ( )
*
= S ( ) H ( ) H ( )

*
= S ( ) H ( )

2

YY XY XX XX



N
0

/ 22

S ( ) = S ( ) H ( ) =
YY XX

1 + ( L / R )
2

21 1

YY YY X X
S ( ) H ( ) d

 

P = S ( )d =
2 − 2 −

average pow er

E x am p le-1 :

2
XX

N
S ( ) = 0

1
H ( ) =

1 + ( j L / R )

1

Spectral characteristics of system response
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YY YY

4 L

 / 2  / 2

d
 

P =
N 1

S ( )d = 0

N 1

= 0
R 2 N R

sec  d = 0

N R
d = 0

2 − 4
− 1 + ( L / R )

2

4
− / 2 1 + tan

2
 L 4 L − / 2



1
H ( ) =

1 + ( j L / R )

0

Spectral characteristics of system response
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2 2
YY

P
4 L 4 L


N

= 0 h ( t )
2

d t =
N

0

 N R

( R / L )
2

e
− 2 R t / L

d t = 0 e
−2 R t / L

N R

= 0


− 
0

h (t ) = ( R / L )u (t )e
− R t / L

⎯
F T
→

B y E x am p le-1 ,



If E[X(t)] is finite
and system is stable

If X(t) is stationary,
H(0) :System DC response.

Y ( t ) =  h ( τ
1
) X ( t − τ

1
) d τ

1



-

1 1

1

1



- 



- 

where h(t) is the impulse response of the system

μ
Y

( t ) = E Y ( t ) 


 

= E h ( τ ) X ( t − τ ) d τ
1


= h ( τ
1

) E  x ( t − τ
1

)  d τ

= h ( τ ) μ ( t − τ ) d τ
1 X 1

  - 







- 

μ
Y
= μ

X
h ( τ

1
) d τ

1
= μ

X
H ( 0 ) ,

Random process through a LTI System

PTSP,V,Nagalakshmi,ECE,NRCM 227



If

Random process through a LTI System
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Stationary input, Stationary output

2 2



Consider autocorrelation function of Y(t):

R
Y

( t ,  ) = E Y ( t ) Y (  ) 

E  h ( τ ) X ( t − τ ) d τ
1 1

h ( τ ) X ( μ − τ ) d τ


2   − 



1   − 

=

If E[ X
2

( t )] is finite and the system is stable,

2Y 2 X
d τ

1
h ( τ

1
) d τ h ( τR ( t , μ ) = ) R ( t − τ ,  − τ )

1 2



 − 



 − 

+ τ ) (stationary)
2

R
X  

( t − τ
1

, μ − τ
2

) = R
X  

( t − μ − τ
1

 

−  − 

h ( τ
1

)h ( τ
2

) R X ( τ − τ
1
+ τ

2
) d τ

1
d τ

2
R

Y
( τ ) =  

1 2 1 2Y X
h ( τ ) h ( τR ( 0 ) = E Y

2
( t )  = ) R ( τ − τ ) d τ d τ

2 1 

 

 −   − 



j 2 π f t ) dfg ( t ) = − 
G ( f ) exp(

Consider the Fourier transform of g(t),


G ( f ) = − 
g ( t ) exp( − j 2 π f t ) dt



1 2 1 2X

d f H ( f )

  
 H ( f ) ex p ( j 2 fτ ) d f  h ( τ ) R ( τ − τ ) d τ d τ

2 1
E 
Y

2
( t ) 

 =


=

Let H(f ) denote the frequency response,



h ( τ
1
) = − H ( f ) ex p ( j 2 π fτ

1
) d f

− −  −

1

2

d τ
2
h ( τ

2
)

X
d f H ( f ) d τ h (τ ) ex p ( j 2 fτ )

2 2

R (τ − τ ) ex p ( j 2 fτ ) d τ
X 2 1 1

= R ( ) ex p (− j 2 fτ ) d



−



−



−


−



−



−
*

H ( f ) (c o m p lex c o n ju g a te re sp o n se o f th e fi lte r)

 =  2 -  1

Power Spectral Density
(PSD)
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: the magnitude response

Recall

D f : Filter Bandwidth

X
-  - 

 2 

E Y
2

( t )  = d f H ( f ) R ( τ ) e x p ( − j 2 f  ) d τ
   

H ( f )

Define: Power Spectral Density ( Fourier Transform of R( τ ))

2

X X

H ( f ) S
X  

( f ) d f



-



-

S ( f ) = R ( ) e x p (− 2 π fτ ) d 

E Y
2 

( t )  =



  

2

 

- -

h ( τ )R X ( τ − τ ) d τ d τ
1 2 1 1

E 
Y

2
( t ) 

 =  

in W/HzE Y 2
( t ) 2Δ f S ( f )

X c

If Δ f  f c  and S X ( f ) is continuous ,

Let H ( f ) be the magnitude response of an ideal narrowband filter

c

Power Spectral Density
(PSD)
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2
 1

 f

2
f  f 

1
 f

f  f
c 0 ,

1 ,
|H ( f )| = 



1 1 2

2 1 2

Y 2 X

Y

Y

h ( )h (

d  d 

R ( ) = ) R ( −  +  )  d  d 
2 1

S ( f ) = h ( ) h ( ) R ( − 
1 2 X 1

+  ) e x p (− j 2 f  ) d 

, o r  =  +  − 
0 1 2

S ( f ) =

 

− −
  

− − −

0 1 2 0
)  d τ  d τ d τ

L e t  −  +  = 
1 2 0

  

h ( ) h ( ) R X ( ) e x p ( j 2 f  ) e x p (− j 2 f  ) e x p (− j 2 f 
1 2 1 0 2

= S ( f ) H ( f ) H * ( f )
X

2

= H ( f ) S X ( f )

− − −

h(t)

X(t)

The PSD of the Input and Output Random
Processes
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SX (f)

Y(t)

SY (f)



Let x(t) be a sample function of a stationary and ergodic Process X(t).

In general, the condition for Fourier transformable is

This condition can never be satisfied by any stationary x(t) with infinite
duration.

If x(t) is a power signal (finite average power)

Time-averaged autocorrelation periodogram function

1

T

X

− T

T →  2T

We may write

E rg o d ic  T a k e tim e a v e rag e

R ( ) = lim x ( t +  )x ( t ) d t

X ( f , T ) =  x ( t ) e x p (− j 2 f t ) d t

T

− T

x ( t ) d t  


− 

2

Relation Among The PSD and
The Magnitude Spectrum of a Sample

Function
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1 1

2 T

T

X ( f , T )x ( t +  )x ( t ) d t 
2T

− T



Take inverse Fourier Transform

we have

Since x(t) is ergodic

is used to estimate the PSD of x(t)

21 1
X ( f , T ) fT ) d fe x p ( j 2

T 

2 − T

x ( t +  )x ( t ) d t = − 2T

21

X
X ( f , T )

2T
e x p ( j 2 f  )d f



T →  −

R ( ) = lim 
Note that for any given x(t) periodogram does not converge as T → 

Relation Among The PSD and
The Magnitude Spectrum of a Sample

Function
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1

 exp(
1

1

2

2 




1 
= lim









− 

T

X

XX

X

XX

T →  2T

E X ( f , T ) 
2 

T →  2T
S ( f ) = lim

E X ( f  − T )
−   T →  2T

E X ( f  − T ) 
2 exp(

2T

E  − T
x ( t ) exp( − j 2 f t ) dt

S ( f ) exp( j 2 f ) dfR ( ) =

j 2 f ) df

 
R ( ) =  lim

j 2 f )df



( ) = lim 
T →  −

E R ( )  = R



Cross-Spectral Densities
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X Y X Y

Y X Y X

S
X Y

R
X Y

R
Y X

S ( f ) = R ( ) e x p (− j 2 f  ) d 

S ( f ) = R ( ) e x p (− j 2 f  ) d 



− 


− 

Y X

( f ) a n d S
Y X

( f ) m a y n o t b e re a l.



( τ ) = − S
X Y

( f ) e x p ( j 2 π fτ ) d f



( τ ) = −  S
Y X

( f ) e x p ( j 2 π fτ ) d f

( f )
S ( f ) = S (− f ) = S

X Y Y X

 R
X Y

( τ ) = R
Y X

(− τ )



Example: X(t) and Y(t) are jointly stationary.

1 1 1 2 2 2

2 1 2

1 1 2 2 1 2 1 2V Z X Y

VY

F

) d  d 

h ( ) h ( +  ) d  d 

R
V Z

( t , u ) = E V ( t ) Z (u ) 



= E  h ( ) X ( t −  ) d 


2 

= h ( ) h ( )R ( t −  , u − 
1 1 2 2 XY 1

L e t τ = t − u

 

R ( ) = )R ( − 

 − 



1 h ( )Y (u −  )d 
− 

 

−  − 

−  − 

1 2
( f ) H 


( f ) S X Y ( f )→ S ( f ) = H

Cross-Spectral Densities Example
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Output Statistics: the mean of the output process
is given by

Cross-Spectral Densities
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Y

=
+ 

 − 

+ 

 − 

 ( ) h ( t −  ) d  =  ( t )  h ( t ).
X X

E { X ( ) h ( t −  ) d  } ( t ) = E {Y ( t )} =

21

21

XX 1 2

= R ( t , t )  h
*

( t ).
XX 1 2 2

Finally the output autocorrelation function is given by

=

Similarly the cross-correlation function between the input and output
processes is given by

R ( t , t ) = E { X ( t )Y
*

( t )}
XY 1 2 1 2

 − 

 − 

 − 

+ 

R ( t , t −  ) h
*

( ) d 

−  )} h
*

( ) d 
+ 

= E { X ( t ) X
*

( t

+ 

= E { X ( t ) X
*

( t −  ) h
*

( ) d  }



or

21

21

*

XY

= R ( t , t )  h ( t ),
XY 1 2 1

=

R ( t , t ) = E {Y ( t )Y ( t )}
YY 1 2 1 2

+ 

= E { X ( t − 

+ 

 − 

+ 

= E { X ( t − 

) h (  ) dR ( t −  , t
1 2

−  ) h (  ) d Y
*

( t )}

−  )Y
* 

( t )} h (  ) d

*
( t

1
, t

2
)  h ( t

2
)  h ( t

1
).R ( t , t ) = R

YY 1 2 XX

h(t) ( t )
X

Cross-Spectral Densities
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 ( t )
Y

h*(t2) h(t1)⎯⎯→ ⎯⎯→ ( t , t )R
YY 1 2

( t , t )R
XX 1 2

(a)

⎯
R
⎯XY (

⎯
t1⎯

, t 2 )
→

(b)



In particular if X(t) is wide-sense stationary, then we have

Cross-Spectral Densities
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so that

Thus X(t) and Y(t) are jointly w.s.s. Further, the output
autocorrelation simplifies to

we obtain

XX
 ( t ) = 

a constant.
XY

h ( ) d  =  c , ( t ) = 
+ 

X    − 

Also R
XX

− t ) so that reduces to
2

( t
1
, t

2
) = R

XX
( t

1

21XYYY 1 2

= R ( )  h ( ) = R ( ).
XY YY

R ( t −  − t ) h (  ) d ,  = t − t
1 2

R ( t , t ) =
+ 

 − 

R ( ) = R ( )  h
*
(− )  h ( ).

YY XX

XY 1 2
R ( t , t ) =  − 

 = t − t .
1 2

+ 

R ( t − t +  ) h
*

( ) d
XX 1 2

= R ( )  h
*

( − ) = R ( ),
XX XY



the output process is also wide-sense stationary. This gives rise to the
following representation

LTI system
h(t)

Linear system

X ( t )

wide-sense
stationary process

Y ( t )

wide-sense
stationary process.

LTI system
h(t)

X ( t )

strict-sense
stationary process

Cross-Spectral Densities
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X ( t )

Gaussian
process (also 
stationary)

Y ( t )

strict-sense
stationary process 
(see Text for proof )

Y ( t )
Gaussian process
(also stationary)

(a)

(b)

(c)



For w.s.s. white noise input W(t), we have

W(t) is said to be a white noise process if

R ( t , t ) = q ( t ) ( t − t ),
WW 1 2 1 1 2

i.e., E[W(t1) W*(t2)] = 0 unless t1 = t2.
W(t) is said to be wide-sense stationary (w.s.s) white noise
if E[W(t)] = constant, and

R ( t , t ) = q  ( t − t ) = q ( ).
WW 1 2 1 2

If W(t) is also a Gaussian process (white Gaussian process), then all of
its samples are independent random variables

White noise
W(t)

LTI
h(t)

C o lo re d n o ise

N ( t ) = h ( t ) W ( t )

White Noise Process
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and

White Noise Process
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where

R ( ) = q  ( )  h
*

(− )  h ( )
nn

= qh
*

(− )  h ( ) = q ( )

Thus the output of a white noise− process through an LTI system
represents a (colored) noise process.
Note: White noise need not be Gaussian.

“White” and “Gaussian” are two different concepts!

+ 

 ( ) = h ( )  h
*

(− ) =  h ( ) h
*

( +  ) d .

W
h ( ) d  ,

+

E [ N ( t ) ] =   −
a c o n s t a n t



❑ Shot noise

❑ Thermal noise

k: Boltzmann’s constant = 1.38 x 10-23 joules/K, T is the absolute
temperature in degree Kelvin.

2

2

1

volts

RR
2

2

TN

2

TN

2

TN

1
 f = 4 kTG  f ampsE V = 4 kT

E V = 4 kTR  f  

E I =

Noise
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·

2

re of the receivertemperatunoise

2

 ( )
N

0

N
0

W

W

R ( ) =

N
0
= kT

e

T
e

: equivalent

S ( f ) =

White noise

PTSP,V,Nagalakshmi,ECE,NRCM 243



Ideal Low-Pass Filtered White Noise
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2

2

0

exp( j 2 f ) df
N

0

N

= N B sinc( 2 B  )
0

R ( ) =

-B  f  B

f  B


 N

0

S
N 

( f ) = 



B

 − B



Correlation of White Noise with a Sinusoidal
Wave
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2

2

T h e v a r a n c e

0

1 2
0 0

2

1 2
0 0

1 2
0 0

0 0
21

2

0



 

 

 

 



=

=

=

1 2 






c

T T

2 c     1 c 2

T T

T T

T

c 2c     

1

T

c

N
0

T

N
0

)  d t d t

)  d t d t

)  d t d t
2

T

2

T

2

T

t )  d t d t
 T

o f w ' ( t ) is

2

T
w ' ( t ) =

T

c o s
2

( 2  f t ) d t =

N 0

 ( t − t ) c o s ( 2  f t ) c o s ( 2  f t
1 =

R ( t , t ) c o s ( 2  f t ) c o s ( 2  f t
W 1 2 c     1 c 2

E w ( t ) w ( t ) c o s ( 2  f t ) c o s ( 2  f t
1 2 c     1 c 2

T

w ( t ) c o s ( 2  f t ) w ( t ) c o s ( 2  f = E
 2

w ( t ) c o s ( 2  f t ) d t

X 
T

dt
0

, k is integer
k  

T

2

T
cos( 2 f ct ) , f c =

w ( t ) w
'
( t )White noise



Two representations

a. in-phase and quadrature components (cos(2 fct), sin(2 fct))

b. envelope and phase

In-phase and quadrature representation

n ( t ) = n ( t ) cos( 2 f t ) − n ( t ) sin( 2 f t )
I c Q c

n
I 

( t ) and n
Q 

( t ) are low - pass signals

Narrowband Noise (NBN)
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1.nI(t) and nQ(t) have zero mean.

2.If n(t) is Gaussian then nI(t) and nQ(t) are jointly Gaussian.

3.If n(t) is stationary then nI(t) and nQ(t) are jointly stationary.

4.

5. nI(t) and nQ(t) have the same variance

6.Cross-spectral density is purely imaginary.

7.If n(t) is Gaussian, its PSD is symmetric about fc, then nI(t) and nQ(t) are
statistically independent.

0 otherwise
QI

 S
N 

( f − f
c

) + S
N 

( f + f
c

) , -B  f  B
S

N
( f ) = S

N
( f ) = 



2

Important Properties
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. N 0

0 otherwise

f ),
cNcN

S
N N

I Q

-B  f  B



)− S ( f −+ f jS ( f
= 

( f ) = − S ( f )
N Q N I



Ideal Band-Pass Filtered White Noise

PTSP,V,Nagalakshmi,ECE,NRCM 248

Compare

2 2

(a factor of  ),

exp( j 2 f  ) df

j 2 f  ) 
c

N

R
N

( ) = R
N

( ) = 2 N
0

B sinc( 2 B  ).
I Q

= N B sinc( 2 B  )exp( − j 2 f  ) exp(
0 c

= 2 N B sinc( 2 B  ) cos( 2 f  )
0 c

R ( ) =
f c + B N

0
exp( j 2 f  ) df + 

f c − B

− f c + B N
0

− f  − B
c
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