N
'

Example e

X (t) = Poisson r.p.

O<t <t <t
1 2 3

PIX(t)=k, X(t,)=k,, X(t,) =k,]
S PIX (1) =k . X(t)-X(t)=k —k. X(t)-X(t)=k ~k]
= PLX (1) =k IPLX(t )= X (t)=k —k]IP[X(t)-X(t)=k —k ]

| 271 _ (ky—ky)
(ktl)k e_M [}\‘ (tz B tl)](k " e—k(tz—tl) [7\' (t3 tZ)] e—x(%_tz)
— | — |
. (k, = k) (k, —k )!

1

1 2 7R _ (k3_kz)
BCINN U Cr 9) sl U Al ) S
! — ! — !
k Wk —k)I(k —k)!
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UNIT-1V
Stochastic Processes:
Spectral Characteristics



Introduction to Power density spectrum

J Fourier integral

x(t) = I—J' [I x(t)e Tdtle”'dw

O Fourier transform

X (o) = jw x(t)e "' dt

—00

U Inverse Fourier
transform

I = .
x(1) = —f_ X(®)e™'do

PTSP,V,Nagalakshmi,ECE,NRCM
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Introduction (Contd..)

(x(t), T <t<T
xp (1) =4
|0, olw

T
Assume | x; (1)]dt < oo, for all finite T.
-T

0 T

X ()= j OOxT(t)e_jmdt = I Tx(t)e_jmdt

( Energy contained in x(t) in the interval (-T,T)

0 T 1 0

E(T) = I wa(t)zdt = I_Tx(t)zdt _ ;J_w

2
X, (@) do

PTSP,V,Nagalakshmi,ECE,NRCM
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your roots to success.




Introduction (Contd..) 8

NRCM
-

J Average power in x(t) in the interval (-T,T)

P(ry= [ x(t)2di=_L|

2T -7 2t 2T

® |)(T(co)|2 o

x(t) > X (¢t), take expectation, let7T — oo,

J Average power in random process x(t)

2
T : 1 E[X, )]
P, =lim _I E[X (1) ]dt:_j Iim do
Tsw 2T 771 2T T 1w 2T
2 1=
P =A{E[X ()]} P, . = —j S, (0)do
2w 7
2
O E[X, @) ] .
S. =lim - power density spectrum
T—
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Example-1 4

P, =A{E[X (1)']}

wW.S.S. = PXX :RX (0)

X
T
J Example- X (¢) = 4 cos( t+O) O --uniformly distributed on (0, —)
2
1 Az A2
E[X(¢)’]=E[4; cos’ (0 t+0O)] = E[—+ —cos(2w t +20)]
2 2
Az A2 n_2 A2 A2 T
=2 [ cos(20 ¢+ 20 )d0 =0 +—2 sin (20 ¢ +20)|?
2 2 g 2 2m -
A 4°
=0 _ —Osin(2oool)
2 T
N 4,
Py = ALE[X(O)' N = im —[ [ —sinQo)ldt = —
e 2T 7T 2 @ 2
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J Example-

2

T

Example-2

X (1) = AO cos(coot +0)

T

2

_ ﬁej(aj'T ej(coo—co)tdt_l_ ﬂe—j®J‘T e-](®o+(0)tdt
-T 2 -T
sin[(0 —® )T ] e SIn[(® +o )T']
= A Te’ *—+ A Te -
(o —o )T (o +o )T
T | I Pt e P sin(BT
J' e]Btdz___e]Bt _ :2T (B )
T JP T JB pT
2
CElx, )] ]
S. =lim power density spectrum
2T
T—>o

PTSP,V,Nagalakshmi,ECE,NRCM
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N

, I o e e e
XT(oo)zj' A, cos(o t+0O)e dt :J' AO—[e]G)e’ " p e e e dt
-T -T
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Example-2 (Contd..) &

NRGH
sin[(o —o )T'] _sinf[(w +o )T']
XT((D)= AOTef® 0 +AOTe_]® 0
(o —o )T (o +o )T
) _sin[(0 —o )T ] _sin[(ow +o )T]
X (w) =A4,Te” ———+ A Te” :
(o —o )T (o +o )T

, sin’[(® +o )T]

2 2 2 2
(-0/)T (+w )T

‘XT((D)‘Z _ XT((D)XT(CO ) = Aoz[Tz sin " [(® _(DO)T]+

sin[(®@ —o )T ]sin[(o +o,)7T]

+ AjTZ(e”@ +e *?)

(oo—ooo)T (® +coO)T
. . =2 2
E[e” +¢/2°]= E[2c0s20]= | >—2c0s20d0 = —sin20 |7 =0
O T

E[|XT(Q))|2] Al [T sin’[(0 —o )T] T sin’[(0 +o )T]
= —_ + —

2T 2 n ((o—(oo)sz T (0 +o)0)2T2
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Example-2 (Contd..)

» T sin’(aT) « T sin’ x 1
j — da =I ———  —dx=1 (a)
~n (aT)’ ~m x T

T sin“(aT) B [0, if o =0

lim i (b)
T— o ((]'T)2 LO, if o #0
. T sin*(aT)
(a) & (b) = lm =3 (a)
Toem  (T)?
CElx, @)1 4
S ., (@)= 1lim = [0 (0 —®,)+0 (0 +® )]
T 2T 2
1 = 1 » A’z
P.=—[ S, (0)do =— -0 )+d 0 +o,)]ldo =

21 Y- 2w e D

3 ‘g"'.

NRCM
-

A

o N

2




Properties Power density spectrum 2

Properties of the power density spectrum:
H S, (@w)=0
(2) X(t) real = S, (-0)=S§,, (o)

2

]

i E[|X
(3) §,, () isreal S (@)= lim [| (@)

T— oo 2T

1 =
(4) ———j S, (@)do = A{E[X (1)"]}
2T Y

PF of (2): X (@)= IT X (t)e *'dt
X}«of::ITxxﬂﬂymdt:ITxyayﬂmdzzx;(—m)

- —®) E[X "X
Sﬂi_m)zlmlELXT(GUX}(<D)l_hm [X () Tmn]_S
T 2T T 2T

wx (@)
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Properties Power density spectrum 2

Properties of the power density spectrum

2 d X(t+¢e)- X (1)
5) §,(@)=0"S, (o) — X (¢) = lim
dt £e—>0 c
PF of (5):
i BV X
j(T(l‘):ﬁs—)O ol
0, o/W
f(t—a) «—— F(w)e ™"
/F(T(t) «—5 lim Ay @)e” — X, (@) =jo X (o)
e—>0 €
E[J(T(oa)z] E[ljoX (0)]'] E[|X, 2
§ (@)=lm = lim o, ‘zwzlim[ ((D)‘]:(DZSXX((D)

T— 2T T — 2T T— oo 2T



N
'

Properties Power density spectrum 2

Bandwidth of the power density spectrum

X(t) real = S, (o) even

* 2
S, (@) lowpass form = _— I_ww S, (@)dw

rms

S (w)do
root mean square Bandwidth .[_w o (@)

. .[0 oS,  (0)do

) mean frequency

S, (®) bandpass form = )
J'O S, (w)do

" — \2
2 4 (0 -0,)'S  (0)do
w._ = j rms BW
jo S . (®)do
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\.J

Example e

10
S (@)= - S, (@) lowpass form
[1+ (® /10)7]
TS (0)d ) 19 do = [ 0 0sec’0 do
®)do = ® = sec
S '[—00[1+((o/10)2]2 I—“/2[1+tan29]2
/2 100 n/2 , T /2 1+ cos20
:I do =J 100cos” 0 dO =I 100 d0 = 50mn
-1 /2 Secze -1 /2 - /2 2
® =10tan® = do =10sec’0 dO
© o0 10w ° =2 10° tan’0 )
J' 0 SXX(Q))do):J' doozj 10sec” 0 dO
e = [1+ (0 /10)*]° /2] +tan> 0]
=2 10" tan’ 0 m2 2, 1-cos20
= do =I 10" sin“0 dO :J' 10 dO =5000m
/2 gec?@ —n /2 —n /2 2




Example

2 j ®’S, (0)do
W=

rms

=100

I_OO S, (®)do

rms BW w__. =10 rad/sec

10
[1+ (0 /10)*]

S (@) =

PTSP,V,Nagalakshmi,ECE,NRCM
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Relationship between PSD and autocorrelation

your roots to success.

B

1
— S L(@)e” do = A[R (t,t+71)]
21 7=

SXX((D):J' A[R  (t,t+7T)]e " dr

O E[ X (@) X,(@)] 1 r | r
S (w)=1 L = lim —F X (t)e’"dt X (t.)e °"dt
vy (@) lim o o [I_T (t,)e 1 I_T (t,) )]

— lim _J‘ J‘ E X(f )X(f )]ejw(t1 tz)dt dt
T - o 2T

1 T T .
= lim — R (t.t)e’""dt dt
T—>002TJ.TJ.—T XX(I 2) 2 1

LI S (@)e’ do :—I 11mEJ‘ j R, (t.0)e" " " drdi " do
0 T -5

— lim — R (¢ — [ U gdwdt dt
TlinoozTJ‘ J‘ XX(l’ 2) I 2 1




Relationship between PSD and autocorrelation

jw 5 (e 'dt =1
S(t) «——— 1 Lo
S (¢) = —I e’'dw
2w °
o . 1

1 T T
—f S T do = lim — R _(t,t)( +t —t )dt dt
P XX((D)e ® T1E<1>o2T j_TI_T XX(I 2) (T 1 2 201

T ] T

=lim —\| R  (¢,t +1)dt =lim — [ R _ (¢,t+71)dt

XX(I’I

T—wo QT ¢-T T—o QT 9-T

ARy (1,1 +1)] —> S (@)

Se (@)= [ AR, (t,t+7 )e "Tdt
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d Xx@#) wss. = AR, (t,t+T)]=R, ()
R, (1) «—“> S, (o)
Sy @)= [ Ry ()e " dr

I = .
RXX(T):_I S, (®)e do
2w ° =



Cross-power density spectrum A

W(t)= X (t)+Y(¢)

R, (t,t+1)=E[W @)W (t+1)]=E{[X()+ Y] X(@E+T)+Y(t+71)]}

= RXX(t,t+'c)+Rw(t,t+'c)+RXy(t,t+r)+RYX(t,t+r)

Syp@)=8,, (@)+S,,(®)+ F{A[R,, (t,t +7)]} + F{A[R,, (¢,t +7)]}
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Cross-power density spectrum A

your roots to success.

(x(1), —T <t<T [y(2), T <t<T
xT(t):% yT(l‘):%
LOQ o/w LO, o/w

Assume I_T xT(t)‘dt< o & I_TT

v, (0)|dt < o, for all finite T.

x, (1) <—E—> X, (o) v, (1) <—E—> Y, (®)

Cross Power contained in x(¢), y(¢) in the interval (-7,7T)

. X (o))Y(oo)

I 1 7
Py ()= —[ x,(Ny,(dt = —[ x()y(t)dt = j
2T ¥ 27 -7

Parseval's theorem
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Cross-power density spectrum A

average Cross Power contained in X (¢),Y (¢) in the interval (-7,7T)

1 EX @) Y )]

L (T) = LJ’ R, (t,t)dt =
2w Y 2T

total average Cross Power contained in X (¢),Y (¢)

17 1 E[X (0) Y, (o
P, =Ilim —|[ R_ (¢, t)dt——J' lim LEICIREICH dw
Xy T—w QT ¢-T XY © T o 2T
E[X, (@)Y, (@)
cross-power density spectrum S,, (®)=Ilim a a

T— o0 2T
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Cross-power density spectrum

1 =
P =— §, (0)do
2w 7~

E[Y, (@) X, (®)]

S, (®)=lim
T—>»® 2T

1 = "
P =—1 S _(®w)do =P

YX YX XY
2T Y-

= P +P
Total cross power vy vy

X (t),Y(¢) orthogonal = P =P =0

YX

PTSP,V,Nagalakshmi,ECE,NRCM
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Properties of cross-power density spectrum 3

X (t),Y(t) real

Properties of the cross-power density spectrum:
(1) Sxy((D)ZSY)((_(D):S)fx((D)

PF of (1): X, (@)= J'T X (t)e ™'dt

xy(m)*zjifygfem%h::Iixxnemanzzxg(—m)

—®) - E[Y X "
Sm(—m):lm1EInl w)AXT(GHI_hm [Y, (@)X (@) ]_ @)
T 2T T 2T
~—®) - Y X "
Smx—@):lmlEDg((Q)Xf((Q”_nm E[Y (o) Aw)]_S}Xw”*
T 2T T 2T
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Properties of cross-power density spectrum 3

(2) Re[§,,(0)] & Re[S,, (w)] --even
3) Im[S,,(w)] & Im[S,, (w)] --odd

A[R Y(t,t+r)]<——E—> S (o)

X XY

A[RX (t,t+7)]«—"L> S (o)

Y. X

(4) X (¢) & Y(¢t) orthogonal = SXY((D) = SYX (w)=0

X (t) & Y(¢t) orthogonal = ny(t,t+r)=0 = A[RXy(t,t+1:)]=O

(5) X(¢t) & Y(¢t) uncorrelated & have constant mean )?,Y_

= SXy(oo):SYX(co):%c)?fS (®)
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Properties of cross-power density spectrum 3

PF of (5): R, (t,t+1)=XY = A[R, (t,t+1)]= XY

= § (0)= 2n XY8 (w) = SYX((D)*

X (t),Y(t) --jointly w.s.s.

FT
= R, (1) «—

FT
R, t) «——

PTSP,V,Nagalakshmi,ECE,NRCM
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Relationship between C-PSD and cross-

correlation

1 - |
2_‘[—w SXY ((D )e] ‘do = A[RXY (l‘,l‘-l—’C)]

o0

S, (@)= j A[R  (t,t+71)]e " dt

E[X (0) Y ()] 1 r . r _jor,
S (o) =lim @) BT —E[| X()e™"de, [ Y(1)e Tt ]
T— o0 2T T—> oo 2T -T -T

— lim _I f E[X (t)Y (1 )]e jo (= ’Z)dt dt
T —> 2T

— lim _,[ .[ R _(t.1)e jo (= ’”dt dt
T—>w 2T

LI S (0)e’d @——j 11m;j j R, (1,,6,)e" " Pdr dt e’ do
o © T -0

— lim —— R (t,t.)— e dwdt dt
im 1 RG] i
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Relationship between C-PSD and cross-
correlation

jw 5 (e ™' dt =1

S(t) «——> 1
|
8 (1) = _I e’'dw
2w

1 | 1 r 7
— S. . (®)e " do =lim — R _(t.,t)(t +¢t —t )dt. dt
[ Su@)e lim [ [ Ry (10,08 4t = 1,)d

1 .7 1
=lim — | R (¢,t +1)dt, =lim — | R _(t,t+71)dt
T—wo QT ¢-T T—ow QT 9T

= A[RXy(t,tth)]
AR, (t,t+1)] <> S, ()

Sy(@)=[ AR, (t,t+1 Ve "t dr

PTSP,V,Nagalakshmi,ECE,NRCM
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Example

LY
NV
N

NRGH
Example:
AB
RXY(t,tJrT):7{sm((x)or)+cos[(x)o(2t+r)]}
. 1 T
A[RXY(I,I+’C)]= ;1_13:0; _TRXY(Z‘,Z‘-F’C)dl‘
AB AB 1 7
:—s1n(a)0'c)+—11m—j cos[o (27 +71)]dt
2 2 Towx 2T J-T
AB AB o
— —Sin((DOT) — —[eJCOOT _ e 0 ]
2 4 j
AB —jn AB
S, (@)= T[2n6((o —®,)- 210 (0 +® )] = T[S (0 —»,)-0(® +w,)]
J

PTSP,V,Nagalakshmi,ECE,NRCM
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Linear system fundamentals

LY
NV
N

Y
Linear System y(t) = J‘_wx(ﬁ Vh(t,5)dE  Toputx()—> SL;;Z?; — Output (¢
h(t,7)
O(t—€) — h(t,§) impulse response @
Linear Time-Invariant System (LTI system) Input x(f) — sy];gm — Output y({)
. o h(t)
H(w
y(0) = x@)h(t-8)dE = [ h(E)x(t-E)dE .
y()=x()*h(t)=h(t)=*x(t) convolution integral
Y(0)=X(0)H (0)
" jo (1=8) g
jor y() I—oo (&) ; B - jot
x(t)=e = = = I h(€)e di = H (o)

x(2) e’

PTSP,V,Nagalakshmi,ECE,NRCM
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Linear system fundamentals

Y
0K

your roots to success.

R

Example-1: H(s) = L

sL+ R o——"T0W 0

R Tnput x(t) Output y(f)
H(w) =
Jo L+ R
0 0

LTI causal <« h(t)=0 fort<O
LTI stable. & | h(t)|dt < oo

PTSP,V,Nagalakshmi,ECE,NRCM
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Linear system fundamentals 8§

| H ()] or 8(w)

Ideal lowpass filter

(e—jtoa) ’ ‘CO ‘ <W \‘\\\\ |H ()
H ((D) = % -w \0“\\1/1: »
|0, o/w @ )
1 v . 1 W
h(t)=—'[ e "¢’ dw =—j e’ g
2T -W 21 -w | H ()| or 0 (w)
< |H@)
w -—- — 1 —
- : : e /Tt \\\\\
. 0 ~~o w
2 j(t—1t,) . TS
®) o)
| eV g itmtW
21 Jjt—t,) | H(w)] or 0()
_ —w— [—w—
W osin[(t -t )W ] —~ 1
= — B S |H ()]
7T (t - tO )W 7:00 — o\“‘~\\\__\& aio w
© e

Not causal = Not physically realizable
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Random signal response of linear systems

X (t) --w.s.s.random input Y(t) = IZh(i)X(f - &)d¢

E[Y(D]=E[[ hE)X(t-8)dE]=[ h(E)ELX (1-§)]dE

- )?j_wh(a)dg -y
R, ,(t,t+1)=E[Y ()Y (t +7)]

= B[[ hE)X(1=E)dE [ hE)X(1+7 ~E )dE ]

o0

—[ [ EIX(=€)X(t+t —E)IRE)INE e de,

o —00 o —

CR(t+& & )E R )dE dE

= Y (t) w.s.s.
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Random signal response of linear systems

R, (@)= [ [ R, (x+& ~E)hE)dE IE )dE,

= [ [[ R, (=8 —E)h(-E)dE JAE )AL,

o0

= [ Ry €)*h(-E))]

h(g,)ds,

§=1-¢,
=R (@) *h(-T)*h(x)

BV’ 1= [ [ Ry (&, ~E)hE)RE,)EdE,
Example-1: white noise X (¢) Ryy(t)=(N,/2)5 (1)
EY@0*1=] [ (N,/2)8 (&, ~5,)h(E h(E,)dE d,

(N, 12)[ hE)’dE,
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Random signal response of linear systems "

Ry, (tt+7) = ELX(OY (1+0)] = ELX (1) h(E)X (1+7 ~&)dE]

0

— [ CE[X (DX (1+1 -&)]h(E)dE

o0

=[ R, (t-8E)h(€)dE

o — 00

=R _(@)*h(t)=R_(r)

Ry (€)= Ry (—0) = Ry (<1) *h(=%) = Ry (€)% h(-T)
= [ Ry —E)(-E)dE
X () w.s.s. = X(t) & Y(t) jointly w.s.s.
Ry (8) = Ry (8)# h(=T) = Ryy (€) * h(x)
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Random signal response of linear systems

Example-2: white noise X (¢) R,,t)=(N,/2)0 (1)

R G)=R ()*h()=[ R, (x-8)h(E)ds

_ IOO (N /2)0(t =8)h(5)dS = (N /2)h(t)

R, (t)=R, (-t)=(N,/2)h(-1)
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Spectral characteristics of system response &
RXY(T):RXX(T)*h(T) S)(y(m):SX)((O‘))H(O‘))
R, (t)=R, (M)xh(-1)  Sp(@)=S, (0)H(-0)=S5,(0)H @)
R,(t)=R,,(t)*h(-t)=R,, (1)*h(t)*h(-1)

S (©)=S (@H@®) =S (@)H@)H@®) =5 _(©)H@o)]

h(t) «—> H(®)

h(t) real = h(-t1) «—> H(-0)=H (o)
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Spectral characteristics of system response

your roots to success.

1 I =
average power Pyy - — S (0) Ydo = _J‘ SXX (CO)|H (® )|2 do
2w I 2 o

Example-1: NO 1
A (60)—7 H(w)=

1+ (joL/R)

SYY((D):SXX((D)‘H((D)VZ A

1+ (wL/R)’

1 N 1
P =—1 S (co)doo—— dom
T | Sn Ioo1+(ooL/R)

N 1 R NR < N R
=2 —sec Ga’e _ J' do = —2
A4 Y-7/21 +tan" 0 L 4qu [ 7-m/2 4
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Spectral characteristics of system response &

1
h(t) = (R/L)M(I)Q_Rt/L PERENEEN H(®)=
1+ (joL/R)
By Example-1,
N 0 N ® N R 0 N R
PYY — _OJ‘ h(t)zdt — _OI (R/L)ze—ZRt/Ldt _ 0 e—ZRt/L _ 0
2 I 2 o 4L o 4L
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Random process through a LTl System Y

Impulse o
X(1) —> resp(o;wse —> Y1) Y (¢) = I h(t)X (t—-1,)drt,
hit "

where h(t) is the impulse response of the system

py () = E [Y(t)]
e 1
= F h (1 X -7 drt
If EIX(8)] is finite Lo X (s dey

and system is stable . - h(t )E [x(t - t,)]dr,

J o

If X(t) is stationary, e vk (- ) de
H(0) :System DC response = Lo !

1

y = By | h(z) dey = uy H(0),
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Random process through a LTI System

Consider autocorrelation function of Y(t):
R, (t,n)=E[Y ()Y (p)]

- FE [J'Zh(fl)X (r - Tl) dTII_Zh(rz)X(,u - 7,) drzU

If E[ X *(¢)] is finite and the system is stable,

0

()R (-7 0 —1))

2

RY(t,,u)=I dtlh(fl)j_z dt

— o0

f R (t-t,u-72,)=R,(t-pu~-r1 ‘|‘12) (stationary)

R, (7) = I_: J-_:h(rl)h(Tz)Rx(r —t,+71,)dt drt,

Stationary input, Stationary output

R,(0)=E [Yz(f)] = j_w j_w h(rl)h(rz)RX(T2 - Tl) dtl dtz




rUvvll JpyoLiUidl UTIHIoIly

n
(PSD) b4
Consider the Fourier transform of g(t),

0

G(f)= | g(t)exp( - j2nuft) di

g ()= [ G(frexp( j2aft)df

Let H(f ) denote the frequency response,
T =T2-T1

h(e))=| H(f)exp(j2xft)) df

E [Yz(z)] = Z jz UZ H(f)exp(j2m f1)) dﬂ“h(fz)RX (r,-7)der dr,

_ OO df H(f)j_: dfzh(fz)J_: RX(r2 — rl)exp(jZTc ftl)a’r1

= f: df H(f)j_: dr h(t )exp(j2m frz)I_: R (t)exp(—j2m fr)dt

|

H (f) (complex conjugate response of the filter)
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rUvvll JpyoLiUidl UTIHIoIly

(PSD) -

E [Yz(t)] = ji df |H(f)|2j_iRX(z)exp(—j2n ft)dr
5 (f)| :the magnitude response

S, (f)= I_ZRX(r)exp(—2nfr) dt

E[y o]= [ |mf s ar
Define: Power Spectral Density ( Fourier Transform of R( 1))

L] =[ [ MR, —r) dr dry

Recall |H<f>|:4h’ s s <
0. |f % £.]>5a

Let|H ( £)|be the magnitude response “of an ideal narrowband filter

[H(F)
. . 1.0
Df :Filter Bandwidth [T [
If Af << f, and S, (f)is continuous |, | | .
2 —fe 0] I
elr]=2ars (f) i wnz A ]



\‘l

The PSD of the Input and Output Random m
Processes L

your roots to success.

X(t) Y(t)
h(t)
Sy (f) Sv()

A 4

v

R, (1)= I_wwj_ih(rl)h(rz)RX(r -1, +T2) drl d«:2

S,(f)= I:j: I_zh(Tl)h(Tz)RX(T —T +t,)exp(—j2n ft) dt, dt, dt

Lett -1 +71 =7 , OrT =T +T —71
1 2 0 0 1 2

S, ()= [ [ h@)hE HRe@ )exp(j2m fr Jexp(=j2m [T )exp(=j27 [T ) dz, dr, dr,
=S _(H(/HH *(f)

i ()| sx(h)
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\.l

The Magnitude Spectrum of a Sample A

NREM
Function b
Let x(t) be a sample function of a stationary and ergodic Process X(t).

In general, the condition for Fourier transformable is

0

j_ x(t)| dt < o

This condition can never be satisfied by any stationary x(t) with infinite
duration.

We may write  x (7, 71) :j x(t)exp(—j2m ft) di

Ergodic = Take time average

R _(t)=lim l—j x(t+71)x(t) dt

X

If x(t) is a power signal (finite average power)

1 T
— x(t+1t)x(t)dt <
2T °-T 2T

Time-averaged autocorrelation  periodogram function
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NGLWAUVIT ATTIVIIG 1T NI allu
The Magnitude Spectrum of a Sample

Take inverse Fourier Transform FunCtlon

I—IT x(1+1)x(t)dt = fw 1—|X(f,T)|2 exp(j2n fT)df
we have
R (1) = hmj —|X(f T)| exp(j2m f1)df

T —> x©

Note that for any given x(t) periodogram does not converge as 7 s «
Since x(t) is ergodic

E[R, (t)]=R L (@) = lim Iw;E[X(f T)‘ ]3xp( j2mft)df
o |

R, ()= jwﬁu}w;E[Xu | }exp( j2nfe)df

R, ()= [ S, (f)exp( j2nfe)ds

S, (f) = lim L x (. ]
is used to estimate the PSD ofxgtf

= lim —E j x(¢)exp( — j2mft)dt
Tow 2T [—T

2

|
|
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Cross-Spectral Densities

Sy ()=

S ()= |

R (t)exp(—j2m ft)dr

o0

R, (t)exp(—j2m ft)dr

S,,(f)and S, (f) may not be real.

OR,,(7) =

Ry (1) = | Sy (f)exp(j2afe)df

Ry (2) = | S, (f)exp(j2zfr)df

R, (—7)

S (=8 (=f)=S"(f)

PTSP,V,Nagalakshmi,ECE,NRCM
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Cross-Spectral Densities Example S

Example: X(t) and Y(t) are jointly stationary.

X(f) == (D) > V(1) Y(t) —={ () —=7(p)

R,,(t,u) = E[V()Z(u)]

_ g {..OOOO hl(Tl)X(t_Tl)dTIJ._oooo hZ(TZ)Y(u —TZ)dTZ—L

_ I_m [ A (T )h (v )R (t-7 ,u—-T gt dt

o — 00

Let t1=¢t—-—u

R, (1) = I_w I_w h(t Yh,(t )R, (t =1t +1,)dt dt,

F

=S8, (f)=H (/HH([)Sxx([)
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Cross-Spectral Densities i
Output Statistics: the mean of the output process
is given by

R, (0= E{Y (1)) = [ E{X (x)h(1-7)dr}

_ J‘j:ux(r)h(t—r)dr = (1) *h(0).

Similarly the cross-correlation function between the input and output

processes is given by )
R (t.t)=E X ()Y (1))

= E{X(tl)jj:)(*(zf2 —o)h (a)da}

+ o0

=[ E{X(U)X (t,-a)h (a)do

+ o0

=( R_(t.,t,-a)h (a)do

XX

=R (1,1 )% h*(tz).
Finally the output autocorrelation function is given by
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Cross-Spectral Densities L)
R (¢t )=E{Y(1)Y (1)

- E{J'_+:X(tl ~ B)A(BIAB ¥ "(1,)}

+

= [ E{X (1, B)Y (1, h(B)dP

+

= R (= B.t)h(p)dp

or ) -
=R (1,6 )*h(1),
R (1.t )=R (¢,t,)%h (t,)*h(1).
po(f) — h(t) -, u ()
(a)
R _(t,t,) ——| h*t) ol At) —— R (1,,t,)

(b)
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Cross-Spectral Densities A

NRCM
-

In particularif X(t)is wide -sense stationary, then we have
so that no(t)=p I h(r )dtT = W _c, a constant.

po(@)=p,

Also R (t,t,)=R, (1, —tz) so that reduces to

R 1,2)_1 R t—t2+oc)h*(a)doc
=R (t)*h (-t1)2R (), ©=t 1.

Thus X(t) and Y(t) are jointly w.s.s. Further, the output
autocorrelation simplifies to

R (tl’ 2 = I_+an(t1_ B _tz)h(B)dB, T :tl_tz
we obtain =R ()*h(t)=R (v)

R (t)=R _(t)*h (=t)*h(t).
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Cross-Spectral Densities

the output process is also wide-sense stationary. This gives rise to the

following representation
X (1)
wide-sense

LTI system

stationary process

X (1)
strict-sense

h(t)
(a)

LTl system

stationary process

X (t)
Gaussian

A 4

h(t)
(b)

Linear system

process (also
stationary)

A 4

v

(c)
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N,/
N
N

NRCM
o

Y (1)
wide-sense
stationary process.

Y (1)
strict-sense

stationary process
(see Text for proof )

Y (1)
Gaussian process

(also stationary)
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White Noise Process .

NRCM
o

W(t) is said to be a white noise process if
R (1.t )=gq(t)o(t —1),

i.e., E[W(t1) W*(t2)] =0 unless t; = t,.
W(t) is said to be wide-sense stationary (w.s.s) white noise
if EfW/(t)] = constant, and

RWW (tl,tz)z qéS(t1 —tz):qﬁ (T).

If W(t) is also a Gaussian process (white Gaussian process), then all of
its samples are independent random variables

Colored noise
White noise LTI .,

W(t) h(t) N (1) = h(t)*W (t)

For w.s.s. white noise input W(t), we have
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White Noise Process 8

NRCM
-

E[N(t)]=pn, j h('c)dr a constan't
and

R (1) =8 @)*h (1) h(x)

=qh (-t)*h(t1)=¢qp (1)
where

+ o0

h d
Thus tﬁe(routpu’g o% h|te noJewprcg%ess t OLroJru:ég% an L] system

represents a (colored) noise process.
Note: White noise need not be Gaussian.
“White” and “Gaussian” are two different concepts!
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Noise 3

] Shot noise
(J Thermal noise

() g

E[VZ]

$
)

(a) (b)
El2 |= 4kTrR Ay volts
E -[2 1= 1 2 . 2
1= —E) |= 4kt —Af = 4kTG Af  anps
R R

k: Boltzmann’s constant = 1.38 x 1023 joules/K, T is the absolute
temperature in degree Kelvin.
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White noise A
Y
NRCGM

Sw(f) Ry, (7)
NCI A ﬁﬁ(’r)
2
0 / 0 ’
(a) (b)
NO
Sy (f) =
2
N, = kT
T, :equivalent  noise temperatu re of the receiver
NO
R, (t)= ) o (T)
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Ideal Low-Pass Filtered White Noise A

NRQM
V| Ry(7)
?0 NoB
\ N
f T
-B 0 B Q 2_13 0 %\/% 2_3,’9\
(a) ()
No -B < f < B
Sy(f)=1 >
0 ‘f‘ > B
B N0 .
RN(T)zj exp( j27m ft) df

— B 2
= NOB sinc( 2B71)
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WUITCUWAUIUIL Ul VVIILC INUIOT WIilll d 11UV
Wave

White noise ~ w (1) [ a w (1),

f 2 k
—cos( 2nfet) , fe=— , kis integer
T T

w'(t) = ‘/;—I: w(t)cos( 2nf t)dt

The varance of w' (¢) is

c ' = [2JTI w(t)cos(Zcht)w(t)cos(2nft)dt dt ]

Z_J'TJ'TE[W(t Yw (¢ )]COS( 2w f t Ycos( 2m f ¢t ) dt  dt
= : ) e 1 ¢ 2 1 2

2 T T
_J‘ j RW (tl,tz)cos( 27 fctl)cos( 2T fctz) dt  dt

N o
8 (t - tz)cos( 2m fcfl)COS( 27cht2) dt  dt

0

2
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Narrowband Noise (NBN)

Sy

JAN

~fe—B —f. —f.+B o] fe—B £ fo+ B

Two representations

(a) (b)

a. in-phase and quadrature components (cos(2r f.t), sin(27 f.t))
b. envelope and phase

In-phase and quadrature representation
n(t) = n[(t) cos(2n f t)—n (t)sm( 2@ f ¢)

n,(t)and n (¢)are low - pass signals

STy Low-pass

filter

—= 12, (1) !!;(r) /_\

11(7) —Smth 2 cos (2af.1) cos (2af. 1) n(d

Low-pass
filter

= ng () neoy (r)

()

2.
3
N
)
S

—2 sin (2arf. )

(a) (b)
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Important Properties 3

1.n/(t) and ng(t) have zero mean.
2.1f n(t) is Gaussian then n(t) and ny(t) are jointly Gaussian.
3.1f n(t) is stationary then n/(t) and ng(t) are jointly stationary.

(Sy(f=fO+S,(f+f), -B<[<B
4 5, (f) =S, (/)=

| 0 otherwise

No

5. n/(t) and ng(t) have the same variance
2
6.Cross-spectral density is purely imaginary.

Svy (SI==8_(f)

I o1

(IS, (f+r)-5, (/-7 B < f<B

| 0 otherwise
7.1f n(t) is Gaussian, its PSD is symmetric about f,, then n/(t) and ng(t) are

statistically independent.
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Ideal Band-Pass Filtered White Noise 8

-B O B

(c)

~f.+B N fe+B N
— % exp( j2m ft)df +I —exp( j2m fr)df

Ry )= I‘f,‘B 2 -8 )
= N B sinc( 2Bt )|exp( — j2n f t)exp( j2n f t)]

= 2NOB sinc( 2Bt )cos(2mf 1)

Compare (a factor of 1),

RNI(T): RNQ (t)=2N,Bsinc( 2B71).
248
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