UNIT-I
Stochastic Processes: Temporal
Characteristics



Random Process S

3
J The concept of random variable was defined previously as mapping
from the Sample Space S to the real line as shown below
Sample Space
JA random process is a process (i.e., S
variation in time or one dimensional
space) whose behavior is not
completely predictable and can be
characterized by statistical laws. X

J Examples of random processes
Daily stream flow X
Hourly rainfall of storm events
Stock index
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Random Process (Contd..) .

NRCM
-

dThe concept of random
process can be extended to
include time and the outcome
will be random functions of
time as shown beside x(, s)
dWhere s is the outcome of
an experiment

[ The functions

Ox, ,,(),x, (), x,(t),x, ,(¢),0
are one realizations of many of

the random process X(t)

(1 A random process also represents a random variable when time is fixed
X (t,) isarandom variable
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Classification of Random Process 8§

dClassification of random process
W Continuous random process
W Discrete random process
dContinuous random sequence
W Discrete random sequence

Continuous time t => x(t) = Random process
Discrete time n => x[n] = Random sequence
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Continuous Random Process 4

1 Continuous random process X/_O’L\ :
. : a N il
Continuous time t < 0 No— N~ ‘

X(t) = Continuous

.
Random process g ? N — ¢
X (D)
N\ j\ —~ 2 m
7 v fil \/ v t
0 5 > \_/ ¢
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Discrete Random Process

Y-
NRGM
( Discrete random process o .
Continuoustime t -
Xp+ 10D
X(t) = Discrete Random ]
process . __
X, ()
Xy —1(F)
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Continuous Random Sequence

O Continuous random sequence ..

. . A \T‘\:‘ —_:,/T-\’?~—’?\

discrete time n o Sl 7 ‘

. Xp+ 100
X(n) = Continuous
—— — < -

Random sequence L= T e _T\‘\L T ;

26, (D)
MR o~ IT T\\ o y .4 /TT N
- N~ ;
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Discrete Random Sequence N

[ Discrete random sequence

X+ 2(8) e
discrete time n i T T T
J } 1 i i -
I O Ll 1
X(n) = discrete Random 1D
sequence —1 | ; :
] ! !
| ! t
Ll Ll

TTT

==

I

- =
I

L=
f:-__

T IT
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Random Process Concept Ay

NRCM
-

(1 Deterministic random process
dFuture values of any sample function can be predicted exactly from
the past values

X(t)zAcos((oOtJrO), A, ,0 : r.v.'s

0

(d Non deterministic random process
J Future values of any sample function can not be predicted exactly
from the past values
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What is a distribution and density? A

NRCM
-

1 A distribution characterises the probability (mass) associated with each
possible outcome of a stochastic process

[ Distributions of discrete data characterised by probability mass functions

P(X. =x)
Z P(X =x,)=1

o 1 2 3
[ Distributions of continuous data are characterised by probability density

functions (pdf)

J(x)

If(x)dx =1

[ For RVs that map to the integ¥ers or the real numbers, the cumulative
density function (cdf) is a useful alternative representation
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Stationary and Independence 4

J Stationary Random Process
 all its statistical properties do not change with time

J Non Stationary Random Process
 not stationary

One particular realization of the random process {X(7)}

-~

s \A

: A - >
j time, t

X(1)

> |--2
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Stationary and Independence (Contd..) N

 First-order densities of a random process

QO A stochastic process is defined to be completely or totally
characterized if the joint densities for the random variables

X (1), X (¢,),0 X (¢,) are known for all times ¢ ,¢,,0 ,¢7, andalln.

1 For a specific t, X(t) is a random variable with distribution

F(x,t) = p[X (1) < x]

1 The function F(x,t) is defined as the first-order distribution of the
random variable X(t). Its derivative with respect to x
OF (x,t)

f(x,t) =

ox

is the first-order density of X(t).
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Stationary and Independence (Contd..) N

NRCM

your roots to success.

A If the first-order densities defined for all time t, i.e. f(x,t), are all the
same, then f(x,t) does not depend on t and we call the resulting
density the first-order density of the random process {x(t)} ; otherwise,
we have a family of first-order densities.

d The first-order densities (or distributions) are only a partial
characterization of the random process as they do not contain
information that specifies the joint densities of the random variables

defined at two or more different times.
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Stationary and Independence (Contd..)

d Fort=t,and t=t,, X(t) represents two different random variables
X1 = X(t1) and X, = X(t2) respectively. Their joint distribution is given by

= < <
F?r(xl,;xz,tl,tz) f){)((j}) < xl,JX’(tz)._ xz}

and
GZFX(x“xZ,Q,Q)

fx(xl’xz’tl’tQ):
0x 8x2

1

represents the second-order density function of the process X(t).

d Similarly /', (x,,x,.0 x,, ¢,¢,0.,¢,) represents the nth order density

function of the process X(t).
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Mean and variance of a random process A

NRCM

your roots to success.

The first-order density of a random process, f(x,t), gives the
probability density of the random variables X(t) defined for all time t.
The mean of a random process, m,(t), is thus a function of time specified

by

400

my ()= E[X ()] = E[X, 1= | x, f(x,,0)dx,

J For the case where the mean of X(t) does not depend on t, we have
m,(t)=E[X(¢t)] = m, (a constant)
 The variance of a random process, also a function of time, is defined

by 2 2 2 2
cl()y=E{X(t)y-m ()] }= E[X2]-[m (1)
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Stationary and Independence .

[ The random process X(t) can be classified as follows:
 First-order stationary

A random process is classified as first-order stationary if its first-order
probability density function remains equal regardless of any shift in time

to its time origin.
dIf we X, let represent a given value at time t1then we define a first-
order stationary as one that satisfies the following equation:

fy (xy) = fx (xy+ 1)

 The physical significance of this equation is that our density function,

f.(x,) iscompletelyindependent of tl
and thus any time shift t

U For first-order stationary the mean is a constant, independent of
any time shift
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Stationary and Independence (Contd..) 8

NRCM
o

dSecond-order stationary

LA random process is classified as second-order stationary if its second-
order probability density function does not vary over any time shift

applied to both values.

O In other words, for values X; and X,, then we will have the following
be equal for an arbitrary time shift t

fyo (XX ) = T (X0 X 500)

dFrom this equation we see that the absolute time does not affect our
functions, rather it only really depends on the time difference between

the two variables.
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Stationary and Independence (Contd..) .

NRCM

your roots to success.

(dFor a second-order stationary process, we need to look at the
autocorrelation function ( will be presented later) to see its most

important property.

dSince we have already stated that a second-order stationary
process depends only on the time difference, then all of these types
of processes have the following property:

R, (Lt+7) = E[X ()X (t+1)]

= R 5 (1)
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Wide-Sense Stationary (WSS) A

1 A process that satisfies the following:

d The mean is a constant and the autocorrelation function depends only
on the difference between the time indices

E [X(t)] = i = constant

E[X()X(t+ 1)] =R (1)
is a Wide-Sense Stationary (WSS)

Second-order stationary - Wide-Sense Stationary

The converse is not true in general
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Wide-Sense Stationary (Example)

X(f):aCOS((DOf+(P), ¢ ~U(0,2m).
This gives
b (1) = E{X (1)} = ak (cos( o t+¢)]

= a cos (DOtE{cos @} — asin coOtE{sin ¢} =0, Constant

27
since  E {cos (p}zz—lnj cos @ dp =0 = E{sin ¢}.
0

Similarly

. 2
RXX(tl,tz)—a E {cos( oz)ot1 + ¢ ) cos( (Dot2 + ¢ )}

2

= a—E{cos o,(t, —t,)+cos( o (¢ +1,)+20)}
2
a2

= —cos o (¢ —1). So given X(t) is WSS
2
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Nth order and Strict-Sense Stationary 8

NRCM
o

din strict terms, the statistical properties are governed by the joint
probability density function. Hence a process is nt-order Strict-
Sense Stationary (S.S.S) if

t,t 0,0 )Y=f(x,x ,0x ,¢t +c,t +cl,t +c¢c)—>
the rand’ég%\/arla%f(es _ X(t ), X = X(t y, O, X =X(t)
and the right siéle correSpénds to the joint:density functl?on of the random
varidbifey any e, Whiere the le&ft sid& (epresonts thexjoint degnsitydfunction
of
J A process X(t) is said to be strict-sense stationary if equation (1)
true for all t,, i=12,0,n, n=1,2,0 and any c.
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Ergodic Process A

A stationary random process for which time averages equal ensemble
averages is called an ergodic process:
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Ergodic Process (Contd..) 4

NRCM

your roots to success.

It is common to assume that a given sequence is a sample sequence of
an ergodic random process, so that averages can be computed from a

single sequence.

In practice, we cannot . I_LZ_:I ]
compute with the limits, but I e
. - n=0
instead the quantities.

1 L-1
2 ~ )2
@) = — X|in|1—m
Similar quantities are often YL nzo( =i,
computed as estimates of | L1
the mean, variance, and <x[n +m " [n ]> _ _Z xln+m " [n]
autocorrelation. L L

PTSP,V,Nagalakshmi,ECE,NRCM 151



Time Average and Ergodicity .

NRCM
-

 The time average of a quantity is defined as

Here A is used to denote time average in a manner analogous to E
for the statistical average.

dThe time average is taken over all time because, as applied to random
processes, sample functions of processes are presumed to exist for all
time.
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Time Average and Ergodicity (Contd..) S

O Let x(t) be a sample of the random process X(t) were the lower case
letter imply a sample function.

] We define the mean value x = A [x(t)]

( a lowercase letter is used to imply a sample function)
and the time autocorrelation function (t) as follows:
XX

R (1) = A[x(Ox(t+ 1)] =Tninw$ L xx o) de

 For any one sample function (i.e., x(t) ) of the random process X(t),
the last two integrals simply produce two numbers.

A A number forthe average X anda number for R . (1)
for a specific value of 1

PTSP,V,Nagalakshmi,ECE,NRCM 153




Time Average and Ergodicity (Contd..) .

NRCM
-

[ Since the sample function x(t) is one out of other samples functions
of the random process X(t),

[ The average x~ and the autocorrelation )2 (1) are random variables
XX

O By taking the expected value for x and ® (1) ,we obtain
XX

| 1T | 1T
E[x]= E[A[x(t)]]= E | lim — t)ydt , = lim —| E[x(t)] dt
¥1= BN = B fim e[ x(@dv) = fim 2]
| [ - = —
= lim — [ X dt = lim X(l1) =X
T—>002T -T T »> o

E[R (0] =E [Alx(Ox(t+1)]] =E { lim 1_IT x(Dx(t+ 1) dt]
T 2T 71

1 T -
= lim —j E[x(t)x(t + t)] dt = lim —j R (1) dt = R ., (1)
To>w QT " T T> )T °° T
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Time Average and Ergodicity (Contd..) S

1 Time cross correlation

1 T
R (1) =A[x(O)y(t+1)]=lim — [ x(t)y(t+7)dt
T— o 2T -T

 Ergodic => x
R t)=R (1)

XX XX
[ Jointly Ergodic => Ergodic X(t) and Y(t)

‘R (r):RX (T)

Y



Introduction to Autocorrelation e

Autocorrelation occurs in time-series studies when the errors
associated with a given time period carry over into future time periods.

For example, if we are predicting the growth of stock dividends, an
overestimate in one vyear is likely to lead to overestimates in
succeeding years.

Times series data follow a natural ordering over time.

It is likely that such data exhibit intercorrelation, especially if the time
interval between successive observations is short, such as weeks or
days.




'y,

Introduction (contd..)

We expect stock market prices to move or move down for several days
in succession.

We experience autocorrelation when
E(u,u;)=#0
Tintner defines autocorrelation as ‘lag correlation of a given series

within itself, lagged by a number of times units’ whereas serial
correlation is the ‘lag correlation between two different series’.
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Autocorrelation and its Properties i

1 The autocorrelation function of a random process X(t) is the correlation
E[X,X,] of two random variables x = x(t ) and X,= X(t,)
1 1

by the process at times t1 and t2

R X X (tlatz) = E [X(t1)X (tz)]
d Assuming a second-order stationary process

R, (t,t+1)=E[XW)X(t+1)] R, (1) =E[X(t)X(t+ 1)]
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Autocorrelation and its Properties (Contd..) .

J Autocorrelation :

A AN o\
e Y

w

T

T

time, t
d The autocorrelation, or auto covariance, describes the general
dependency of x(t) with its value at a short time later, x(t+1)

p_ (t)= Lim I—J'T [x(t) -;].[X(t + 1) -X_]dt
T—> o T 0

4 The value of p (1) at Tt equal to O is the variance, G 2

O Normalized auto-correlation : R(t)= p,(t)/c,®> R(0)=1
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Autocorrelation and its Properties (Contd..) ..

R(7)

0 ~_

Time lag, t

(d The autocorrelation for a random process eventually decays to
zero at large 1

1 The autocorrelation for a sinusoidal process (deterministic) is a
cosine function which does not decay to zero
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Autocorrelation and its Properties (Contd..)

T, = ij(r)dr

0

AN

R(7)

)

° T~

Time lag, t

d The area under the normalized autocorrelation function for the
fluctuating wind velocity measured at a point is a measure of the
average time scale of the eddies being carried passed the
measurement point, say T,

4 If we assume that the eddies are being swept passed at the mean
velocity, U.T,is a measure of the average length scale of the eddies.
This is known as the ‘integral length scale’, denoted by |,
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Autocorrelation and its Properties (Contd..) ..

 Properties of Autocorrelation function
R, (t,t+1)=E[X ()X (t+1)]=R,, (1)

(1) Ry @) < Ry (0)

(2) Ry (—t)=R,, (1)
3) R_(0)=E[X ()]

(4) stationary & ergodic X (¢#) with no periodic components

—2
= IlmR (t)=4X

[t|— o0
(5) stationary X (¢) has a periodic component

= R (1) has a periodic component with the same period.
XX




Cross-correlation Y

[ Cross-correlation
wasn el e
— .
: time, t T
y(t)
VNN
: y
time, t T

1 The cross-correlation function describes the general dependency
of x(t) with another random process y(t+t1), delayed by a time
delay, t

e, @) =tim —[ o -x o +0-y]a

T>wo T
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Correlation coefficient

(] Correlation coefficient

 The correlation coefficient, p, is the covariance normalized by the
standard deviations of x and y

X' (0).y" (1)

c_ .0

p:

y

When x and y are identical to each other, the value of p is +1 (full
correlation)

When y(t)=—x(t), the valueof pis— 1

In general, — 1< p<+1
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Application of correlation N2

NRCM
-

1 Correlation - application :

1 The fluctuating wind loading of a tower depends on the correlation
coefficient between wind velocities and hence wind loads, at
various heights

u'(z,)u' (z,)

For heights, z,, and z, oz ,z,)=
c,(z,)o, (z,)
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Properties of Cross Correlation 4

Properties of cross-correlation function of jointly w.s.s. r.p/s:

R, (t)=E[X()Y(t+1)]

(1) ny(_r) - RYX (T)

2) [Ry@)|< Ry (0)R,, (0)

1
3) |R,@)|< ;[RXX(O) +R,,(0)]

E[{Y(t+1)+a X (t)}’]>0, Vo

JR (DR, (0) < %[RXX (0)+ R, (0)]



Example of Cross Correlation e

A,B:r.v.'s ® = const

2

E[A]l=E[B]=0, E[AB]=0, E[A’]=E[B’]=o0
X (t)= Acos(® Ot) + B sin(u)ot), Y(t)=B cos(ooot) — Asin(® Ot)
E[X()]=E[4 cos(ooot) + B sin(ooot)] = E[A]cos(ooot) + E[B]sin((x)ot) =0

R, (t,t+1)=E[X (@)X (t+71)]
= E[A4° cos(oo0 t)cos(ooo t+ ® T )+ AB cos(wo t)sin((x)o t + ooor)
+ AB sin(oaO t)cos(oo0 t + ® T )+ B’ sin(ooO t)sin(ooO t + ® 1 )]

=05 “{cos(® t)cos(® t+® T)+sin(® ¢)sin(® 1+ 1)} =0 “cos(m T)
0 0 0 0 0 0 0

= X (¢):w.s.s.
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Example of Cross Correlation e

Y (1):w.s.s.
Ry () =E[X (@)Y (t+71)]
= E{[4cos(o 1)+ Bsin(o N][Bcos(o (1+1))~ dsin(o (1+1))]}
= E[ABcos(® )cos(® 1+ T)+ B’ sin(@ 1)cos(® r+01)
— A% cos(® Dsin(® t+o 1) - ABsin(o )sin(®@ +o71)]
=& ‘[sin(® Dcos(®@ t+o T)-cos(® NHsin(® +o1)]

=—stin(oo0'c)

= X (t) & Y(t):jointly w.s.s.
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Covariance
L

NRCM
-

1 Covariance

[ The covarianceis the cross correlation function with the time
delay, 1, set to zero

L0 =50y =Lim — [ [x0 -x [y -y Ja

T->o T

(1 Note that here x'(t) and y'(t) are used to denote the fluctuating
parts of x(t) and y(t) (mean parts subtracted)
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Auto Covariance i

1 The auto covariance Cx(t1,t2) of a random process X(t) is defined as the
covariance of X(t1) and X(t2)

Cx(t1,t2)=E[{X(t1)-mx(t1)H{X(t2)-mx(t2)}]
Cx(t1,t2) = Rx(t1,t2)-mx(t1)mx(t2)

d The variance of X(t) can be obtained from Cx(t1,t2)
VAR[X(t)] = E[(X(t)-mx(t))2] = Cx(t,t)

1 The correlation coefficient of X(t) is given by

C.(1,,1,)
p,(t,,t,)=
JC o (1t Cy (1y,1,)

<1

b, (. t,)
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Auto Covariance Example#1 R

Example:
Let X(t) = Acos2ntt, where A is some random variable
The mean of X(t) is given by

m,(t)=E[Acos 2mt] = E[A]cos 2mt
The autocorrelation is
R, (t,t,)=E[Acos(2nt )A cos( 2nt,)]

_ 2
RX(tl,tz) = E[ A" ]cos( 2nt1)c0s( 2751‘2)

And the autocovariance

Co(t,t,) =R, (t,t,) —m (t,)m,(1,)
C,(t,t,)= {E[Az]— E[A]z}cos( 2mt,)cos( 2mt,)

C,(t,t,)=VAR [A]cos( 2m¢t, ) cos( 2m¢t,)
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Auto Covariance Example#2 R

Example:
Let X(t) = cos(wt+8), where 06 is uniformly distributed in the interval (-m, m).
The mean of X(t) is given by

(L

1
m (t)= E[cos( ot +0)] = —Icos(oot+9)=0
2T

. . _TC
The autocorrelation and autocovariance are then

C,(t,t,)=R,(t,t,)= FE[cos( o¢t, +0 )cos( w?t,+0)]

1

C . (t,t)= I;—{cos( o (¢, —t,)) +cos(®(t +1t,)+20)}d0

2T

C.(t,t)= 1—c:os((o(t1 —1,))
2
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Cross Covariance i

NRCM
-

1 The cross covariance Cx,y(t1,t2) of a random process X(t) and Y(t) is
defined as

Cx,y(t1,t2)=E[{X(t1)-mx(t1){Y(t2)-my(t2)}]
Cx(t1,t2) = Rx,y(t1,t2)-mx(t1)my(t2)

[ The process X(t) and Y(t) are said to be uncorrelated if
Cx,y(t1,t2) =0 for all t1, t2
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Random sequence A

Random Sequence (=Discrete-time R.P)

X(nT.)= X[n]

Mean = E(X[n])

R, (n,n+k)=E(X[n]X[n+k])

Conn+k)y=E{(X[n]-X[n])(X[n+k]- X_[n + k])}
=R _(n,n+k)- X[n]X[n+k]

R, (n,n+k)=E(X[n]Y[n+k])

Cowm,n+k)=E{(X[n]-X[nD)Y[n+k]-Y[n+k])}
= RXY (n,n +k)—)?[n])7[n + k]
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Gaussian Random Process N2

Q Let X(t) be a random process and let X(t1), X(t2), ....X(tn) be the random
variables obtained from X(t) at t=t1,t2........ tn sec respectively

d Let all these random variables be expressed in the form of a matrix

[ X (1) ]

||X(l‘2)l
X =

]
| |
| X (2,)]
d Then, X(t) is referred to as normal or Gaussian process if all the
elements of X are jointly Gaussian
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Gaussian Random Process N2

your roots to success.

- continuous r.p. X (¢f), —0<t<®
1 1 — —
fX(va’xN;tnDatN): exp{——[x—X] CX [X—X]}
Joo e 2
X, = E[X(1,)] c,=C_(t.,t)

stationary = E[X(¢)]= X (const) & R, (t,t,) =R, (t, —1)

CXX (ti’tk) = CXX (tk - ti)

w.s.s. Gaussian = strictly stationary
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Gaussian Random Process

w.s.s. gaussian r.p. X (¢)

_ k| 1 —1 _
X =4 R, (1)=25e t, =1, + , 1=1,2,3.
2
_ _3|k—i|
2
C.=C, (t,t)=R (t,t)-X =25¢ > —16
_ B _
] ) 25-16  25¢ >-16 25e  —16
C Cp C13 3 3
, C,1=1252-16 25-16 25¢*-16
3
P 19563 216 25¢2-16 25-16
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Properties of Gaussian Process 4

 If a gaussian process X(t) is applied to a stable linear filter, then the
random process Y(t) developed at the output of the filter is also
gaussian.

1 Considering the set of random variables or samples X(t1),
X(t2),....X(tn) obtained by observation of a random process X(t) at
instants t1,t2,.......tn, if the process X(t) is gaussian, then this set of
random variables are jointly gaussian for any n, with their n-fold joint
p.d.f. being completely determined by the set of means.

mx(ti) = E[X(ti)] for i=1,2,....n
and the set of auto covariance function
Cxx(t1,t2) = E[{X(t1)-E[X(t1)]H{X(t2)-E[X(t2)]}]
 If a gaussian process is wide sense stationary, then the process is also
stationary in the strict sense

A If the set of random variables X(t1),X(t2)...X(tn) are uncorrelated then
they are statistically independent




N
'

Poisson Random Process

dwe introduced Poisson arrivals as the limiting behavior
of Binomial random variables

where
(" k arrivals  occur in an l A"
P = e ., k=0,1,2,0
| interval of duration A" k!
A =np=pnl - -—=pA

0 T
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Poisson Random Process (contd..) 3

NRCM
-

L It follows that

("k arrivals occur in an L L, (20)F
P =e T ., k=0,1, 2,0,
| interval of duration 2A" | k!
since in that case
2A
np, = ul -——=2pA = 2.
T

d From the above equations, Poisson arrivals over an interval form
a Poisson random variable whose parameter depends on the duration
of that interval.

dThe Bernoulli nature of the underlying basic random arrivals, events

over non overlapping intervals are independent. We shall use these two
key observations to define a Poisson process formally.
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Poisson Random Process (contd..) 3

 Definition: X(t) = n(0, t) represents a Poisson process if
(i) the number of arrivals n(t1, t2) in an interval (t1, t;) of length t = t,— t3
is a Poisson random variable with parameter) ;.

Thus
L ()"
P{n(t,,t)=ki=e ™", k=0,1,2,0, t=t —t
k!
and

(i) If the intervals (t1, t2) and (ts, t4) are non overlapping, then the random
variables n(ty, t2) and n(ts, ts) are independent.
Since n(0, t) ~ P (1t), we have

E[X(t)] = E[n(0,¢t)] = A\t
and

E[X? ()] =E[n?(0,8)] = At + M7¢°.
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Poisson Random Process (contd..)

] To determine the autocorrelation function g (¢,,1,), let t; > t1,
then from (ii) above n(0, t1) and n(ty, t;) are independent Poisson
random variables with parameters j ; 1 and A (¢, — t,)respectively.

Thus
E[n(0,¢)n(t ¢t )] =E[n(0, ¢ NE[n(t . t )] =%t (t —¢)

But
n(t .t )=n(0,t)-n(0,1)=X(r)- X (1)

and hence the left side of above equation can be rewritten as

E[X (t)UX (1,) = X (13 = R (1 0) = ELX ()]

XX

R (t.,t )= kztl(tz — 1)+ E[Xz(tl)]

XX 1 2

_ 2
—7\,l‘1+7\.tlt2, t, >t .

Similarly R (t.t )=kt + Xt t ., 4 <y .

)06 1 2 2

Thus R (t.,t)=2A"t ¢ 4+ % min( 1,1,).

XX

N,/
N
N

NRCM
-




Poisson Random Process (contd..) 3

NRCM
o

Poisson

\, \ \,‘/\,‘—/— arrival=st

t
i

0 t
1

Notice that the Poisson N
process X(t) does not
represent a wide

sense stationary process. tro

v

v

] Define a binary level process
Y (1) = (-1)*"

that represents a telegraph signal Notice that the transition
instants {t;} are random Although X(t) does not represent a

wide sense stationary process,

PTSP,V,Nagalakshmi,ECE,NRCM 183




its derivative x '(¢) does represent a wide sense stationary process.

Poisson Random Process (contd..)

d (-
X (1) R ()

dt

> X (1)

(Derivative as a LTI system)

= A . a constant

[7‘25 t <t

[k2t1+k t >t

From there
d t dMt
() = w, () _
dt dt
and
oOR (t,t
RXX’(tl’tz): XX(I 2)_%
ot
=AYt + AU —1t)
and 1 1 2

O R (t,t
RX,X,(tl,tz): XX(I 2)
ot

=AM+ A8t~ 1))
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Poisson Random Process (contd..) S

Define the processes

X (1) X (1)

Y()=Y N, : Z(M)=X(0-N)=X()-Y(1)

we claim that both Y(t) and Z(t) are independent Poisson processes
with parameters Apt and Lgt respectively.

Proof: .
Y ()= P{Y(t)=k|X(t)=n}P{X(t)=n)}.
But given X(t) = n, we have Y(t)=2> N, ~ B(n,p) sothat

PY(t)=k|X()=n}=()p'q"", 0<k<n,

and .
e AT
P{X(t)=n} =ce ,
n!
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Poisson Random Process (contd..) 3

i
Pngﬂ
0 k -\t o
Y ol kK n—k (ht)" p e k (grt)"*
P{Y (t) =k} =e Z (n—k)!k!p 9 nl . (A1) Z (n—k)!
n=k ' =0 H
e UM Oepn)!
= (A pt)* =e " , k=0,1,2,0
k! k!
~ P(Apt).
More generally,

P{Y(t)=k,Z(t)=m}=P{Y(t) =k, X(t)-Y (t) =m}
=P{Y(t)=k,X(t)=k+m}
=P{Y(t)=k|X(t)=k+m}P{X(t)=k+m}

k+m n n
_ (k+m)pkqm .e—Xt (}\’t) — e—?upl (kpt) e—th (}\’qt)
k
(k—l—m)' D_D_Dk' D_D_DWI'
P(Y (t)=k) P(Z(t)=m)

= P{Y (1) = kYP{Z(t) = m}, Whichcompletes the proof.
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Poisson Random Process (contd..)

-- integer-valued discrete r.p. X (¢f), —o© <ft<®
X(0)=0 t,<t, = X({)sX()
A -t )]
PLX () - X ()= k)= P e o
’ k!

t, <t <t <t = X(ta)—X(tb)& X(tc)—X(td)are indep.

X (1) = E[X ()] = Mt R, (t,6)= E[X(6) 1=t + (Mt)

C,, (t,t) = At

PTSP,V,Nagalakshmi,ECE,NRCM

187




Poisson Random Process (contd..) N

O<t <t =
1 2

P[X(tl) = klaX(tz) = kz] = P[X(t1) = klaX(tz)_X(t1) = kz_kl]

k, . (ky=ky)
((Ktl) e_M [}“(tz tl)] e—l(fz—’1)

| ' k,2k 20

= k) (k, -k )!
0, otherwise

(e Yo n (e, =)™

| ( 1) [ ( 2 1)] e—?utzj k2 2 kl 2 O
= k'W(k —k)!

1 2 1
L 0, otherwise
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Poisson Random Process (contd..)

O<t <t —
1 2

P[X(tz) = kz |X(t1) = k1] = P[X(tz)_X(tl) = kz _kl X(tl) = kl]
= PLX(t)- X(t)=k —Kk]

—ky)

(k,

([7\/(1-2 - tl)] e_x(l‘Z_tl) k > k

| ’ 2 = ™M
= (k, k)

L 0, otherwise
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