UNIT - 11

Fourier series
&
Fourier Transforms




Fourier series:

To represent any periodic signal x(t), Fourier developed an expression called Fourier
series. This is in terms of an infinite sum of sines and cosines or exponentials. Fourier series uses
orthoganality condition.

Jean Baptiste Joseph Fourier, a French mathematician and a physicist; was born in
Auxerre, France. He initialized Fourier series, Fourier transforms and their applications to

problems of heat transfer and vibrations. The Fourier series, Fourier transforms and Fourier's
Law are named in his honour.

Fourier Series Representation of Continuous Time Periodic Signals
A signal is said to be periodic if it satisfies the condition x (t) =x (t + T) or x (n) =x (n + N).
Where T = fundamental time period,

o= fundamental frequency = 2n/T

There are two basic periodic signals:
x(f)=coswot(sinusoidal)

&x(t)=ejwot(complex exponential)

These two signals are periodic with period 7=27/0

. A set of harmonically related complex exponentials can be represented as {(I)k(l‘)}

o (t) = {0t} = {*(7) }wherek = 0+ 1, +2..n

All these signals are periodic with period T




According to orthogonal signal space approximation of a function x (t) with n, mutually
orthogonal functions is given by

o) = )  ape™.....(2)
k=—00

o0

= Z akkejk“’“t

k=—00

Where a,= Fourier coefficient = coefficient of approximation.

This signal x(t) is also periodic with period T.

Equation 2 represents Fourier series representation of periodic signal x(t).

The term k = 0 is constant.

The term A=£1 having fundamental frequency wo , is called as 1st harmonics.

The term A=+£2 having fundamental frequency 2wy , is called as 2nd harmonics, and so

on... The term k=+n having fundamental frequency nwo, is called as nth harmonics.

Deriving Fourier Coefficient

We know that

2(t) =5°  qeat, (1)

k;—‘XJ

Multiplye /**onbothsides.Then

o®
x(t)e—jnwot — E ' akejkwgt A e—jnwot
k=—o0

Consider integral on both sides.




T T oo
/ z(t) et dt = / D - age’™t, eIty
0 0

k=—o0

T oo ‘
:/ Z aelFmwt gt
0

c—=—00

T o0 T
/ z(t)eF ot dt = Z ak/ elemlat gy, .. ... (2)
0 0

k:—m

by Euler's formula,

T 5 T
/ ej(k_n)wﬂtdt. — / COS(k - TL)CU()dt T J/ Sin(k - n)wUt dt
0 0 0

2
/ ej(k—n)wot dt. — {T k=n
0 0 k#n

Hence in equation 2, the integral is zero for all values of k except atk =n. Putk=nin
equation 2.

)
i/ x(t)e I™tdt = a, T
0

1
— a, — T/ e—_’jnwot dt
0

Replace n by k




G
=P = ?/ e Ikwot gt
0

Somll) = Z a, e’ (k—n)wot
k=—o0

1L = .
whereaq;, = T / e Ikt gt
0

Properties of Fourier series:

Linearity Property

P fourier series coefficient > fourier series coef ficient\

If a:(t) ¢ ? fmn & y(t) \ g f;l/"'

then linearity property states that

 fourier series coefficient

aa:(t)+by(t)\ >afmn +bfyn

Time Shifting Property

3 fourier series coefficient

If iE(t) & ? fmn

then time shifting property states that

fourier series coefficient .
fII(t - t()) < y gl f n




Frequency Shifting Property

fourier series coefficient
~ A
‘ f n

If () <

then frequency shifting property states that

Tt fourier series coe fficient
e.] woto | a:(t) y: N fl,(n_n{])

Time Reversal Property

3 fourier series coefficient 3

If II}(t) ¢ 7 Jan

then time reversal property states that

fourier series coefficient
4 f —ITn

If 2(—t)

Time Scaling Property

X fourier series coe fficient

If (B(t) < > f;l‘-’ll

then time scaling property states that

> f
rJan

Time scaling property changes frequency components from wy to awy.

fourier series coefficient

If z(at) 4

Differentiation and Integration Properties

fourier series coefficient
p \
’ f n

If 2(t) 4




then differentiation property states that

dz(t) jfouﬂe-r series caeffz’cient\ ;
If At N Jnwy- ff.?n

& integration property states that

Jourier series coefficient Fon

If [[x(t)dt <

Jriedy

Multiplication and Convolution Properties

3 fourier series coefficient 3 fourier series coefficient 1

fII)(t) < ’ fa:n &y(t) x € fyn

‘hen multiplication property states that

5 fourier series coefficient

I}(t). y(t) < ? Tf:rn. * fyn

& convolution property states that

3 fourier series coefficient

B(t) * y(t) ? > Tf;r.n- f'yn

Conjugate and Conjugate Symmetry Properties

P fourier series coefficient

If :D(t) ¢ > f:cn

Then conjugate property states that

fourier series coefficient

z * () 4 b Fk

Conjugate symmetry property for real valued time signal states that

f ¥pn = f—rn.

& Conjugate symmetry property for imaginary valued time signal states that

f *en = "f—zn




Trigonometric Fourier Series (TFS)

sinnwot and sinmmot are orthogonal over the interval (fo,f0+27wo). So sinwot,sin2wotforms
an orthogonal set. This set is not complete without {cosnwot } because this cosine set is also
orthogonal to sine set. So to complete this set we must include both cosine and sine terms. Now
the complete orthogonal set contains all cosine and sine terms i.e. {sinnwot,cosnmwot} where n=0,
1,2...

.". Any function xt in the interval (g, ty + %) can be represented as

z(t) = ag cos Owpt + a; cos 1wyt + as cos 2wpt+. . . +a, cosnwyt+. ..
+by sin Owgt + by sin lwgt+-. . . +b, sin nwgt+. . .
= ag + aj cos lwyt + as cos 2wyt+. .. +a, cosnwot+...

+by sin lwot+. . . +b, sin nwot+-. . .

[
~ ¥[f) = op + Z(o, cosnugt + b, sinawgt) [t <C<+T)

The above equation represents trigonometric Fourier series representation of x(t).

o+ 2(t) - 1dt 1 [T
Where ag = ';'_ = = —. x(t)dt
j;“ 12dt T ty

0

t") _T
l‘(l

to+T -
j;(“ cos? nwotdt
)

z(t) - cos nwyt dt

a, =

j;t”_T z(t) - sin nwot dt

bn — 4; T
7% sin? nwot dt

l’(l

to+T to+T
Here / cos? nwot dt = / sin? nwot dt =

« l( ) tﬂ

?
2

. Qp =

to+T
/ xz(t) - cos nwot dt
'0

2
T

thw+T
b,, / z(t) - sin nwyt dt

ty

2
£ i




Exponential Fourier Series (EFS):
{eimt} (n = 0,+1,£2...)

Consider a set of complex exponential functions
which is orthogonal over the interval (¢,t0+7). Where T=27/wo . This is a complete set so it is
possible to represent any function f(t) as shown below

f(t) — E} + .-'57'7‘1€‘T-':""1“t -+ Fzﬁjgwl't—{—, .. +E¢€jﬂ'w“i+. .
F_]_E_j&-‘ut + F ge—jgwut_}_. o _{_F_”E_j“wut_l_‘ y

s f(t) = Z F et (to<t<ty+7T)

n=——0oo

Equation 1 represents exponential Fourier series representation of a signal f(t) over the interval
(to, to+T). The Fourier coefficient is given as

j;tn +T f(t) (ej'n.w“t )* dt

F, =

jt‘(tltl + eInw,t (ejnw,,t )* dt

ty+T — fnwyt
j;_ f(t)e Mot dt

0

ftu*T e j’"-wntej”“""'“tdt
ty
Lt“ +T f(t)e ~ Jnwyt dt

1 /tv HT |
o . o f(t)e et gt
= udt T Ji,

0

by +T7 _
S, =— t)e It dt
o e




Relation Between Trigonometric and Exponential Fourier Series:
Consider a periodic signal x(t), the TFS & EFS representations are given below respectively

x(t) = ag +X°° (@, cosnwyt + b, sin nwyt)
w(t) =2 et
= Fy + Fie¥t + Fyel?«t | | F,e/mnt |
F_je it 4+ F je~2aty 4F e oty

= Fy + Fi(coswyt + jsinwyt) + Fy(cos2wyt + jsin 2wyt)+. .. +F, (cos nwyt + jsin nwyt)+.

.+F_1(coswyt — jsinwgt) + F_o(cos 2wyt — jsin 2wyt)+. .. +F_, (cosnwyt — jsin nwyt)+. . .

= F(] + (Fl T F_I)COSUJ()t T (FZ o F_«z) COSs 2&)0t+. o +j(F1 = F_l)Sillet + ](Fz — F_Q) S].I}| Zthﬁ’. .

soz(t) = Fy + 252, ((Fr + F-p) cosnwpt + j(Fn, — F_p) sin nwyt)

Compare equation 1 and 2.

Similarly,




Problems

1. A continuous-time signal x(#) is shown in the following figure. Sketch and label
each of the following signals.

x(1)

- 1
-2 -1 1 2 3 4

(a)x(t-2);  (b)x(y; (I)x(12); (dx(-19




2. Determine whether the following signals are energy signals, power signals,
or neither.

(a) x(t)=e “ul(t), a>0

(b) x(t)=Acos(w,t + )
(c) x(t)=rtu(t)

(d) x[n]=(-0.5)"u[n]
(e) x[n]=uln) (f) x[n]=2ei*

x - x 1
(a) E=f I.r(l)l‘dts/ e"dt = S
- % 0

d
Thus, x(r) i1s an energy signal.

(b) The sinusoidal signal x(r) is periodic with T, =2w/w, Then by the result from

Prob. 1.18, the average power of x(t) is
P 1 '7.1[ (1)]2(1[ wl_l zﬂ/'wnAz )\‘( t + 0) d{
= — X = — cos‘(w,
T, ju 27 Jy (
-‘4:‘”() 2u feg | A’
- ‘2; A Ell *COS(zw“l*ZG)] dt = ’*2“ <@

Thus, x(7) is a power signal. Note that periodic signals are, in general, power signals.

N < T/2 2 > T/2 ~ x
(c) E= nmf |x(t) | dt = nm[ t2dt = lim
| = //_\ J ex 0 =

1 (12 5 I 772,
P= lim — x(t)|"de= lim — | * t°dt
T 'l'] ml (0} T—= T
Thus, x(t) is neither an energy signal nor a power signal.
(d) we know that energy of a signalis

oo

E= Y [.r[n]]2

ne= —om

And by using

we obtain

=

E= Y Ix[n)f

n= —x

Thus, x [ n ] is a power signal.




(e) By the definition of power of signal
1 N >
P= lim ——— ) |. .
im v+, =, 5]
1 2

= lim 1= lim -
Z 1o 2N +

N —x ZA"+ l"_“ N w L/

Thus, x[n] is a power signal.

(f) Since |x[n]l={2e*"| = 2|e/3"| = 2.
N

I 2
lim L |x(n)f=

J
v 2N+ 1 N

I
= |im - 4(2N+ 1) =4 <>
N-x 2N 4+ 1

Thus, x[n)] is a power signal.

3. Determine whether or not each of the following signals is periodic. If a signal
is periodic, determine its fundamental period.

rr) 27T

(a) x(r) cos‘.l+: (b) x(t)-——sinTt

m . w ) -
(¢) x(1)=cos 3f Temirl (d) x(1)=cost+siny2t
x(r) sin“‘ ! (f) x(2) = e,:l(r-..«‘lu i

x[n) = en™/4n (h) x[n)]=cosin

() " n + sin — (/) xln)=cos? =
Xin!l=¢CoS —n +s1n —n ! Xin)=cos8" —n
3 4 ! 8




™ ”
x(t)=cos|t+ — |=cos|wyl + — | —wy=1
4 4

\

x(1) i1s periodic with fundamental period 7, = 27/w, = 2.
m 2
x(1) = sin Tl 2l e

x(1) is periodic with fundamental period 7, = 27 /0w, = 3.
™ L
x(t) = cos 't sin i x,(0)+x,(1)

where x (1) = coslm/3)r = cos w,t is periodic with T,=2m/w, =6 and x,(1)=
sin(/4)t = sin w,! is periodic with T,=2m/w,=8. Since T,/T,=3=17 is a rational
number, x(¢) is periodic with fundamental period T, = 4T, = 3T, = 24,

x(t) = cos 1+ sinV2 1 = x(£) +x,(1)

where x (1) = cost = cos w,t is periodic with T, =27 /w, =27 and x,(1)=sin V2t =
sin w,¢ is periodic with T, = 2w /w, = V2. Since T,/T, = y2 is an irrational number,
x(1) is nonperiodic.

Using the trigonometric identity sin® 6 = (1 — cos 28), we can write

x(t)=sinr=13 — Lcos2t=x,(1) +x,(1)

where x (1) = { is a dc signal with an arbitrary period and x,(1) = ~ c0s2f = ~ ] cos w,!
is periodic with T, = 27 /w, = . Thus, x(¢) is periodic with fundamental period 7, = 7.




™
(f) x(2) = eMm/N=1) g =JpAW /N o p=lpIW0! —y g, = 9

.-

x(1) 1s periodic with fundamental period T, = 27 /0w, = 4.

(g) xln)=e ™M=t () = —
Since 2,/2m = ; is a rational number, x[n] is periodic, and by Eq. (1.55) the fundamen-
tal period is N, = 8.
x[n) = cos jn = cos Non — ;= |
Since ,/27 = 1/8% is not a rational number, x[n] is nonperiodic.

T o
x[n) = cos " +sin i =x,[n] +x,(n]

where

w
x,[n] = cos Ih =cos {},n — (), = 3

N

™
xy[n] =sin 71 = cos N,n—N,= 7Y

Since 2, /2w = ; (= rational number), x,[n] is periodic with fundamental period N, = 6,
and since 02,/2m = ; (=rational number), x,[(n] is periodic with fundamental period
N, = 8. Thus, from the result of Prob. 1.15, x[n] is periodic and its fundamental period is
given by the least common multiple of 6 and 8, that is, N, = 24.

Using the trigonometric identity cos’ 8 = {(1 + cos 28), we can write

(n] R 1 1 ™
=C08’—n= =+ —Cos —n = +X,
*{n] =cos” Tn= 35 + 3 cos =n x,[n) +x,[n)

where x[n]=1=3(1)" is periodic with fundamental period N, =1 and xy[n] =

3 cos(m/4)n = 3 cos Nyn — 1, =mw/4. Since ,/27 = ; (= rational number), x,(n] is
periodic with fundamental period N, = 8. Thus, x[n] is periodic with fundamental period
N, = 8 (the least common multiple of N, and N,).

1. Determine the even and odd components of the following signals:




(a) x(t)=u(t)

I
(b) x(r)=sin mﬂr+-d:)

(¢) x[n]=eMonte/D

(d) x[n]=08[n]

Ans. (a) x(1)=3,x,(t)=3sgnt

1 ]
(b) x,(t)=—=cos wyt, x () = —=sin w,!

V2 2

(¢) x[nl=jcosQyn,x[n]=—sinQyn
(d) x[n]=8[n),x[n]=0




FOURIER TRANSFORM

INTRODUCTION:

The main drawback of Fourier series is, it is only applicable to periodic signals. There
are some naturally produced signals such as non periodic or aperiodic, which we cannot
represent using Fourier series. To overcome this shortcoming, Fourier developed a mathematical
model to transform signals between time (or spatial) domain to frequency domain & vice versa,

which is called 'Fourier transform'.

Fourier transform has many applications in physics and engineering such as analysis of

LTI systems, RADAR, astronomy, signal processing etc.

Deriving Fourier transform from Fourier series:

Consider a periodic signal f(t) with period T. The complex Fourier series representation

of f(t) is given as

f(t) = Z ay, eIkt
k=—o0

L — A f,then equation 1 becomes

0

f(t) =32 . aye2™ i

but you know that

to+T A
ap = = tﬂn f(t)e Jkwot dt

Let




Substitute in equation 2.

3=3 flt) =2 L [P flt)eitat drei?tan

k=—c0 Ty Jtg
Letfy = %

— Yoo 6 —j2wkA ft dt] ej27rkAft . Af

k——oo

In the limit as T—o0,Af approaches differential df, kKAf becomes a continuous variable f, and

f(t) = lzmT 00

summation becomes 1nte{rat10n

]r_ / f e —727kA ft dt] 8127rkAft Af}

= / | / : f(t)e " dt]e” T d f

£(t) = /_ " Flwleit duw

Where Flw] = [[7° f(t)e 72"/ dt]

Fourier transform of a signal

f0) = Flu) = [ f)eay

Inverse Fourier Transform is

f(t) = /_ " Flw]ei duw




Fourier Transform of Basic Functions:

Let us go through Fourier Transform of basic functions:

FT of GATE Function
X (t)
\
A

-T/2 T/2

Flu] = ATSG,(%)

FT of Impulse Function:
FTw(t)] = [J2, 6(t)e * di]
e |t=0
&=
So(w) =1

FT of Unit Step Function:

U(w) = md(w) + 1/jw

FT of Exponentials:

E.T
e %u(t) «— 1/(a + jw)

F.T
e “u(t) +— 1/(a + jw)




INAY e
e eltl «—

-

. o P
edot «— §(w — wp)

FT of Signum Function :
BE o
sgn(t) «+— =
Jw

Conditions for Existence of Fourier Transform:

Any function f{(t) can be represented by using Fourier transform only when the function
satisfies Dirichlet’s conditions. i.e.

¢ The function f(t) has finite number of maxima and minima.

¢ There must be finite number of discontinuities in the signal f(t),in the given interval of

time.

It must be absolutely integrable in the given interval of time i.e.

[, 1 £(#)|dt < oo

00

Properties of Fourier Transform:

Here are the properties of Fourier Transform:

Linearity Property:

If z(t) &5 X(w)

& y(t) £ Y(w)

Then linearity property states that

az(t) + by(t) ¢ aX(w) + bY (w)




Time Shifting Property:

’Hm(t) £> X(w)

Then Time shifting property states that

3
z(t — ty) «— e M X(w)

Frequency Shifting Property:
F.T
If z(t) +— X(w)

Then frequency shifting property states that
F.T

etot z(t) +— X(w— wp)

Time Reversal Property:
F.T
If z(t) +— X(w)
Then Time reversal property states that
F.T
r(—t) +— X(—w)

Time Scaling Property:

If 2(t) ¢ X(w)

Then Time scaling property states that

m(at)iX%

| a

Differentiation and Integration Properties:




If z(t) &5 X(w)

Then Differentiation property states that

o(t) FT .
Ztﬂ — jw. X(w)

d*z(t) F.T -
T2l (jw)m. X(w)

and integration property states that

[a(t)dt < L X(w)

F.T

[If... [z(t) dt +— - X(w)

(Jw)

Multiplication and Convolution Properties:

If 2(t) ¢ — X(w)

& y(t) s Y(w)

Then multiplication property states that

z(t). y(1) = X(w) * Y(w)

and convolution property states that

() =gt + = L X(w). ¥(w)

2




Problems

1. Find the Fourier transform of the rectangular pulse signal x® definedby

Sol: By definition of Fourier transform

Xw) =/

x ; a
p(1)e " dt =f il

“d

| SIn wa
= (/" —pTI) = 2

Jw w

Hence we obtain

Sin wa Sin wa
p,(t) 2 = 2a
w wa
The following figure shows the Fourier transform of the given signal x(t)

X(w)

2a

Figure: Fourier transform of the given signal

2. Find the Fourier transform of the following signal x(t)
x(t) =e™ " a>0

Sol: Signal x(t) can be rewritten as

¢ r>0
t<(

x(t)=e "=

]

X(w) = e~4e 1 di




Hence, we get

E_a“lt‘—!ﬁ
a+ w

The Fourier transform X(w) of x(?) is shown in the following figures

x(1) X(w)
1 Ya
t 0

0
(a) (b)
Fig: (a) Signal x(t) (b) Fourier transform X(w) of x()

4. Find the Fourier transform of the periodic impulse train

(1)

Fig: Train of impulses

Sol: Given signal can be written as

()= X 8(t—kT)
k= 20




the complex exponential Fourier series of 5»,-”(1) IS given by
] » 21
kw =
6,”(1) - T Z SN W,y =

O ke ~-x I(l

F |65, (:)]-_ 2 d(w—kw,)

I)An x

=W }: (w—kw,) =w, w.,(“’)
| R

Z 3(t—kT,) «— w, Z Mw—kw,)
km» —~x

k= —o0

Thus, the Fourier transform of a unit impulse train is also a similar impulse train. The following
figure shows the Fourier transform of a unit impulse train

]

Figure: Fourier transform of the given signal

wl») 2t“,ll

5.Find the Fourier transform of the signumfunction

Sol: Signum function is defined as

1

sgn(t) = 1

The signum function, sgn(t), can be expressed as

Sgn(t)= 2u(t)-1




We know that

d 5 .
— sgn(r) =28(1)

Fig: Signum function

sgn(t) «— X(w)

Then applying the differentiation property , we have

2
joX(w) = F[28(1)] =2 > X(w) = —

J

'Sgl'](!) — —
Jiw

Note that sgn(t) is an odd function, and therefore its Fourier transform is a pure imaginary
function of w




Properties of Fourier Transform:

Aperiodic signal

Fourier transform

Linearity

Time Shifting
Frequency Shifting
Conjugation

Time Reversal

Time and Frequency
Scaling
Convolution

Muitiplication

Differentiation in Time

Integration

Differentiation in
Frequency

Conjugate Symmetry
for Real Signals

Symmetry for Real and
Even Signals

Symmetry for Real and
0Odd Signals

Even-Odd Decompo-
sition for Real Sig-

x(8)

ax(t) + by(r)
X(t — [0)
/@0 x(f)
X

x(—1)

x(at)

x(2) * y(t)
x(0)y()

d
d_tx(t)

f ; x(t)dt

tx(r)

x(1) real

x(t) real and even
x(2) real and odd

x(t) = &v{x(1)}
x,(8) = Od{x(1)}

Parseval’s Relation for Aperiodic Signals

rw |x(0)[>dt =

(™
5| XGw)Pde

[x(?) real]
[x(¢?) real]

X(jw)

aX(jw) + bY(jw)
e N X (jw)
X(j(w — wq))
X'(—jw)

X(— jw)

1y (je
la| \ a
X(jw)Y(jo)

B J XG0 Y(i(w - 8)do

joX(jw)
}%X(jw) + 7X(0)6(w)
. d X

J@X(ﬂu)

[ X(jo) = X*(— jo)
IX(jo)| = |X(— jo)

| <X(jo) = —<X(~ je)
X(jw) real and even

X(jw) purely imaginary and odd

Re{X(jo)}
jImX(jw)}

Re{X(jw)t = Re{X(—jo)}
< Im{X(jo)t = —Im{X(= jew)}



Fourier Transform of Basic Functions:

Signal

Fourier transform

Fourier series coefficients
(if periodic)

+o
E akejkmor

k=—c

4o

2 Z a b (w — kwo)

k=—o

ejwm

2mé(w — wq)

1

= (, otherwise

CoS wol

7[6(w — wo) + 8(w + wq)]

=4a_) = ;

1
2

0, otherwise

sin wot

75w — wo) — 8w + wp)]
J ay

= —a-) = 1

2j
0, otherwise

x(t) =1

ay

27 6(w) (th

=1 a=0k#0
is is the Fourier series representation for
any choice of T > 0

Periodic square wave
1, H<Ty
x(r) =[0’ T, < < g
and
x(t+T) = x(r)

i 2sin ka Tl

k 8(0) - kwo)

k=—-2

ng; 0 (kng] ) sin kll)(] Tl
sinc =
ko m

km

i 8t — nT)

n=—%

27 <= 2wk
'FZW@‘TJ

=—00

L, l<T
x(t){ A <T
0 |f>T,

2sinwT;
w

sin Wt
Tt

1,
XUw)={O

(D)

1

u(t)

,i + 7é(w)
Jjo

a(t — to)

e‘jmm

e "u(h), Rela} > 0

1
a+ jw

te “u@), Refa} > 0

1
(a+ jw)

n—1 _
o ),

Relal > 0

1




DISCRETE TIME FOURIER TRANSFORM

Discrete Time Fourier Transforms (DTFET)

Here we take the exponential signals to be {e™" Fwhere is a real number.The
representation is motivated by the Harmonic analysis, but instead of following the historical
development of the representation we give directly the defining equation.Let be

: . |z[n)| <0 :
discrétfime signal such that n:z—:m In that is sequence is absbitely summable.
The sequence **I™! can be represented by a Fourier integral of the form.

N
IIR]:Z?[K[E"“)EI‘““&JJ

fe e

I{E‘ju:l= Z _r:[n.]E'_'f"""wi

n=—oa

Equation (1) and (2) give the Fourier representation of the signal. Equation (1) is referred
as synthesis equation or the inverse discrete time Fourier transform (IDTFT) and equation (2)is
Fourier transform in the analysis equation. Fourier transform of a signal in general is a complex
valued function, we can write

X(e")= Xa(e") 4 1Xi(e")

wherdX(e™)lis magnitude and ~ £X(¢™)is the phase of. We also use the term Fourier
spectrum or simply, the spectrum to refer to. THu§’“)|is called the magnitude spectrum and
£X(e™)is called the phase spectrum. From equation (2) we can see that X(¢’)is a periodic
function with period 2mi.e.. We can interpret (1) as Fourier coefficients in the representation of
a periodic function. In the Fourier series analysis our attention is on the periodic function, here
we are concerned with the representation of the signal. So the roles of the two equation are
interchanged compared to the Fourier series analysis of periodic signals.

Now we show that if we put equation (2) in equation (1) we indeed get the signal.
Let

iln] = 2%[ ( Z I[m]e_j“m) gtiwm g

where we have substituted X(e™)rom (2) into equation (1) and called the result as.
Since we have used n as index on the left hand side we have used m as the index variable forthe




sum defining the Fourier transform. Under our assumption that ™I sequence is
absolutely summable we can interchange the order of integration and summation.Thus

w

1 f Fiwln—m) g,

o

(]!
-

Example: Let

{z[n]} = {a™u[n]}

Fourier transform of this sequence will exist if it is absolutely summable. We have

[+ ]

Y lelnll=)laf"

n=—oo

a]

' _ @ © _ 5 1
X(e™ )= Z.\'[n]e_""" = Za"u[u]e"""" = (ae”“’) "= ——n

1—ae

n=—oo n=—x n=0

The magnitude and phase for this example are show 1n the figure below. where @ >0 and a < 0
are shown 1n (a) and (b).

TS
)

~tan ' [y — %)




Let m = —n in the first summation. we obtain

X(e™) = Tn lu[nle Tu"‘ e’ +> a"e™

n -—3: n—D

1—a’

_
—2acosm +a

1-+ai11 )

...,ﬂnll” |||hm,...

Example: Consider the rectangular pulse

a[n]

oo e ...

|| > vessassoses
-u‘ 0 Hy A

1 i N 9
X(jo) = EE__,M, ~ sinem (N, +1/2)

= sinlw/2) ’
This fiunction is the discrete counterpart of the sic
function, which appears in the Fourier transform of |

the contimious-time pulse. 2 n V 0 U A
151

The difference between these two functions is that
the discrete one is periodic (see figure) with period of 2x . whereas the sine function 1s aperiodic.




Fourier transform of Periodic Signals
For a periodic discrete-time signal,

n]=e™".

its Fourier transform of this signal is periodic in w with period 2[] , and is given

X(e)= Y 218 (0 -0, —21).
I=—m

Now consider a periodic sequence x[#n] with period N and with the Fourier series representation

xn]= Zﬂkemh /N
k=<
The Fourier transform is

2k
N

Xy =Y 2ma,8(w-
k=—m=

Example: The Fourier transform of the periodic signal

]' Jgn 1 —JWgn : :,“ 2
ﬂn}4muon-—e° +—e " with w, =—.
0 = > 0 =

is given as

: ( 27 ~f 21w
X(e’)=mb| w - +er|(0+7'.
\ / \ s

=
S

X(e")

P 1

—27 2w
(—27m—wg) (—2mw+wg) (27 —wg) (27 +wg)

Discrete-time Fourier transform of x[n] = cos wyn.




Example: The periodic impulse train

xn]= iﬁ[n —kN].

f=—m

The Fourier series coefficients for this signal can be calculated

a, = Zx[n]e_"mﬁ:m" .

n=c<N =

Choosing the interval of summation as 0 < n < N -1, we have
a, =—.

N

The Fourier transform is

e 2 2mk |
X(E'J ):FZS|G)—? .
E=-m

| 2
N
b)

(

(a) Discrete-time periodic impulse train; (b) its Fourier transform.




Properties of the Discrete Time Fourier Transform:

Let Mt and {vlnltbe two signal, then their DTFT is denoted by X (¢”“)and. The notation
{zn]} = X(e™)
is used to say that left hand side is the signal x[n] whose DTFT is X (¢’“)is given at right hand
side.
1. Periodicity of the DTFT:
The discrete-time Fourier transform s always periodic in @ with period 27, 1e.,
Xle/mm )= Xle* I

2. Linearity of the DTFT:
If x,[n]e"— X (e/”), and x,[n]e«"— X, (e™).

then

ax,[n]+ b, [n]«—— aX,(e’"”) + X, (')

3. Time Shifting and Frequency Shifting:
If :n]e<E— X (™).

then

x[n—n,J«——e X ()

and

Jaagn

e 1_[”] F _Y{tg"'f[m_m” ])




4. Conjugation and Conjugate Symmetry:

If xn]«t—s X(c"™).

then

X *[n]«E X *(e7?)

If xfn] is real valued. its transform X{e’™) is conjugate symmetric. That is

X&) =X*(’")

From this, it follows that Re| | X(e jw) |_lis an even function of w and Im|_| X(e jw) | lisan
odd function of w . Similarly, the magnitude of X{(e ;») is an even function and the phase
angle is

an odd function. Furthermore,

E\'[J:[n]}tL:-Rf{}({e‘” }
and

0d {{n]le—> jIm{¥(e™ }
5. Differencing and Accumulation

If x[n]e> X (™).

then

x[n]—x[n—1] «#}(’l —e )X(E"rm) |

For signal

Mn] = i;{m] .

m=—1

its Fourier transform is given as




S almle s X(e) + ¥ () 3 (- 27k)|

M=—a0 l —e

M=—0C

The impulse train on the right-hand side reflects the dc or average value that can result from
summation.

For example, the Fourier transform of the unit step x[n] [Ju[n] can be obtained by using
the accumulation property.

We know g[n]=8[n]«——G(e™)=1.s0

xn] = i g[m]«— (1

m=—x

G(eﬂ“)+”G(e-io)za((,)_27[k)= + T Z(S((D—lﬂ'k)

_ege ) = (1 —_e @ ) =

6. Time Reversal
If An]«t— X(e™).

then

A[—n]<«E> X (—e’?)|

7. Time Expansion

For continuous-time signal, we have

:a'{m‘)‘:;r:ri ’[EJ

[\ a

For discrete-time signals, however, a should be an integer. Let us define a signal with k a
positive integer,

(] x[n/k). if nis a multiple of k
x..[n]= :
) 0, if nis not a multiple of k




X, [n] is obtained from afn] by placing k —1 zeros between successive values of the original
signal.

The Fourier transform of x,,[n] is given by

X (Ejm]' = Z-’i—(kj[”}?_"m = Z-"{H[f'k]e_jmk = Z-"[T}?_ﬂmﬁ = X‘:Eﬂm) :

=00 F=—00 =00

That is.

X [1] <> X (7))

For k [1 1, the signal is spread out and slowed down in time, while its Fourier transform is

compressed.

Example: Consider the sequence x[#n] displayed in the figure (a) below. This sequence can be

related to the simpler sequence y[n] as shown in (b).

a[n]= y(:}[n] + -_“-’_va}[n' —1].
where

v/ 2]. if nis even
0, if n is odd

yaln]= {

The signals y,[n] and 2y, [n—1] are depicted in (c) and (d).
As can be seen from the figure below, y[n] is a rectangular pulse with 2 1 N [, its Fourier
transform is given by

—jw SIN(5m/2)

Y(e)=e .
™) sin(@/ 2)

yizn]




Using the time-expansion property, we then obtain

_ ap SIN(5@
_1"(4-,}[??] F e J4m : ( )
B sin(@)

- s SIN(S®

2yyn -1« 2e7" ——— )
- sin(@)

Combining the two. we have

X(e)=e"*"(1+2e™" ){

sm(ﬁm}]
sin( @) '

8. Differentiation in Frequency
If a[n]<«E— X(e™™).

Differentiate both sides of the analysis equation X (e’*)= > x[n]e™™"

n=—0

dX(Ejm ) _ — . — J¥
= > —jnxnle
da St |
The right-hand side of the above equation is the Fourier transform of  jnx{n] .Therefore,
multiplying both sides by j , we see that [

Ja
nx{n]<=L }jdX;z) ).

9. Parseval’s Relation

If a{n]<«—— X(e’). then we have

+oo

x 7] 2_ b X(e’™ ’ dw
2 2n

H=—00




Properties of the Discrete Time Fourier Transform:

Property

Aperiodic Signal

Fourier Transform

Linearity

Time Shifting
Frequency Shifting
Conjugation

Time Reversal

Time Expansion
Convolution

Multiplication

Differencing in Time

Accumulation

Differentiation in Frequency

Conjugate Symmetry for
Real Signals

Symmetry for Real, Even
Signals

Symmetry for Real, Odd
Signals

Even-odd Decomposition
of Real Signals

x(n)

¥ln]

ax[n) + by[n)
x[n = mp)
" x[n]
x'[n]

x[—n]
Xy[n] = [

x[n] * y[n]

x[n/k),
0,
x(n]yln]

x[n] = x[n—1]

n

> k]

k==

x|n] real an even
x[n] real and odd

x.[n] = &v{x[n]}
x,[n] = Od{x[n]}

if n = multiple of k
if 2 # multiple of k

[x[n] real]
[x[n] real]

Parseval’s Relation for Aperiodic Signals
N » 1 T
> latnlf = 5= | e™ido
P CRET

X(e’™)| periodic with
Y(ef‘”)} period 27
aX(e’”) + bY(e’*)

e R X (e!®)
X(ef‘“'"“u))

X'(e ™)

X(e ™)

X(e*)

X(e™)Y(e)
1

——I X(e”)Y(e"")d8
2‘” i

(1 - e ™)X(e™)
Jw
l-eM X(e)

+00
+7X(e™) z 3w — 2mk)
k= -%

dX(e®)
dw

[ X(e*) = X"(e )
RefX(e/)) = Re{X(e )}
Im{X(e’)} = ~Im{X(e ")}
[X(e™)| = |X(e~)|

| $X(e) = —4X(e )

X(e/*) real and even

X(e) purely imaginary and
odd
Re{X(e)}

jIm{X(e’)}




Basic Discrete Time Fourier Transform Pa

Signal

Fourier Transform

Z ake_/k(Qn/N)n

k=(N)

oo
29 Z akﬁ(m— 2}7\7}_/{)

k= —c

+o0
27 > 8w — wo — 2ml)

[=—o

cos wyn

o
T z {6(w — wg — 27]) + 6(w + wy — 27wI)}

I=—x

sin wgh

7 Z {8(w — wg — 2ml) — 8(w + wg — 27D}
f=—o

x[n] =

t-c
27 > S(w — 2ml)

f=—=

Periodic square wave
n| = N,

1,
x|n] =

0, N <|n = N2
and

x[n + N] = x[n]

+oo
2w Z agd (w - —

k=—o

i 8[n — kN)

k=—on

2w
N

2o )

a'uln], lal <1

1
1—ae 1w

1,
x[n] 0,

sinfw(N, + 1)]
sin(w/2)

, 0= |lw =W

0, W<|w =n
X(w) periodic with period 2

X(w) =

1

1 —eJw

@
L_+ S #b - 20k

k= —o

e J@ny

(n+ Da"ulnl, |al <

S
(1 — ae—Jw)?

(n+r—1)

e~ @ vl

la| <1

N R
(1 — ae jw)r







