PROBABILITY THEORY AND STOCHASTIC PROCESS(23EC401)

UNIT-4

STOCHASTIC PROCESSES—SPECTRAL CHARACTERISTICS
Definition of Power Spectral Density of a WSS Process

Let us define the truncated random process as follows
Xp)=X9) -T<LKeLT
. : (Xrle)h
=0 otherwise
f4
=X I(—
(E)rec (2T)
where is the unity-amplitude rectangular pulse of width centering the origin. As will represent the

random process define the mean-square integral

Applying thez}Eates)eval's theorem we find the energy of the signal
reci|—
2

L=, (A (0)) )

Therefore, the powver associated with s
FTX (@)= ‘I;Xr(z)e‘-""’dz

And
The averhge gower is given by
Xa(odt = f M‘”X (a:)] d@

(Lr o}

Where the c?ntrlbutmn to the average is powger at frequency w and represents the power spectral

density oﬂ J; Xz??)f ;2 , the ITTW} %d jT éle above expression represents the

—EJ;XQ )dz——EJ‘IFTX (m)| da = EJ‘M

B\, (@)
o7

(Xpit)} T —=om
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X}
average power of Sy la) (X
Therefore, the PSD of the process is defined in the limiting sense by
BT ()]
Sy(@)=fim =T

Relation between the autocorrelation function and PSD: Wiener-Khinchin-Einstein theorem

We have
E|FTXT(GJ) [ =EFTXr(c?J)FTXr (@)
2T 27
1 T F
= \!: l ()X () e e M e dt,
1 T P
=_?_, l lR (zl %)Q'J‘-‘(Il‘x‘e :‘dz dzz
ft—t,=2T ,bt’,{f\\\ﬁ‘%=f+df
1 2 s T A
,/ /://\\\ !/; Zl —fg =%
T 3
> a 1[U S ¢
i Llj T )
Figure 1 - C h-t=-2T
T *

Note that the above integral is to be peormed on a square region bounded by  and as illustrated in Fi
1.Substitute so that is a family of straight
lines parallel to The differential area in terms of is given by the shaded area and equal to The d
integral is now replaced by a single integral in

£, =*T
t,=+T
-4 =T =L +T
ti =y =10 5
(2T~ |TdT i

gure

ouble
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Therefore, 7, (@)X, (@) _ 1 T R (@e ™ 2T |T)dr
2T 2T ar

= IR (?‘_) -jan(l |Tl)d?‘-

-r

If & 5 iEsJintegral then the right hand integral converges to as -{DRX (De ¥ dy i

E|FTX,

|_’"(“’)|2 I R (f)g“imdz

I‘-an 2r
£ | FTX, (m)|
As we have noted earlier, the power spectral density is the cof?ﬁrﬁfﬁklo% W
power at frequency and is called the power spectral density of . Thus,
i (X0}
and using the igverse Fourier trapsform
Sy(@) = | Ry(De"dr

Example 1 The autocorrelation function of a WSS process is given by Find the power spectral density of

the process.

R, (D) = k1 f Sy(@e’*da
2 4

(X0}
Ry(m=a*"F p>0

S, (@) = i R_ (De 7P ar

-0

2 o bl jer,
The autocorrelatién fiinétiéh and the PSD @& shown in Figure 2

= a2ebfe—jdﬁf‘d_l_+ J.aze—bre—jmde
=ao 0
a2 (22
= +
b-ja b+ ja@
_ 2a%
22 4+ 2
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Figure 2
Example 3 Find the PSD of the amplitude-modulated random-phase sinusoid

X(£) = M) cos(@e+D), & ~T[ 0, 27]

Where M(t) is a WSS process independent of D

Ry(T)=F M@+1) cos(a(¢+D) +D) M) cos(@T+PD)
=E M@E+T) M) Ecos(@(¢+T) +P) cos(@r+ D)

{ Using the independence of M (¢) and the sinusoid)
A2
=Rt 5 CO5 T

S Se(@) = A;[SM(@ﬂ?%) + Syle-a))

where S, [m) 1s the PSD of M)

Figure 4 illustrates the above result.

She (@)
@
Sy(a@)
/I\ /I\
—@,_E - =@ h— Cﬂd—?z @ @+E 2
2 2 & g
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Figure 4

Properties of the PSD

Sxl@) . (1) .
being the Fourier transform of it shares the properties of the Fourier transform.
Here we discuss
important properties of Sy L)

the average power of a random process is X

EX? () = Ry (0)

- L T, (@)dw
If isreal, isa t&al8nd even function of .Therefore,

X(© Ey (1) T
Sy (@) = ]‘RX (DeV¥TdT
= }RX(T)(COS @T+ jsin @T)dT
= ]‘ Ry (Ticos @TdT

Thus for a real WS_Sfprocess, the PSD is always real.

=2 Ry (T)cos @TdT
Thus is a real anddeven function of

From the definition is always non-negative. Thus
If has a periodic component, 1s periodic and so will have impulses.
Cross Power §p‘§&?§ Density el

2
Consider a random process  Syich=idsarp of &L{(ﬁp&ﬁﬁ&iﬂy WSS random processes As we hav%se%%ﬁagliﬁr,
i 2 1
ALY R y(z) Sy ()

2@
{4} and (¥}

Ry (T) = Ry (1) + Ry (1) + Ry (1) + Ry (T)
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If we take the Fourier transform of both sides,
Sz(@) = Sy(@) + 5y (@) + FT (R (1)) + FT (R (1))
Where sf#ds for the Fourier transform.

Thus we see that includes contribution from the Fourier transform of the cross- correlation functions
These Fourier transfofm$ %})resent cross power spectral densities.

B;f;?jzt_j'ogncg %S;E%qwer Spectral Density

Given two real jointly WSS random processes  the cross power spectral density (CPSD) is defined as

{(X®)} and {F ()}
Where are the Fourier, tdansform of the truncated processes

respectively and denotes the complex

[0 = i 5 D)

FTX (@) and FTY, (@)

X, () = Xtrect (;—T) and ¥, () = Y(grecz(;—T)

Proceeding in the same way as the derivation of the Wiener-Khinchin-Einstein theorem for the WSS process, it
can be shown that

Ay (1)
and |5, (@) = tim £ FTE (@ FTH; ()
% T 5T

Spp(@)= [ Ry ()e?®Tdr

Spe(@)= [ Ry (0)e V% de
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The cross-correlation function and the cross-power spectral density form a Fourier transform pair and we can
write

Ry (D= [ Sy (@) da
and -
Ry (D)= [ Sy (@) da
Properties of the CPSD
The CPSD is a complex function of the frequency ‘w‘. Some properties of the CPSD of two jointly WSS

processes
are listed below:

{(&(2)} and {¥{D)}
()

Note Hat (@) = S;X(m)

Fap(t) = R (—1)

L S (@)= | Ry(D)e™*dt

Ry (—0)e ™7 dt

-1

Ry (D)’ *dt
) . = S’zx (@) )
1s an even function of and is an odd function of
We Kaen ar Lt at IS s it 1 at

Syy(w)= ?RX}.I:I)(CDSQ T+ janwt)dt

= ? Ryp(ticoswtdt+ j? Ry (t)stnat)dt

= Re(Sy (@))+ FIm(Syy (@)
where

Re(Syy (@) = j’ Ryy(t)coswtdt 1s an even function of @ and

—

In(Syy (@)= nj' R (D) ain wzdt 15 an odd function of @ and
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{X(2)} and {¥()}
Ifare ufﬁlggfgtgd%%(ﬁ]a)Vg é“oﬁé%é’rnﬁtgrﬁllgans, then
dia)
Where is the Dirac delta function?
Observe that
R (D)= BX ¢+ )Y (E)
= EX(t+ T)EY ()
= HxHy

LSy (@)= Sy (@) = iy pyd(@)
If are orthogonal, then

{(&»)} and (XY}

If Sfﬂ’a(r%l %?th%'gb%“’af’, 7ve|:] have

(&0} and {X(g)}

Ry (D)= EX(t + DY ()

the cross power betiveen is defined by
= Ry ()
LS (@)=8g(w)=0
Ty {X(@)} and {I{2)}

Applying Parseval's theorem, we get

i
By =lim — B[ XOY ©de
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1 T
By =l — B ] KO @t
N
=lim — B [ (O (00
1 1

—lim— B [ FTX (&) FTY.(ad @
lim —E— [ FTX; (@) FTY; (@)

. BFTH (@) FTY(@) ,

j:o
SimilarTy,

Example 1 Considbé fd random process given by

{%)gf W JP}XE@)} WSS orthogonal random processes

We have,

R (T) = Ry (D) + By (D) + Ry (1) + Ry (T)

Taking the Fourier transform of both sides,

Sz(a@) = Sy(@) + Sy(@) + Sy (@) + Sy, (@)

Z(8) = X(@) +Y (D)

discussed in the beginning of the lecture. Here

1 = 1 = 1 = 1 = 1 =
S— [ S (ade=— [S,(@dae+— [S,(@dae+— [S,(@de+— [S.{(ada
27{-{9 z(@) 27r-£ x(@) 27?'-{0 (@) 2??'-{0 =(@) 27r-£ ()

Therefore,

PL(@) = Py (@) + Po(@) + Py (@) + B (@)

is the
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Wiener-Khinchin-Einstein theorem

The Wiener-Khinchin-Einstein theorem is also valid for discrete-time random processes. The
power spectral density ofthedSS process is the didctdter}ime Fourier transform of autocorrelation
sequence.

Sy(a)= 3 Ry [m]eoo™ -TEWE R
MW=

Isqre{a%qd to by the in¥gisgrdiscrete-time Fourier transform and given by

1

Rlm]) = — [ Sz(@)e™"da

Thus and forms a discrete-time Fourier transform pair. A generalized PSD can be defined in terms of

R, [m]  as foloWw
£ — tratsform

clearly. 5, z) = > &, [m] 2™

Mot

Linear time-invariant systems

SX(Q)=SX(Z) !
In many applications, physical systems are modeled as linear time-invariant (LTI) systems. The dynamic
behavior of an LTI system to deterministic inputs is described by linear differential equations. We are familiar
with time and transform domain (such as Laplace transform and Fourier transform) techniques to solve these
differential equations. In this lecture, we develop the technique to analyze the response of an LTI system to WSS
random process.

The purpose of this study is two-folds:

Analysis of the response of a system

Finding an LTI system that can optimally estimate an unobserved random process from an observed process.
The observed random process is statistically related to the unobserved random process. For example, we may

have to find LTI system (also called a filter) to estimate the signal from the noisy observations.

Basics of Linear Time Invariant Systems
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x(£)

A system is modeled by a transformation T that maps an input signal to an output signal y(t) as shown in
Figure 1. We can thus write, yi&) = T[x(f)]

x(2) (o)

Figure 1
Linear system

The system is called linear if the principle of superposition applies: the weighted sum of inputs results in the
weighted sum of the corresponding outputs. Thus for a linear system

Example 1 Consider the output of a differentiator, given by

T [alxl (£)*+ayx, (¢ )] - alT["i (3)] +a, T ["2 (¢ )]

Then
’ d xit
dx

d%—( a % (8) + ax, (£) )

d d
=a—nx(t) + ag—x @)

Hence the linear differentiator is a linear system.
Linear time-invariant system

Consider a linear system with y (t) =T x (t ). The system is called time-invariant if

It is easy to check that that the differentiator in the above example is a linear time - invariant system.

Tx(t-ty) =y(t-4) ¥ 4
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Response of a linear time-invariant system to deterministic input

As shown in Figure 2, a linear system can be characterised by its impulse response where is the Dirac delta function.

) = Ta(5 SiE)

g2 [LTI Bt
— | waem |~

Figure 2

Recall that any function x(t) can be represented in terms of the Dirac delta function as follows

€

If x(t) is input to the linear systemy (t)=T x (t), t‘}

x(£) (

t n
= x(s) 5(3 —s) ds

y(E) T u]‘x(s) 5(£ = s) ds

Ix(s) Té'(z = S) ds [ Using the linearity property ]
Where is the response at time t due to the shifted ithpulse?

= Ix(s) h(ts) ds

If the system is time invariant,

.&[ﬁ,s) = T5[£—s) 5[3—5)

Therefore for a linear-time invariant system,

h[z,s) = k[z—s)

where * denotes the convolution operation. We also note that

yi&H) = Tx(s) k(z—s) ds = x(£) * 2(2)

—o

x(E) ®k(E) = (2 * x(2).
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Thus for a LTI System, y(£) = x(&) * k() = k(2) *x(t)

Taking the Fourier transform, we get

() =H{e) X (a)
where H( ) FT}z fh(z) e dt is the frequency response of the system

Figure 3 shows the input-output relationship of an LTI system in terms of the impulse response and the
frequency response.

x(t) E’él) System yit)
X () LTI System Vi
il {a)

Figure 3
Response of an LTI System to WSS input

Consider an LTI system with impulse response h (t). Suppose  is a WSS grlidgss input to the system. The
output of the system is given by (Fie)

s Xz §)ds= ﬁz(z-sg X(s) ds
c.

62
Where we have assumed that tl)e in borals ex1st in theé mean sduare sen
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)}

Mean and autocorrelation of the output process

BY(£)= E [(s)X (¢ -5)ds

—

k [S)EX (3 —s)ds

= [ &(s)peyds
=ty J'k (s)ds
= 1z H (0)
Hi{ e =10
Where is the frequency response at 0 frequency ( ) and given by

H)| , = ]‘h(f)e'j"’dzt = }h(s)ds

T The Cross correlation of the input {X(t)} and the out put {Y (t)} is given by

E(X{i+r)}’[i))= £ Xl::+r) }z[s) Xl:.t—s) ds

P

.52[.5') £ X(.f+rj Xl:.t—s) ds

h{s) Ry (r+ .':jds

Bl-5) Relr—u)d [ Put 5 = —u]

—7) * Ry(r)

,E:\é-—.s P T R

[

Rogle) = h(-t) * R 4{r)
wlee Be(t]l= Rgl-r)= kr)* Rel~s)
Therefore, the mean of the output process  _ ;zs(af 30%‘[?} (r)

The Cross correlation of the input {X (t)} and the out put {Y (t)} is given by
righh
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B(x(1+e)r ()= EI(r+rj1}:[st(r—s) ds

.52[.5') £ Xl[.-t+fj Xl[.t—sj ofs

Rl-u) Ryl(r—u)du [ Put 5 = —u ]

Ra(r) = #-e) * Ry(r]
also Ry (t) = Rypl-v)= hir) * Ry(-1)
= A(r) * Ry (7)
Ry (7) ' (X e
Thus we see that is a function of lag only. Therefore,and are jointly wide-sense stationary.
The autocorrelation function of the output process {Y(t)} is given by,
E(Y{e+n)¥(e)) = E [#(s) X(e+z-5)ds¥ ()

= J‘}g(s) EX(t+r-s) ¥Y({t) ds

—0

[#(s) Raple-s) de

h(r) * R Jd,[z') = 2B() Fhtn *RB X[z‘)
Thus the autocorrelation of the output process depends on the time-lag, i.e.,

¥z} T

Thus EY{)Y(t+7)=Ry ()

The above analysis indicates that for an LTI system with WSS input
Ry(z) = By (z)*h(z)*h(7)
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the output is WSS and
The input and output are jointly WSS.

The average power of the output processis given b{i" (7}

B = R},(O)
= Ry (0)*%(0)*%(0)

Power spectrum of the output process

Using the property of Fourier transform, we get the power spectral density of the output process given by

Also note that o [m) =S (w) H (m) H' (m)

- 5y (@) | (2)f

Taking the Fourier transform of we get the cross power spectral density given by
Rale) = h(~) * Rlr)
and Ry (t) = k(r) * Ry(z)

Ry (7]
Sy (@)
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Rl Ry (T
R W e wey i
Sy (1) Sy ()

Figure 4
Example 3 (X (z )}
M random voltage modeled by a white noise process with power spectral density

12s input to an RC network shown in the Figure 7.

Find (a) output PSD Sy ()
output auto correlation function R
average output power H [Tj
EY?(2)
R
—AM———
X ¢ =Y
Figure 7

The frequency response of the system is given by
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Therefore,
Sy(@) = |H (ﬂ-’)r Sy (@)
1
TR )
- W Ay
BrPa® +1 2
(a)
Taking the inverse Fourier transform
It -l
R fr)=—L p &C
(%) 4RC
Average output power
M,
BV (2) = By (0) =2
(&)= Re(0) = 2

Rice's representation or quadrature representation of a WSS process

An arbitrary zero-mean WSS process  can be represented in terms of the slowly varying components  and

as follows: (X
(1) A (1) LA, ()
where is a center fre‘q}{lggci ar| i%?lrcygcshﬂgg'én_ 1f1¥fh(é Ez'ilﬁld":'|']f"E . and are respectively called
the in-phase and the quadrature-phase components of
Let us choose a dual process such that B 5 % N B
—— 8y w y o
@, {(@ 5 |@|< a 5 ) X.(8)
AL () A8
g
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() + JY () = (X (0 + JX, 1) ™
= (X, (Hcosayt — X, (sinaps) + j (X () sin ayt + X, (£ cosaps )

it ¥t

X (2) =X (f)cosapt + Y (E)sin apé

then ,
2
and
X (E)=K(E)cosayt — Y () sin ayté
3)
: : (& (20} (&, (23}
For such a representation, we require the processes and to be WSS. Note that
As is zero mean, we require that
BX(¢) =cosantBX,_ (f) —sin ayiBX  (Z)
And
(A
EX (&)=0
Again )
EX (£)=0

EX_ (#)=cosapt BX (1) +sinept BV ()
EX (#) =cosaptBX () —sin aptEY(E)
Aseach of BX _(¢), £X (t) and £X (¢) 1s zero-mean, we require that
EV()=0.
Also
Ry (t+7.1)= E[X(.t + f) COS &), [t+ z‘)+ YI:.t+ r)sin @, [t + z')][}f'(t) cos et + ¥ () sin eyt]
= Ry(t)cosay(t+ t) cos eyt + Ry (T)sin @y, (¢ + 1) sin et + Ry () cos ey (¢ + T) sin eyt

+ Ry (T)sin @y (t+ T) cos eyt
and

Ry (t+7,8) =Ry(r)cos ey (f +T)cosapf + Ry (r)sin ay {z + r)sin apé
—Ryy(r)cosay (¢ +7)snayt — Ry (v)sinay (2 +7)cos aps
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atd
Ry y (E+T,1)=Ry(T)oos @y + Toosatd — Ry (Thsin & (f + T)sin @yl
— R (Tlcosa@ (+T)sin apé + B, (T)sin @ (£ + T)ocos

Thus, &y (£+T,0), Ry (£ +T.f) and Ry » (£ + 7,2y will be independent of t if and only1f

and Ry % () = Ry(r)cosay(f +r)cos ayf — Ry(r)sin ay (¢ +7) sin ayf

- Ryy(r)cosa,(f +1)sin ayf + Ry, (T)sin ay, (£ + 1) cos agé
= Ry(r)[cosap(f +r)cosapt —sin ay (£ + 1) sin ayi]

—Ryp(r)[cosap(f+r)sinayt —sinay (f +r)cosayt]
=Ry(r)cosayt — Ry (7)) sin(—ayr)
=Ry(r)cosayt — Ry (T)sin g7

rie)

How to find  satisfyldgl£li¢ above two conditions? (L2}

For this, consider to be the Hilbert transform of , i.e.
Yi&) = J‘X(s}k(z - 5)ds

hy =

i
Where and the integral is defined in the mean-square sense. See the illustration in Figure 2.

549

1 ¥
Figure 2 k() = 2

The frequency response of the Hilbert transform is given by

Ha)
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—i if @0
H{a)=4 j. if @=0
a, it q=0

S H @y =~ jsgn(@)
and |H (@) =1

"5y (@)= | (@) Sz (@) = Sx (@)

S (@), for @>0
~ i8S (@), for @<0

and

Sypla)y=H (m) Sy (@) = {

_ g _ -8 (@), for @=0
swl@ile)pne { S (@),  for @<0

The Hilbert transform of Y(t) satisfies the f(ﬁ.lotvir)g_s%ect a] telations
y\@J=nx t‘ﬁj

and
Sy (@) = —Sy (@)

From the above two relations, we get

Ry(T) = Ry (T)

and
Ry (T) = =Ry (T)
The Hilbert transform of is generally denoted as Therefore, from (2) and (3) we establish
A(Z) ().

and

Xolf) = X(6) cos @yt + X(2)sin @y,
X _(£) = X(t)cos @yt — X () sin ayt
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Aig)= A (flocosant — K () sn apf

The realization for the in phase and the quadrature phase components is shown in Figure 3 below.
B0 kT

+ +

A

G G_ ) G)

Xt sft)
+ -

Fifbert

frangform ,

‘ sinent

From the above analysis, we can summarize the following expressions for the autocorrelation functions

Figure 3

Ry (T) = Ry (T)
=R, (Ticos @ T+ Ry (Thain & T
=R (Ticos @ T+A(E)* R, (Thsinay T VR (T =BT R, (T

Where

= R (Thcos @,T+ &, (Tsin T

See the illustration in Figure 4

£, (7) = Hilbert transform of R, (1)

=‘|'i (T~ )
o s

Fy iz h(z) = 1] g%i(:t':l

Tr
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Sy ()

Ty, %,

The variances and are given by
oy, = % =R, ().

Taking the Fourier transform fawégbt and Ky (7)),

Sy(@— +S8,(@+ @l LB
S0 (@) = Sy, (@) = X007 BT EA(@T @) it
; 0 otherwise

Similarly,

RXCX; (r) =R, (r)sinay,r — R, (r)cosay,T

=R (r)sinayr — ﬁix (r)cosayT
and
< e ASy(e +ay) — Sy(a—ay )] |93|$B
= otherwise
Notice that the cross power spectral density is purely imaginary. Particularly, if is locally symmetric
about
SRR
Implying that
mplying tha e
Sz, (@) =0

Consequently, the zero-mean processes and are also uncorrelated

Ry iz (r)=0

(A0 (A,E0
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