PROBABILITY THEORY AND STOCHASTIC PROCESS-23EC401

UNIT-2

OPERATION ON RANDOM VARIABLE-EXPECTATIONS

Expected Value of a Random Variable

The expectation operation extracts a few parameters of a random variable and provides a summary description of the random
variable in terms of these parameters.

It is far easier to estimate these parameters from data than to estimate the distribution or density function of the random

variable.
Moments are some important parameters obtained through the expectation operation.

Expected value or mean of a random variable

The expected value of a random variableis defined by
A

EX = [ xfy (X)dx

Provided exists.

T xfy ()
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3;%;173 m e s N

- . ., Px
Is also called the mean or statistical average of the random variable and is denote

Jx(x)
Note that, for a discrete RV with the probabili‘nty mass function (pmf) the pdf is given by

() =D py(5)8(x - x)

i=1

iy = ELX]= ] 2 py (3)0(x- m)ds

— e

=§ 2y (%) ] x8(x- x)dx

w

N
=§stpz(7%) [ x6(x- x)dx

Thus for a discrete random variable with

X P (X )i =12,

W
Hy = Z %pyx)
iml

Jx(x)

|

0

Figurel Mean of a random variable
Example 1

Suppose is a random variable defined by the pdf

X
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1

“xsah
Fe=dp—a ., 7
0 otherwise

Then w
Hy = [ xfy (x)dx
4 1
[ ax
a b -
_a+éd
2
Example 2
Consider the random variable  with the pmf as tabulated below
X
Value of the random 0o 1 2 B3
variable x
pX(x) 1 1 1 [
a8 B 4 2
Then
N
Hx =2 %Px(%)
il
1 1 1 1
=0x—+1xXx—+2x—+3x—
Example 3 Let X bela7continuous random variable with
T8
Then
&
fx(x)=ﬁ —w{ x{ma>0
?T(x +a& )

BEX = j‘fo (x)dx

w
e 2
— | = Ax

Tl X+
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Eln |::1 + xg)]m

e 0

Hence EX does not exist. This density function is known as the Cauchy density function.

F=glX
Expected value of a%unctijon of a random variable <
Suppose is a real-valued function of a random variable  as discussed in the last class.

Then,

BY = Bg(X) = [ g(x)fx(2)dx

function of x In this case,

2(x)

Y2 TN

== — —|- »n

Figure 2 0 x

We shall illustrate the above result in the special case ~ when is one?éctgfiﬁ and mowtgn%iﬂ:})j increasing
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fxcx)]
Fyly) =
( :I =ET Y]

Er = J‘yfy(y}cfy

Sl O
f glg )

where yy = g(—=) andjyy = g(=).
Substituting x = g (¥) so that ¥ = g(x) and &y = g'{ x)dx, we get

EY=[ g(x) fx(x)dx

The following important properties of the expectation operation can be immediately derived:

2 Be=c
If 1S a constant,
Be= [efy(Xdrx=c | fy(X)dx=c
Clearly - —w
If are gifg Xu}l%.pgsg%f(t‘h@)random variableand are constants, ¥ ¢, and o,

Eley g1 (A + e 8, (X )=y By () + o Bg, (A
Eloyg) (X)) + g, ()] = T ol g (%) + oy, ()] Fy (X)dx

=T e (D fx (mldrr T ea () ()

—

= I &1 (%) i (x)edx+ 2 I &, (%) (KDt

The above property means that is a linear o erator
i T 1E§1(X:'+'52-Egz (A7)

MOMENTS ABOUT THE ORIGIN:

Mean-square valu E

EX? = [ ' Fp (xdx

} s
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MOMENTS ABOUT THE MEAN
Variance

Second central moment is called as variance
X Sz (%) Hy. X Fx
For a random variable with the pdf = and mean the variance of is denoted by and

defined as 0':‘;{ = B{X - ,UX)2 = ? (= ,U_x)gfx (x)cdx

Thus for a discrete random variable with

X rx(x),i=12,... N,

N
Tk =21 (% — px P px(x)
Jan
The standard deviation of is defined as

Example 4 X Ty = E(X - ﬂx)2

Find the variance of the random variable in the above example

o = B(X - py)

e atp !

a+b)2 5
2 b-a

? 23
a+b]’m’x+ [a+b] fdx

|
Example 5 b-a

3
[fx*dx— 2%

Find the variance of the random Var't%ble ac’g.scussed in above example. As already computed

12

S
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o2 - EX - i)

17, 1 17, 1 17, .1 17, 1
=0—- s _+ (] —— 1+ (- (E - W
(8)8(8}8{8:'4{8]2
_
&l
X, and 3,
2_1 2 _5
&y and Xy o B % 5

For example, consider two random variables ~ with pmf as shown below. Note th
2

each of has zero mean.The variances are given by and  implying that

has more spread about the mean.

t

o

Propertie% of Variagnce g

(1
U?i' = (X - #x)2
= B(X? - 2u, X + u%)
= BX? - 2u, BX + Eus
= BX* - 2% + uy

= EX =y
If then - &y =BX— it
¥ =cX +b, where ¢ and » are constants, oF =c o

o5 = B(cX +b—cpy —b)*
= BcH(X - py )

If 1S a constant, 2.2

o
nth moment of a random variable

We can define the nth moment and the nth central- gg{rll:ecl;lt of I:gl' random variable X by the following relations
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nth-order moment EX™ = ? X f(xdx »n=1,2,.

nth-order central moment F(X - g, )" = ?(x—pxj"j}f(x)dx =12

Note that

o my= BY . Ex?
The mean is the first moment and the mean-square value is the second moment

The first central moment is 0 and the variance is the second centgal moment 5
oy =E(X - uy)

SKEWNESS
The third central moment measures lack of symmetry of the pdf of a random variable

is called the coefficient of skewness and if the pdf is symmetric this coefficient will be zero.
The fourth central moment measures flatness or peakedness of the pdf of a random

variable. Is called kurtosis. If the peak of the pdf is sharper, then the random variable has a higher

k is.
urtosis E(X — )

£
Tx

Characteristic functioB(y — s, )*

3
Consider a random Variabcfey with probability density function The characteristic function of
denoted by B, (), is defined as

Note the following: Sz (x)
is a complex dgantity, representing the Fourier transform of and
traditionally using instead of This implies that the properties of the Fourier transform applies to the
characteristic function. _

Py (@) = Bal™*
We can get R e
from by the inverse transform = I gl ds

where j =~—1

Py (@), Jx(x)
g E g oE

Sz (%) (@),
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Example 1 Tz (%)
Consider the fandom variable X with pdf given by
f(x)= alxid
b-a
= (0 otherwise. Thhe charagteristi¢s function is given b
Jjab-a)
Solution:
2 1 ,
Py (@) = [——=™"dx
db-a
1 Pl F
b-a Jjo |,
oo Gt
Example 2 J’gj(b - a)
The characteristic function of the random variable with
#4

Fe(X) =™ A50,x>0is

(@) = [0

w .
Characteristic function of a discrete random varigbJez A=
0

Suppose X is a random variable taking values from thi§ discrete set with corresponding probability mass
function for the value = 1w
Then, J

Ry ={m.%,.... ]
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B () = Ba™*
= z px(xz- }2_}':.!?:"

L= Ry

i lar]= B
= Z. Py {xz'}ejm
X, =F

If Rx is the set of integers, we can write
e (),

In this case _-jwx  can be interpreted as the discrete-time Fourier transform with substituting

original discrete-time Fourier transform. The inverse relation is
1 T —Jak
Py B = [T b (@rde

px()=p(-p)*, k=0,1, . isgivenby
(@) =2 p(1-p)*
=D
~p X et (i=p)
&0
s 2
1= Je

Moments and t}(le ch‘graecteristic function

Given the characteristics function the nth moment is given by

';#X I:mjl ]
B JE
BEX"=——— @
jx aa" ¢X ( )0-0
To prove this consider the power series expansion of i
g

N2 12 PN TR
e-"‘”X=1+ij+—0m;|X i

Taking expectation of both sides and assuming to exist, W?Xget 5 =

. 2 2 . 3 .
éx(@)=1+ijX+M+ ...... L Ga)y" BX |

21 T

in the
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Py L@, @ ®=0
Taking the first derivative of  with respect to at we get

dasz(m)L i
da 0

o , nth dyla), & @=0
Similarly, taking the ~ derivative of ~ with respect to at we get

4" gy (@)

= "EX"
L.

Thus ,

j da

@=0
and generally

gy L 4@
Jf?! dmn

=
TRANSFORMATION OF A RANDOM VARIABLE

Description:

Suppose we are given a random variable X with density fX(x). We apply a function g to produce a random variable
Y = g(X). We can think of X as the input to a black box,and Y the output.
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MULTIPLE RANDOM VARIABLES
Multiple Random Variables

In many applications we have to deal with more than two random variables. For example, in the navigation
problem, the position of a space craft is represented by three random variables denoting the X, y and z
coordinates. The noise affecting the R, G, B channels of colour video may be represented by three random
variables. In such situations, it is convenient to define the vector-valued random variables where each
component of the vector is a random variable.

In this lecture, we extend the concepts of joint random variables to the case of multiple random variables. A
generalized analysis will be presented for random variables defined on the same sample space.

Jointly Distributed Random Variables
We may define two or more random variables on the same sample spaceffLet and be two real random

variables defined on the same probability space The mapping
such that for s called a joint random variable.

(=, ). 5—R?
se s, (X(),Y(s)eR?

A ”
Y(s) X(s).Y(s)

4

Figure 1 S X(s)

Joint Probability Distribution Function

Recall the definition of the distribution of a single random variable. The event ~ was used to define the
probability distribution function . Given , we can find

the

(X Lx

Hy(x) Fy(x)
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v (X<x Yy ={X <xn{l <
PUX <xY <y Yx e R

probability of any event involving the random variable. Similarly, for two random vdygiables
%d , the event is considered as the representative event.

& (C)‘i‘roﬂf ility is called the joint distribution function or the joint cumulative distribution function (CDF) of
the random variables  and and denoted by

A
Y
(x.y)
x L
Figure 2
Properties of JPDF
satisfies the following properties:
1) FE,F {I: ..:I"?::I
2) Fr () S Fyymn)if n=xandy, =y,

If x, <x, and y, < y,,
3) (X lx: Vo)) gl oy By}
Note that -+ PAX £x,¥ <) S P(X £x,7 < )

S By (xun) £ By y(%.00)
Fyy(o,y) = Fyy(x,—) =0

5) is right continuous in both the variables.

(X &,V £y} g (& L~}

4)

6)

Fy y(0,m) =1
Fx,y(xs.}’j
Ix<xand 3, <y

P <X $xy, 1Y L)) = Fx,y(xg’}’g) _Fx,y(xp)’g) _Fx,y(?fg,yl) +Fx,y(x1:}’1)

V.Nagalakshmi, Asst Prof, Dept of ECE NRCM




PROBABILITY THEORY AND STOCHASTIC PROCESS-23EC401

Fyy(zy), ~o{x{m,-0{y<{

. > iy . .
Given ,we have a complete description of the random variables and

7) Fy (%) = Fxy (%, +00)

To prove this
(X Lxy={X Lxpn{Y £ +o}
i flp o) P({XS x}) = P({X Lx YL 00}) =, (x,+=)
Fy ()= Fp (o0, y,

Given , each of is called a marginal Distribution function or marginal cumulative distribution

functi CDF).
unction (CDF) By y(xy), ~m<x<m oy Fy(x) and 7, (y)

Similarly

Jointly Distributed Discrete Random Variables

If and are two discrete random variables defined on the same probability space such that
takes values from the countable subset and takes values from the
countable subset .Then the joint random variable can take values from the countable
subset in . The joint random variable is completely specified by their joint probability mass
function
A I
S . NI . Ry
( GivenPj, we can det‘é%mne other probabilities involving the random %arlablgs and
R, (X.7)
Remark &x % &y S

Pxy(xy)=Pls|X(E)=x1(s) =)y}, V(x.y)ERyXR,
F_x,}r(xs.}’:' X

Px,}'(X,y) =0for (x,y)¢ Rx % Rr

> px,}f(X,y) =l
(%P )E Ry XRy
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> > Fxr (x.v) = F( | {x.0h)
[5.2)E Ry ¥Ry (T
=P[RX><R},)
=F{E|(&(s), F(s)) € (Ry ¥Ry )}
=P =1

This is because

Marginal Probability Mass Functions: The probability mass functions  and are obtained from® zth&joint 2y ()
probability mass function as follows

2x(x)=P({X =x}URy)

.. =2 Pxy(xy)
and similarly yaRe

py()’) = 2 px,}'(x:)”)

. . e R, : Y . o .
These probability mass functions " and obtained from the joint probability mass functions are
called marginal probability mass functions .

Px (X By (V)
Example 4 Consider the random variables and with the joint probability mass function as
tabulated in Table 1. The marginal probabilities and are as shown in the last column and the last row
respectively.
.4 r
Fx () Fr ()
\ﬂ\ 0 I : 2y (¥)
¥
0 0.25 0.1 0.15 0.5
1 0.14 0.35 0.01 0.5
Table 1
pX(};‘) 0.39 0.45 016

Joint Probability Density Function

If and are two continuous random variables and their joint distribution function is continuous in both
, then we can define joint probability density function by

provided it exists.

X i

x by fj:f':xr}’:'
2

&
fx.y(x’}’) = ?

3 FX.Y(X,}’)
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¥y
Clearly Howlz,y) = [ | fyplu,vidvdu

Propertie?fpf J Eint Probability Density Function
PRACI

is always a non-negative quantity. That is,

Fxr(x) 20 Y(xeR?

- T T Fay(xy)dxdy =1

The probability of any Borel set can be obtained by

P(B)= [ Fxy(x yldxdy

(x.p)e2
Marginal density functions
The marginal density functions and of two joint RVs and are given by the derivatives of the
corresponding marginal distribution functions/ This 7 ¥ () 1] ¥

Sx(®) =& Fx (@)

=

-0

= _.f Fxx(x y)dy

8

@ =T Ferlxm Yy
Thus H@ =T fuy & vy

Example 5 The joint densifg function  of the random variables in Example 3 is

and similarly /()= [ Fxy(xy)ex

fx,f':xn}’:'
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fx,y'::’f,}":' = a—Fx,}' (x.)

dxdy

aﬂ
" 5 [(1-e™(1-¢)]  x20,y20
= 2p g x2 0,y 20

Example 6 The joint pdfgﬁ,t@m yandonmvariables < 2 () dnd < 2 are given by
=0 otherwize
[
Find
Find F}.’.Y(x’y)

Find and Fe(x) jy (¥
What is the probability ?
PO<XS1,0KYLD)

[ Fer rodvdn =c [ [ mavaa

=.:7]f xdx Lgydy
=de
S =1

.'-'i'j:_lfz
= DLx22 D4ypL2
16 8 l
4 xy
fx(x}j‘?dy DLypsa
=I
2
X
'-fx(x)=§ Dspse
Similarly
=7 0<yp<D
f}'(yj 5 i g
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FO<X210<F 20
= Hey (1.1 + ¥ .0 - F.r.r'ins - F.r.r (1,0}
1
=—+0-0-0
1a
1
16

Conditional Distributions

We discussed the conditional CDF and conditional PDF of a random variable conditioned on some events
defined in terms of the same random variable. We observed that

_P[{x<x)nB)
and FX I:XIB) P[‘E)

P[B)=0

Fy (xf3)=£ﬁz.{ij

We can define these quantities for two random variables. We start with the conditional probability mass
functions for two random variables.

Conditional Probability Density Functions

Suppose and are two discrete jointly random variable with the joint PMF The conditional PMF
of given is denoted by and defined as
- il Pxy(x.»).
I W Pyix v/ x)

PrxWix)= PUY =)y11{X = x})
_ A = =il = ot

FlX =z}
x
M provided p.(x)=0
Similarly we canplgfim¢ the conditional probag"ihty mass function
This,
Pxy (%) .
Pyxyix)=—"—7— provided py(x) =0
Py (x)
_Pxyxy) .
Prpyixiy)=———— provided py(y=U
Pyiy)
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Conditional Probability Distribution Function

Consider two continuous jointly random variables andl  with the joint probability
distribution function g, Wexasg)interested to find the conditional distribution function of one of the random
variables on the condition of a particular value of the other random variable.

We cannot define the conditional distribution function of the random variable on the condition of the event
by the relation
(& =x}

F (pin=P¥=ylX=x
Yix

_PYEyX=2x)
T P(X =2
AX=x=10
as in the above expression. The conditional distribution function is defined in the

limiting sense as follows:

F o (yx=hkm, PTYE=ylx<X =x+4x)
Yix

Py x <X =x+ Ax)

=lim
B30T Pl X S x+ AX)

T For (n0) A
=1i??3 =10 =
Sy (X)hx
T I XY (x, 2 )chs
7 X (x)

T Foy (Ri)dle
R el A=~

Ty X =x)= frx i x) r
Condlgpnal Probability Density Function

is called the conditional probability density function of
given

Let us define the conditional distribution function .

The conditional density is defined in the limiting sense as follows

V.Nagalakshmi, Asst Prof, Dept of ECE NRCM



PROBABILITY THEORY AND STOCHASTIC PROCESS-23EC401

Frex O X = x) =limy, o (Fy (o + 90 X = x) = Fypy 0/ X = 201 by
S A =)= lim o (P (P xS A Lxt L) - Py (i x X L xa+ b Ay

(X =x) =lim,_,(x< X < x+Ax)

Because,

The right hand side of the highlighted equation is
1mui,:,m_,,:,{wa ¥+ ﬂy%“x%: X %+ AX)— M (v x o X < x+ Ax))f Ay

=1y g o (PIY < ¥ S y+ Apix <X S x4+ AX)) by
=hmy, o Py <P Sy+ by X Sx+ 0} Pl X =x+ Ax) iy
= lim.ﬁ.}'—}ﬂ,.ﬁx—}ﬂ Ty (x yaxiy! fp (x)bxby

= Fxy (% ¥ 5 (x)

oo Sy x) = Py () ()
Similarly we have
L (XYY = By (m Y)Y

2
Two random variables are statistically independent if for all (x.y)e R,

f;r.rz':yfx:'= f}r':}":'

ot equivalently

Fevix yr= fz (x50

Example 2 X and Y are two jointly random variables with the joint pdf given by

f_};,}r':-’f,y:' =k for0fxsl

find, (a) = [ otherwise
(b)

Soll.%tion:

Fx(x) and 7 (y)
Tzl ¥}
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[ [ Fxr )z =1
Since
We get
e xl xlx1=1
2
=k=2

S Fxy(xy)=2 for0LxLlasy<x

= 0 otherwise

Jx(x) = Ifx.y(X,y)dy = 2de =2%

w 1
S = Ifx,}'(xs)’)dx = 2Idx =2(1-)
- »

Independent Random Variables (or) Statistical Independence

Let and  be two random variables characterized by the joint distribution function

and thégcorresgonding joint density function

Then and are independent if and are independent events.
Thus,#y y(x,y) = P{X L ¥ L y}

Jxy(zy) = U%Fx,y (x.»)
% F Viz)eR, (X <z (Y1)
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Fyr(ny)=PLE ST <y)
=P(X < x}P(¥ <y}
= F (x)Fp ()

PR, (x,
gy - )
) drdy

_ R, (x) dFy ()
dx oy
= Tx(Z) Fyly)
S Sy () = (2 00

Jrx () =5 ()

and equivalently
Sum of Two Random Variables

We are often interested in finding out the probability density function of a function of two or more RVs.
Following are a few examples.

The received spgnaliby g-communication receiver is given by

= el I
where is received signal which is the superposition of the message signal and the noise
X z
—_— o+ | .
'

The frequently applied operations on communication signals like modulation, demodulation, correlation etc.
involve multiplication of two signals in the form Z = XY.

We have to know about the probability distribution of  in any aﬁ,alysis of . More %rmally, given two

random variables X and Y with joint probability density function and a function “Wwe have to find .

In this lecture, we shall address this problem. S T (x,07)
Z=g(X.TY, Frlie)

Probability Density of the Function of Two Random Variabl

V.Nagalakshmi, Asst Prof, Dept of ECE NRCM



PROBABILITY THEORY AND STOCHASTIC PROCESS-23EC401

2
g:.R°-=>R
{Z < z}
D, c R Dy ={{x.y)| g(xy) <z}
We consider the transformation
Consider the event corresponding to each z. We can find a variable subset such that 4
A
Z
Y
{Z2z}
X

Figure 1

Py (2)=P{Z <z))
= P{(x»)|(xy)€ D}
= J;f fx‘},(x,y)dydx

(xv
Probability density function of Z= X +Y . Consider Figure 2

and 7 (z) = —dF;Z(Z)
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Figure 2

We have
PR

=X +¥V==z

[=—x

I
é‘q‘“ - L

Ifxy

IfX.Y [x 4

Therefore, D%s the colored region in the Figure 2.

.'.Fz(z)= lfxy[xy)dxdy

(=

| Fxx (= y)dy] dx

= x)du dx  substituting y=w -x

x)dx du  interchanging the order of integration

NSz (2)=— ‘[[‘[fxy s = x).:ix]du

& Ifx.y (x.2—x)dx

z)= fo.}' (x.u—x)dx

V.Nagalakshmi, Asst Prof,
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If X and Y are independent
Frpxz—x)=fyz(x)fr(z-x)
S Sfz(2) = Ifx(xjf? (z-x)dx
= fx(2)* e (2)
Where * is the convolution operation.
Example 1

Suppose X and Y are independent random variables and each uniformly distributed over (a, b).
And  are as shown in the figure below.

Fx(x) Fr (¥

fx(x)
1/b=g [::voveeeiess
a b X
fly)
1/b-a
a b y
fz(z)
2/b-a
a b 2b-a z
The PDF of  is a triangular probability density function as shown in the figure.
g B g
Central Limit Theorem
Consider independent random variables .The mean and variance of each of the random variables are
assumed to be known.#$uppose and Xy, Xyoos Xy
. Form a random variable E(X,) = iy,
var (X;) = oy,
The mean and varidnce of are given by
¥y m Xy Ky bissb X
435

M
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BLy = ly, = Hy Y Hy * ot iy,

var(f)= o =B - y) P

il

H H -]
- 2
= D EX-py )t DD B - ) (X )
=l il ol jwi
- Gy v
A and XJ. aremdependent for: = ;
F?‘!
and ¥
Thus we can determine the mean and the variance of ) n
Can we guess about the probability distribution of ?

The central limit theorem (CLT) provides an answer to this question.

8

Y~ N( iy, 02) 1 —cw

Ay Xy zisy
The CLT states that under very general conditions converges in distribution to as. The conditions are:
The random variables are independent and identically distributed.
The random variables are independent with same mean and variance, but not identically distributed.

The random variables are independent with different means and same variance and not identically distributed.
The random variables are independent with different means and each variance being neither too small nor too

large.
® X, 4. X,

We shall consider the first condition only. In this case, the central-limit theorem can be stated as follows:
Proof of the Central Limit Theorem:

We give a less rigorous proof of the theorem with the help of the characteristic function.
Further we consider each of to have zero mean. Thus,

Clearly,
X, X, X, V, = (Gt Xyt + X )N
ﬂa =0,
A -a

E) = E(X%)iafn and so on.
¥

n
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gy (@) = E[™™) - B|e

2o Py,
We will show that asf o, the characteristic function is of the form of the characteristic function of a
Gaussian random V_ariable. (. mjg ( &?]3
Expanding ip Pwes scfies Ja¥, + /) F?f + }f + o
21 3l

¥
Assume all the moments of ~ ™to be finite. Then

. s d . 2
s, (@) = B[] = 1+ jouy + L2 B@H + L EaD -

Substituting £ =0 and BE¥rH =gy =gy, weget

gy (@) =1-(&" F 2Dy + Ria,n)

where is_the average of terms involving and higher powers of
Ei{a@, x) oy @
Note also that each term in involves a ratio of a higher moment and a power of and therefore,
Elann) 2

lin R{@.xn) = 0

which is the characteristic func&f}on of a Gaussfatk random variable with 0 mean and variance
Clim @=l-—ag y=e
H—0 g:l}r" r:' :I 2 | 4

o

¥, —2 = N0, a3
OPERATIONS ON MULTIPLE RANDOM VARIABLES

Expected Values of Functions of Random Variables

If 1s a function of a continuous random variable  then

r=gld) i
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If is a funcnon of a discrete random variable then = BY =Eg(X)= 2 g(0)px(x)
¥ - =X : ¥e Ry
Suppose is a function of continuous random variables then the expected value of is
given by Z=g(X,Y) X oand ¥
2

EZ = Bg(X,y) = [ 2fy(2)dz

-

= T [ 2(xy) fyy(x,3)dxdy

—0 =

Thus can be computed without explicitly determining .

Jziz)
We can establish the above result as follows.
Suppose has roots at . Then
Z=g(X,7) 1 (x.y)i=l2,..n 7=,
Where

ARG PR s 2 f_\z % 1‘
Is the differential r glon contammg he mapplng is iflustrated in Figure 1 for

A0, (.04

{z <Z=2z+Az)

Figure 1 /‘5"
AD, AL,

AD,
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Note that
Pz<Zzvle)) = (Do = D Fyy(m0n)lmby,
(el
Sozfp(z)le = Z ZfX.Y(xi’yi)AxiAyi
(%) )enDd
= Z g(x ,)’i)fx.}' (x;, ;) By
(X3 )esd)
As is varied over the entire axis, the corresponding (non-overlapping) differential regions in
plane cover the entire plane.
= =
i
Thus, = s
J'zfz(z)dz =0T g(x,y)ij(x,y)dxdy
If is a function of discrete random variables , we can similarly show that
Eg(X.y)= [ | g(x y) fyy(x.y)dxdy
Example 1 The joint pdf of two random variables is given by
Z=g(X,¥) X oand ¥

EZ=FEg(X.1)= 2 2g(z))pxy(x.¥)

X YeR yx Re

X and ¥

fx_y(x,y)=%xy 0£{x£2, 0Lypy<L2

=0 otherwise
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g(X.V)=X%%
Find the joint expectation of

Eg(X Y= EX*Y

? T g(x,) I y(x.y)dxdy

2
{ o xydxdy

]
—_ O

2
“al% dXIy dy

ot 23
- iyl

4 3

I
JE-I

Z =aX +bY, wherea and » are constants, then

Example 2 If RE =afX +BREY

Proof: EZ = [ [ (ax+By) fyy(x.y)dxdy
= [ | axfyy(x,y)dxdy + [ [ &yfy y(x,y)dxdy

= [ax [ fyy(x,2)dvdx+ [ &y [ fyy(x, y)dxdy

—0

=a Q_c[, xfy (x)dx +b? iy )y
aBEX + bEY

Thus, expectation is a linear operator.

Example 3

Consider the discrete random variables discussed in Example 4 in lecture 18.The joint probability mass function of
the random variables are tabulated in Table . Find the joint
expectation of . X and ¥

glX.YV)= XY
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\Y\ 0 [ 2| ¥
¥

o |o2s o1 [ 015 | 03
1 |o14 035 [ oo1 | 05
py(x) [ 039 045 | 0716

Clearly, EXY = 5 2@ y)pgryx,p)

HJEE.IHE.F
=1x1=x0354+1x2=0.01
=037

Remark

Blayg (X.7) +a,g, (X, 1)) =aBg) (X, 1) +a,Bg, (X, 1)

We have earlier shown that expectation is a linear operator. We can generally write
E(XY +5log, X¥) = EXY +5Elog, XV
X oand ¥ g(X£. 1Y) = g (X)g,(¥)
Thus
If are independent random variables and ,then

Eg(X,Y)=Eg (X)g,(¥)

[ 18008 @) fiy(xydx

-t -t

118008 @) fr(®) 5 0)ddy

- -t

3 '}; g, (X) fX(x)dxi g (V) fy (y)dy

Joint Moments of Random Variablé8g, (X)) £g, (¥)

Just like the moments of a random variable provide a summary description of the random variable, so also the jojnt
moments provide summary description of two random variables. For
two continuous random variables , the joint moment of order is defined as

X and ¥ mtan

And the joint central moment of order is defined as

B VY= [ T 20 fyp(xy)ddy

mtnu
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EX g @) = ] [ (5= )" (v sy fi p (% )iy

-0 =0

My = EX Hy=EY

where and
X oand ¥ b
Remark
If are discrete random variables, the joint expectation of order and is defined as
EXTY)= % XY prxyxy)
(VR r
EX -py T -py) = T B py) (=) Dy y(xY)
xY)eR, »
If and , we have the second-order moment of the random variables given by
m=1 m=1
X and ¥
? ? 0y v (%, y)dady if X and ¥ are continuous
. E = =0 —w©
If are mdepe]g ent, T Epyy(xY) if X and ¥ are discrete
(X )eRyr ’

Covariance of two random variables

The covadar@tdof two random Variables"%('gg@n?d%@ ¥

Cov(X, Y) is also denoted as . Expanding the l;i[ght-hgnd side, we get
and ¥

CoV(X ¥y = EQT - iy XY~ pty)

T
b
The ratio 1s called the correlation coefficient.

Cov(L,¥) = B(X - gy )(¥ -~ piy)
= EB(XY - py X = gl + iy jiy)
= EXY -y BX - py BY + piy iy
= EBXY - py iy

_ Cov(X.T)

CxCy

o(X,T)
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Pgy 20 X oand ¥

Pzy <0 X and ¥

Pzy =0 X and ¥
letx, )| =1.

¥ and ¥ E XIS EX B
If then  are called positively correlated. If then  are called negatively correlated If
then  are uncorrelated.

We will also show that To establish the relation, we prove the following result:
Z=aX+7¥

For two random variables
Proof: 9
ElaX +7) 20
Consider the r_agldaﬁmﬂfahlegyz +24EXY >0

Non-negativity of the left-hand side implies that its minimum also must be nonnegative. For the minimum
value,

so the corresponding minimum is

dEZ? EXY
=0=a=-—5
da 5
EXy s EEXY
Since the nﬁmu'ﬁlfi‘g no'ht?le%&we,
2
-grt-2 Xzy
EX
Now
., E'XY
EY'-——20

= B'XY < EXEY"

= |Exy|<NEX BT
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ST = Cor( 1.1
O iy
- E(X - px )T - py)
JECT - ) B - g’
_ ELX - 4y (3 - by
ez = | _5:’2 --'5"}’|2
JECE - ) BT - pay)
VBT - ) BT - g’
JBOT - 00 BT - gy
=1
|,G{X N }| 21
Thus
Uncorrelated random variables
X oand ¥
Two random variables are called uncorrelated if
Dol X =0
which also means
E(XY ) =ty by
Recall that if ¥ asgiindependent random variables, then Fxr ¥ = &) AHO).
FXY = T T Dy (&% Ydxdy asmuming X and Foare confinuous
= | | 25y (x) iy (yidady
= [ &y (xdadx [ yfy (¥idy
then = EXEY

Thus two independent random variables are always uncorrelated.

Note that independence implies uncorrelated. But uncorrelated generally does not imply independence

(except for jointly Gaussian random variables).
Joint Characteristic Functions of Two Random Variables

The joint characteristic function of two random variables X and Y is defined by

';E}X..}' I:':ﬂi, l:ﬂgjl — EEJ'_‘-’L?HJ}.-,JJ

If and are jointly continuous random variables, then

A T
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';?}X.,}r (Cf;l'l, mﬂ) = I JI i&;"‘}r (X,yjé.?'r;M’+_;l""tJ"dydx

Py v (@, @)
% =+ )
o JEAN+ o Y
2 —[ Jo X+ Jiaa W )
Nf)fte that ¥ ' 1s same as the two-dimensional Fourier transform with the basis function instead of
¥

is related to the joint characteristic fu?ctian ®y the Fourier inversion formula

fx‘}r(x, y) = F I J‘@XP(&JI’ at, jé‘—_;'qx-_;-m;r"da]ldmg

If and}, are discrete random variables, we can define the joint characteristic function in terms of the joint
pro‘égbility inass function as follows:

Qﬁx,}r (53'1, mg) = Z ZP.X.}' {x,ng.}'ﬂm.?'@g}'

(KR By

Properties of the Joint Characteristic Function

The joint characteristic function has properties similar to the properties of the chacteristic function of a single
random variable. We can easily establish the following properties:

1.
If and are independent random variables, then
oy () = ﬂf'x,}r e, )
& (@) = ¢xy 0, @)
A r
We have, gﬁ'x}r( a, m}) = FoleEtied
=& (E J."’I-Xe Joagt )
_ FoieX o dedd

= Py (@) gy ()
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'?3'::,1' (ay, a) = Fefoined

2 : 2
- B+ ja X+ jay + OIS )
2
B P B W e
=1+ j@EX + jo, Y +2 ‘ﬂlzﬁ 7 %ZEF + @@ EXY +..
Hence,
'35}:',}' (@0 =1
1 4
B = — —— iy y (@, @)
J a{ztl ca) =01
1 d
BY = ——— gy y (@, @)
Jdan 2y
p!
EXV = -ig d @g.f{;ﬁsmﬂ
b @y 0dh
In general, the order joint moment is given b§ 2~
(e + 2tk
Exmyr = amaxﬁf b,
J dan™d
Example 2 The joint characteristic function of the jointly &al8sTin random variables and with the joint
pdf
b
r

Let us recall the characteristic function of a [‘raussiqn random variable
il

2
- Foe ) L | e M e
TP ] 2‘“"'”[ }'[ ] ]

o L% L L Er
fz.}":x:y:' =
EFHXJ},,J]. w
X ~N(ity.0%)
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e oy = FI™
- J[ﬂg

__ 1 A ] 2T iy
Lro, .

wo 1332 oy —orbred xH iy -0 b 1 —{ iy -0 B

1 4 -
_ 1 j " Ox ek
ﬂ.l"i:rm'f ~.
! (—arfw® +2 s o) . {x—m-wig-w]“
= X =™ ™ Jdx
2o, 2
Areamm:h‘rwa. Ganxesiar
_ E;ﬁ-jp—a}mg 12 01
_ E,u_xju-a}gm:‘ P
#1 T
a 2
If and  is jointly Gaussian, -—_L [x_—”"] -EPH[K_W][JJ_%]*{}_H]
= A=y I[N Ty i L™ Fr *r
fx,}' (x. 0 =

we can similarly show that

[y + ¥y :I

P ylay, @) = Ee'

: o
A —N N A2 o o peny oy TR )

We can use the joint characteristic functions to simplify the probabilistic analysis as illustrated on next page:

Jointly Gaussian Random Variables
Many practically occurring random variables are modeled as jointly Gaussian random variables. For example,
noise samples at different instants in the communication system are modeled as jointly Gaussian random

variables.

Two random variables are called jointly Gaussian if their joint probability density

X and ¥

(3 I T (IR TR
- Gy e
B I R

fx,y(myj: 0 < x <00, 00 <y <00

2
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The joint pdf is determined by 5 parameters

means
variances g 5
correlation coefficienty and oy

Hp and Jy

We denote the jointly Gaussian rand&H variables
The joint pdf has a bell shape centered at

and

variances determine the spread of the pdf surface ajd
lane.
P (X,7)~ N(pty, ty, T, O3, xx)
(g s by )
crir and 0‘5
i

f . ixwv
Iy Xl

Figure 1 Jointly Gaussian PDF surfdgg

as shown in the Figure 1 below. The

with these parameters as

Kletermines the orientation of the surface in the

Ay

Properties of jointly Gaussian ra}d6m variables
rd

If and

and

- /o
are jointly Gdussian, then

/
7 x

are both Gaussian.
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£ = ] fo, (@)

cx—»})? 2 s u»;}, P
=% X%y o

- 1
We have _ I 1 2 A% y)
-0

dy

Ayl vy P (r=pagy K =se ) (P=pie P
, s vy Ml Dy
2% G'XB'}' ®

% 2 ] dy

Yy -1
4 7{ ok T 5 21-#% y)

& o P YT yFay)
JEN———

Similarly 5
L[> Ay
2o,

5,0 = e

The converse of the above result is not true. If each of and is Gaussian, and are not
necessarily jointly Gaussian. Suppose

PP S
g _%[r :_;;J rg)]l-*- ‘ '
Tri(xy)= T (1+sin xsin y)
in this example is non-Gaussian and qualifies to be a joint pdf. Because,
I xr (x. )
And
fx.y(?f,}’) 20
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vl 2
I | remme® re-aed
1 f|: ¥ " it ] : ;
J‘ I Sl {1+ sin xsin ¥ idyalx
HEr
-~

I N F.I.—J-I;‘,-].!_Fr!-'—llr]q o oy [reme® rea®

= 1 ' by i vl + 1 ® T i s ; ; Ay
IIWE dx I‘rme sin xsin vavdx
— —

TS o o T a1

w
=1+ gmt,,wr J'e Woein adfx J'e T osny dv
—n —a

fiteprrion of an odd fimctio
=1+0
=1
Fx(x)

The marginal density  is given by

- y [roma, i re—uer?
2 1 R Lo * : :
Jx(x) = ‘I‘We {1+ sin xsin ydy
—

%[r:.-u. 1 e ]*jl L [u-uxf*rv-u,.)*jl
2;;,;,. - dy + J' T @ wAe L % Lain xsin ey
uﬂegahm‘mfanoddﬁm:tm
1)
— "fz_l 2 2 E o D
F 1
=)
=1 o A =y
T ar
. . y _“}' 2
Similarly, 2[ = ]
Fe LI ™ %;-—
Thus and are bot Gaus51an but not jointly Gaussian.
If Jand  Yare jointly Gaussian, then for any constants and ,the random variable given by
is Gaussian with mean and variance
e I o &
Two jointly Gaussian RVs and are independent if and only if & and are uncorrelated  .Observe
that if Z = H'ré’ E{ncorrelated then Hz QEJX Hy
gy =a’ay’ +b'ay’ + 2aboy,0y Py y
X ¥ A r
(Cxy =0) X ¥
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1 |:|:?"_.-“_X :|2+|:J"_ﬁ}r :'2:|
d " ¥

= 1
fz.r(xsﬂ”] T IEr oy €
{3y P (g 12

D S B

" fmo, B,
= fr ) ()

Example 1 Suppose X and Y are two jointly-Gaussian 0-mean random variablég with-Vatiances of 1 and 4
respectively and a covariance of 1. Find the joint PDF

py= gy =0,0% =1, o3 = damd cov(X,¥) =1
Cov(X,Y) 1 _1

A
and
- [£25w ]
fx.r(%}’)=me ¥
T
2 [2—2 st
o e%[x #+4

2057
We have

Example 2 Linear transformation of two random variables

Suppose £ = @¥n+ LY.

@z (@) = Ee?®Z = EolleX+¥le - Oy yla@, bay)

If and are jointly Gaussian, then

X T

$7(@) = fy yla@, ba)

. 1
o o Sty +arlo—zia’ch+2 0,  obe oy +00 ] Ja® 4
Which is the characteristicTiffiction of a Gaussian random variable with mean and variance

thus the linear transformation of two Gaussian random variables is a Gaussian random variable.

2 2 2
My o= M 4 Tg = Ty +2 @y 3T Ty + Ty
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Example 3 If Z=X+Y and X and Y are independent, then

$r (@) = Py y(@, @)
= ¢y (@) & (@)

Using the property of the Fourier transform, we get

Hence proved. Felz) = fx(z)* fyl2)

Univariate transformations
When working on the probability density function (pdf) of a random variable X, one is often led to create a new
variable Y defined as a function f(X) of the original variable X. For example, if X~N(y, 2), then the new variable:

Y = f(X) = (X - p)/
IsN (0, ).

It is also often the case that the quantity of interest is a function of another (random) quantity whose distribution is
known. Here are a few @amples:

*Scaling: from degrees to radians, miles to kilometers, light-years to parsecs, degrees

Celsius to degrees Fahrenheit, linear to logarithmic scale, to the distribution of the variance

Laws of physics: what is the distribution of the kinetic energy of the molecules of a gas if the distribution of the
speed of the molecules is known ?

So the general question is:

IfY =h(X),

And if f(x) is the pdf of X, Then what is the pdf g(y) of Y?

TRANSFORMATION OF A MULTIPLE RANDOM VARIABLES

Multivariate transformations X

The problem extends naturally to the case when several variables Y] are defined from
several variables Xi through a transformation y = h(x).

Here are some examples:
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Dividing by a constant: Y = X/m
Multiplying by a constant and adding a constant: Y =mX + b

Dividing by a constant and subtracting a constant: }{ =X/m-b
{"_

Suppose the vector of random variables has the joint
distribution .Set  for some square matrix and vector . If then has the joint distribution

Indeed, suppose(this is the notation for "the is the distribution density of ") and
. For any domain of the space we can g

o a

write
o

We make the change of variables

in the last integral.

(Line

ar transformation of random variables)

The linear transformation is distributed as . The was defined in the section ( Definition of normal
variable).

For two independent standard normal variables (s.n.v.) and the combination

is distributed as .

A product of normal variables is not a normal variable. See the section on the chi - squared distribution.
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