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Random Variables and Probability Distributions

Concept of Random Variable:

A random variable X is a real function of the events of a given sample space S. Thus for a given
experiment defined by a sample space S with events s, the random variable is a function of s.
It is denoted by X(s). A random variable X can be considered to be a function that maps all
events of the sample space into points on the real axis.

For example, an experiment consists of tossing two coins. Let the random variable be a function
X chosen as the number of heads shown. So X maps the real numbers of the event “showing

no head” as zero, the event “any one is head” as one and “both heads” as two. Therefore, the
random variable is X = {0,1,2}. The elements of the random variable X are
X, =0,x,=1and x, =2.
Types of Random Variable:

Random variables are classified into:

1. Discrete Random Variable (DRV): A random variable X which is defined on the

discrete sample space is called discrete random variable.

For example, consider a discrete sample space S = {L 2,3, 4}. Let us define X = S? be a

random variable. Then discrete values of S map to discrete values of X as {L 4, 9,16}.

The probabilities of the random variable x are equal to the probabilities of set S because

of the one-to-one mapping of the discrete points.

Let X be a discrete random variable with integer events X = {xl,xz, ....... ,xn}. The
probability of X at any event is a function of X; and is given by
P(X=x)=p(x),i=L23,.....

This function is called probability mass function and is abbreviated as p.m.f. (pmf).
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Properties of probability mass function:
Consider a discrete random variable X in a sample space with infinite number of possible

outcomes, that is, X ={X,,X,,......}. If the probability of X, p(x,),i=12,3,.... satisfies

the following properties then the function p(x) is called probability mass function.
(i) p(x;)=0, Vi (i) Z p(x;) =1
i=1

2. Continuous Random Variable (CRV): A random variable X which is defined on the
continuous sample space is called continuous random variable.
Temperature, time, height and weight over a period of time etc. are examples of CRV.
The probability density function of a random variable X is defined as the variable X falls

in the infinitesimal interval {x - d—2X X+ d_zx} such that

P(x—%é X sx+%j=f(x)dx,
2 2

P(x—dxs X < x+dzxj
ie. f(x)= Lt

At—0 dx

Where f(x) is called the probability density function of a random variable X and the

continuous curve y = f(x) is called probability density curve.
Properties of probability density function:
The continuous curve y =f(x) satisfies the following properties, then the function f(x) is

called probability density function of a random variable and is abbreviated as p.d.f. (pdf).

Q) f(x)=0, VX, (i) Tf(x)dx=1

—o0

3. Mixed Random Variable: A random variable which is defined on both DSS and CSS
partially, then the random variable is said to be a mixed random variable.

Probability distribution function:

Let X be a random variable. Then the probability distribution function associated with X is

defined as the probability that the outcomes of an experiment will be one of the outcomes

for which X (s) < x,x € R. That is, the function F(x)is defined by

F(X)=P(X <x)= P{s: X(s) < x}, —ow< X<oo is called the distribution function of X.

Sometimes it is also known as Cumulative Distribution function and is abbreviated as CDF.

NRCM, FME




MATHEMATICAL STATISTICAL FOUNDATION

Properties of cdf:
1. If F is the distribution function of a random variable S and a < b, then

Q) Pla< X <b)=F(b)-F(a)

(i)  P@<X<b)=P(X =a)+[F(b)-F(a)]

(i)  P(a< X <b)=[F(b)-F(@)]-P(X =b)

(iv) P@<X<h)=[F(b)-F(@)]=P(X =h)+P(X =a)

2. All distribution functions are monotonically increasing and lie between 0 and 1. That is,
if F is the distribution function of the random variable X, then

() 0<F(x) <1 i.e.Fis bounded.

(i) F(x) <F(y) when x<y.

(i) F(—o0) =0 and F(«)=0.

Evaluation of mean and variance:
1. A random variable ‘X’ has the following probability functions:
X 0|12 |3 (4 |5 |6 7

P(x) | 0| K| 2K | 2K | 3K | K? | 2K? | 7TK*+K
(1) Determine ‘K’ (ii) Evaluate P(X <6),(PX >6)&Plo<x <5

(iii)) Mean (iv) Variance

,
Sol: Since > P(x) =1
x=0

K=1/10=0.
P(X<6)=P(X=0)+P(X=1)+......cvere..... +P(x=5)
=0.81

P(0<X<5)=P(X=1)+P(X=2)+P(X=3)+P(X=4)

7
Mean u= > PX
=0

= 3.66 (K=1/10)
7

Variance =» Px° - 4’
i-0

=3.4044
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2. The probability density f(x) of a continuous random variable is given by f(x) = C.e
X, -—co<x<o0.S.TC=%and find (i) mean (ii) variance of the distribution. Also
find P(0< X <4).

Sol: We have [ f(x)dx =1
=C=1/2
i _ I _ 17 =/ _
()  Mean y__J;xf(x)dx._E:[cx.e dx = o0
= 0 [integrand is odd]

(i o%= T(x—y)2 f (x)dx

(iiiy  P(0< X <4)=0.49

4
[ f()dx=0.49
0

Find the possible values of X.
Solution
Sample space

S={TTT,TTH,THT,HTT,THH,HTH, HHT, HHH }

o
(@]
0
@
=2
)
<
=
[
D
wn
(@]
—
<

o
[
a
o)
!
[1°)

T
_|
—
[CIN]SN=]=[Eo]X]

—
—
—

T =1
S|z T|
T|I S|

T
T
3

T
T
T

Hence,
X ={0,1,2,3}

Prob : A random variable Xhas the following probability distribution.
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X Jo Ju ]2 |3 Ja |

Find:

=

Verify that it is a valid probability distribution.

2. Mean of X.
3. Variance of X.
4. Standard deviation.
Sol :
Now,
YP(X)=01+02+03+0.2+0.2
=1.0
Hence,

Therefore, it is a valid probability distribution.
Step 2: Calculate the Mean E(X)
The mean (expected value) is
E(X) =YXP(X)

the fo

Q)
o
>
(2]
—
=
c
Q
~+
@D

lowing table.

=
>
—/
>
=
>
—

EN IS RS
SRR
S

Z
o
=

E(X)=0+02+06+0.6+0.8
=22

Therefore,

[Mean = E(X) = 2.2|

Step 3: Calculate E(X?)

Construct another column.
XIPCO|x?[x2P )|
oJox Jo oo
1oz Jijoz
2]o.3 ]j4 |2 }

|

3Jo2 Jjo |8
4]0.2 ]26]3.2
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Now,
EX*)=0+02+12+18+3.2
= 6.4

Thus,

Step 4: Calculate the Variance
Var(X) = E(X*) = [E(X)]?
Var(X) = (1.4)*> = 1.96
o
pu-o+oVar(X) = 1.96
Using the formula,
Var(X) = E(X?) — [E(X)]?

Substitute the values,
Var(X) = 6.4 — (2.2)?
=64 —4.84
= 1.56

Therefore,

[Var(X) = 1.56|

Step 5: Calculate the Standard Deviation

The standard deviation is
o =,/Var(X)

Q

Therefore,

V1.56
1.249

2. Discrete Probability Distribution

A probability distribution gives the probability associated with each value of a discrete random
variable.

Example 2

A fair die is rolled.

Let Xbe the number appearing on the die.

Find the probability distribution.

Solution

Since the die is fair

X ]2 s i 5]
T3PS LS P P

Check

YP(X)=1
Hence, it is a valid probability distribution.
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Example 3 : A random variable has the following distribution.
x JoJxJ2 |3 |

Find Mean, Variance .

Solution :
Mean
E(X) = XXP(X)
= (0)(0.2) + (1)(0.3) + (2)(0.4) + (3)(0.1)
=0+03+08+0.3
=14
Mean=1.4
Variance

Var(X) = E(X?) — [E(X)]?
Var(X) = (1.4)?> = 1.96
First calculate
E(X?) = ¥X*P(X)
= (0)2(0.2) + (1)2(0.3) + (2)%(0.4) + (3)2(0.1)
=04+03+1.6+09
=28

Now,
Var(X) = E(X*) — [E(X)]?
= 2.8 —(1.4)?
=2.8-196
= 0.84

Continuous Probability Distribution

For a continuous random variable,
e Probability density function (PDF):

f(x)=0
o Total area under the curve

f:of(x) dx =1

Example 4: The probability density function is
f(x)=2x,0<x<1

Find (i) Verify it is a PDF (ii) Find P(X < 0.5).

1
f 2x dx
0

:x2 |(1)

Solution :
Step 1
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Hence it is a valid PDF.

Step 2
P(X <0.5)
0.5
=f 2x dx
0
— xZ |85
= (0.5)?
= 0.25
Answer

P(X < 0.5) = 0.25

Example5: If f(x) = 2x,0 < x < 1 Find the mean and Variance .

Solution:
Mean :
1
=j 2 x%dx
0
-2[5]
3 0
_ 2
3
Variance : but E(X) = g
Now,
1
E(X?) = f x2 (2x) dx
) 0
=f 2 x3dx
0
[
e
0
_ 1
2
Therefore,
Var(X) = E(X?) — [E(X)]?
-
2 \3
1 4
2 9
_ 1
18
Answer
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1
VCZT(X) = 1_8

Prob : continuous random variable has
f(x) = kx3,0<x<2,

Calculate:
1. k
2. Mean
3. Variance
4. P(X<1)
Sol :

Since f(x)is a probability density function,
2
j fx)dx =1
0

Substitute f(x) = kx3,

2
f kx3dx =1
0
Take koutside the integral,
2
kf x3 dx =1
0
Evaluate the integral,
],
kl— =1
4 0
24-
(5)-1
T
T) =
4k =1

el

Step 2: Find the Mean E (X)

The mean of a continuous random variable is
2

E(X) =f x f(x)dx

0

Substitute f(x) = ix3,
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2

1
E(X)=f x(—x3> dx
0 4
1 2
=—f x* dx
4J

Evaluate the integral,

Therefore,

Step 3: Find E(X?)

Substitute f (x) = < x,

Thus, E(X?) =2
Step 4: Find the Variance

Var(X) = E(X?) — [E(X)]?
Var(X) = (1.4)% = 1.96
Use the formula
Var(X) = E(X?) — [E(X)]?

Substitute the values,
2

won=2-()
_ 8 64

3 25

Take the LCM of 3and 25, which is 75,
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200 192
75 75
_ 8
75
Therefore, Var(X) = 7% Or [Var(X) ~ 0.1067|
Step 5: Find P(X < 1) P(X <1) =[] f(x)dx
Substitute the value of f(x),
1
=f —x3dx
o 4
1[x*"
ks
0
=43
-~ 4\4
_ 1
16
Hence,
1
P(X <1) === 00625
Problem :

A continuous random variable Xhas the probability density function
fx)=k(1-x%),-1<x<1
And f(x) = 0,otherwise.

Find:

1. The value of k

2. Mean of X

3. Variance of X

4. P(-0.5<X<0.5)

Sol: Step 1: Find the Value of k
Since f(x)is a probability density function,

f_lf(x)dle

Substitute f(x) = k(1 — x?):

1
f k(1-x*)dx=1
-1

Take koutside the integral:

1
kf (1-x¥Hdx=1
-1
Now,
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3

f(l—xz)dx=x—x—

3
Therefore,
k[ A 1
X—— =
3 -1
Substitute the limits:
Atx =1,
1 _ 2
3
Atx = —1,
1 <_1) 1+a &
3/ 3
Hence,
2 2\\
k <§_( —§)> =1
K (4) =1
3) =
- 3
4

Therefore,

Step 2: Find the Mean
The mean is

E(X) = f_le(x) dx

Substitute the PDF:

E(X) =%f_1x(1 —x?) dx

3 1
=—| (x—x%)dx
i

The function x — x3is an odd function.
The integral of an odd function over [—a, alis zero.

Therefore,

Step 3: Find E(X?)
E(X?) = f x2 f(x) dx

-1

Substitute the PDF:
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Integrate:
3rx3 %51
i,
Atx =1,
1 1_2
3 5 15
Atx = —1,
1+1_ 2
3 5 15
Therefore,
o _2(2 _( _2
E(X)—4<15( 15)
3.4
4715
12
"~ 60
_1
5
Hence,
E(X? —1

Step 4: Find the Variance
The variance is
Var(X) = E(X?) - [E(X)]?

Substitute the values:

Var(X) = =—(0)?

Var(X) =

ul] =Yl

or \Var(X) = 0.2]

Step 5: Find P(—0.5 < X < 0.5)
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0.5

P(-05<X<05) =] f(x)dx
0.5

Substitute the PDF:

3 0.5
=— (1 —x2)dx
il
Integrate:
3[ x3]0.5
= —|Xx——=
3 -0.5
Atx = 0.5,
05 (053 1 1/8 1 1 11
' 3 2 3 2 24 24
At x = —0.5,
1 1 11
2 24 24
Therefore,
311 11
P—z<z——( -71)
3 « 22
4724
3.1
471
33
T 48
11
16
Thus

|P(=0.5 < X < 0.5) = == = 0.6875

16

Discrete Probability Distributions :

Binomial distribution: Binomial distribution was discovered by James Bernoulli in the
year 1700 and it is a discrete probability distribution.

Where a trial or an experiment results in only two ways say ‘success’ or ‘failure’.
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Some of the situations are:
(1) Tossing a coin — head or tail
(2) Birth of a baby — girl or boy
(3) Auditing a bill — contains an error or not.
Definition: A random variable X is said to be Binomial distribution if it assumes only non-
negative values and its probability mass function is given by
P(X=x)=p(Xx)=n; p'q"", x=012,...,n
=0, otherwise
where q=1-p, p+q=1. Heren, p are called parameters.
Example: (1) The number of defective bolts in a box containing ‘n’ bolts.
(2) The number of post-graduates in a group of ‘n’ men.
Conditions: (1) The trials are repeated under identical conditions for a fixed number of times,
say ‘n’ times.
(2) There are only two possible outcomes, for example success or failure for each trial.
(3) The probability of success in each trial remains constant and does not change from trail to
trail.
(4) The trails are independent i.e. the probability of an event in any trail is not affected by the

results of any other trail.

Mean and variance of Binomial distribution:
mean = E(X) = Y xp(x)
:anc px n-x ZX n- 1X| xnx_npzn 1 xl nx_np(q_l_p)n—l:np
x=0
variance = E(X ?) -[E(X)]?
=Y XX =D+ X]p(x) = Y x(x=1)p(x) + Y xp(x)

n 1 X N=X - X2nX 4
= Y X(x- D ; 2., """ +np=n(n-1p*Y n-2, p*’q""*+np
x=2

=n(n-1)p(q+p)"* +np=n(n-1)p*+np =npq
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Prob 1 : Ten coins are thrown simultaneously. Find the probability of getting at least 7
heads.
Sol: p = probability of getting a head = %2
g = probability of getting a head = %
The p.d.f. of binomial distribution is
P(X =x)= ne, p*q"™*, x=012,....,10
Givenn =10, P(X =x) =10, p*q"™
Probability of getting at least 7 heads is given by
P(X>27)=P(X=7)+P(X =8)+P(X =9)+ P(X =10) =0.1719.
Prob 2: In 256 set of 12 tosses of a coin, in how many cases one can
expect 8 heads and 4 tails.
Sol : Given
e Number of tosses in each set: n = 12

» Probability of getting a head: p = %

» Probability of getting a tail: g = %

e Number of sets: N = 256
We need to find the expected number of cases in which there are 8 heads and 4 tails.
Step 1: Use the Binomial Distribution

The probability of getting exactly rheads in ntosses is
n
J— J— Y4 N—71
PX=r)= (r)p q

. ( . 3 ) 1 8 1 4
Substitute the given values: P(X =8) = (182) (5) (5)

Since O'®=6"
And (37) =2 =495
Also 212 = 4096

Therefore, P(X=8)= 295

4096

Step 2: Find the Expected Number of Cases
Expected number of cases
=N x P(X =8)

495
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Since 236 _ L
4096 16
—495— 30.9375 =~ 31
T 16 T -

The expected number of cases in which 8 heads and 4 tails occur is 31
Hence, out of 256 sets of 12 tosses, approximately 31 sets are expected to contain
exactly 8 heads and 4 tails.

Poisson distribution:

Poisson distribution due to French mathematician Denis Poisson in 1837 is a discrete
probability distribution.

It is a rare distribution of rare events i.e. the events whose probability of occurrence is very
small but the number of trails which would lead to the occurrence of the event, are very large.
As n— o, p—0 B.D.tendsto P.D.

Definition: A random variable X is said to follow a Poisson distribution if it assumes

only non-negative values and its probability mass function is given by

=0, otherwise.

Here 4> 0, is called parameter of the distribution.

e = 2.71828.
Example:
(1) The number defective bulbs manufactured by a company.
(2) The number of telephone calls per minute at a switch board.
Conditions:
(1) The variable or number of occurrences is a discrete variable.
(2) The occurrences are rare.
(3) The number of trails ‘n’ is large.
(4) The probability of success (p) is very small.
(5) np = Ais finite.
Mean and variance of Poisson distribution:

0 © -1 17X © x-1
mean:E(X)=pr(x):2xe A =2y A et o
X=0 =0 X! a1 (x=1)!

NRCM, FME




MATHEMATICAL STATISTICAL FOUNDATION

var iance = E(X ) —[E(X)]?

0 x—2

x=2 (X_l)l
Example: A car hire firm has two cars which it hires out day by day, The number of

a2a-4

+A-V =2t +1-21 =1

demands for a car on each day is distributed as a Poisson distribution with mean 1.5.
Calculate the proportion of days (i) on which there is no demand (ii) on which demand
is refused.
Solution: Given mean, A = 1.5
e A
x!
(N P(no demand) = p(0) = 0.2231
Number of days in a year there is no demand of car = 365 (0.2231) = 81 days.
(i) P(demand refused) = p(x>2) = 1- [p(0) +p(1) +p(2) ] = 0.1913
Number of days in a year when some demand is refused = 365 (0.1913) = 70 days.

We have p(x) =

Ex 1 : A machine produces an average of 4 defective items per day. Assuming a Poisson
distribution, find the mean, variance, and standard deviation.
Sol : Given machine produces an average of 4 defective items per day i.e, A1=4
then Mean u=1=4
Variance 62 =1 =4
Standard Deviation o=+4=2 .

Ex 2 : If the probability that an individual suffers a bad reaction from a certain injection
is 0.001, determine the probability that out of 2000 individuals

i. Exactly 3

ii. More than 2 individuals

iil. None

iv. More than one individual suffers bad reaction .
Sol:  Given
e Number of individuals is n = 2000
e Probability of bad reaction is p = 0.001
Since nis large and pis small, use the Poisson approximation.
Parameter,
A=np=2000x0.001=2

e~ Axx

x!

Here, A=2,e7%=0.1353

Poisson formula:  P(X = x) =
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(1) Probability of exactly 3 individuals
e™?2® 0.1353x8

P(X=3)= T 6 = 0.1804
Answer : [P(X = 3) = 0.1804]
(i) Probability of more than 2 individuals
P(X >2)=1-[P(0)+P(1) + P(2)]

Calculate, P(0) = 0.1353, P(1) = 0.1353 x 2 = 0.2707

P(2) = —0'13523 allgl 0.2707
Therefore, P(X >2)=1-1(0.1353+0.2707 + 0.2707)

=1-0.6767
= 0.3233
Answer : [P(X > 2) = 0.3233]
(iii) Probability that none suffers bad reaction
P(X=0)=e?
= 0.1353

Answer : |P(X =0) = 0.1353|
(iv) Probability that more than one suffers bad reaction

P(X>1)=1-[P(0) + P(1)]

=1-(0.1353+0.2707)

=1-0.4060

= 0.5940
Answer ; |P(X > 1) = 0.5940

Ex 3 : A dieis tossed until 6 appears. Find the probability that it must be cast more

than 5 times.

Sol:  Probability of getting 6is p = %

Probability of not getting 6is q = Z

"More than 5 times" means the first five throws are not 6.

5
Hence P(X>5)=¢q°= (5) =325 _ 0.4019

6/ — 7776

Answer |P(X >5) =0.4019
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