UNIT-III

Continuous Random Variables:

Probability Density Function:
A continuous random variable X is identified with a function called as

Probability Density Function denoted by f(x)and given by
dx dx
f(x)=P[x—?<_:sz+7]

Properties:
Lf(x)=0

2. flodx =1

3.P[E] = fEf(x) dx

Ex1) P[leX =2 2] = flzf(x) dx
2)P[X <5]= f_iof(x) dx

3)P[X =5] = fmf(x) dax
5

NORMAL DISTRIBUTION

Definition:

A Random variable X is said to follow the normal distribution if its probability density

1 e’
e 2g

function is given by |f(x) =

oV 2im
Limits: —co< X <wo; —oo<u<ow; g=>0

Normal Curve




The probability can be evaluated with an integration given by

X2

Plxs < X< x]= [ f(x) dx
X1

21 —(pp
= f — € 202 dx
X1 O‘\/ZTE
The computations for normal distributions are taken over the standard normal
X
variate denoted by| = o]

mean = median = mode

symmetrical sides

= 1] 2
H—20 p—o pu piyro p+2o
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Examples:

1) Heights and weights of persons.

2) Aggregate marks of students.

3) Lifetime of electric bulbs or motors, tires, etc

Applications of Normal Distribution:

1) Normal distribution can be used in sampling theory.

2) It is used in testing of hypothesis where it is assumed that the population

is always normal.

3) This can also be used in statistical inference to draw conclusions about the population.
4) This can also be used in approximating binomial and possion distributions.

Mean:
we know that E[X] = | x.f(x) dx

°. 1 W

=) X__e 357 dx
e OV2T
X—p
Letz= —— S ocZ=X—uand X = oz -+ u

o
theno dz = dX

1 (=] z2
~Mean=——] (0z+p).e Z.0dz
oV2T " —o

1 co z2 ca 22
=—[f oz.ezidz+ [ p.e 77dz]
VZTT —on —co
1 @ 72 ) ] 22 z2 ) ]
= [0+2) p.e7.dz| sinceze Zisan odd & e Zis an even function
2 0
: zvﬁ J : —;i a Vﬁ
= AV stnce e~ 7Z.dz =V_—
2]’[ 2 0 2
Variance:

Variance = E|X — pu)?
=[ (x—=p*f(x)dx since we have E[X?] = [ »2f(x)dx

—ca
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1. _—e=w?

=) Lx we_____e—55m— dx

—oo oV 2
let = P:z:(x—;t) =gz

thendx = o dz

oo

[ (02)?e 7o dz

1
Variance =——
oV

2T —w
0_2 e 42
=— [ z2e 7dz
V2T —»
2 o w2

o)
= \/—2_[ z2e” Z_dz since z?e~ 2 is an even function

Z

put 5 = =t Dzt =F
dt
2zdz = 2dt thendz = =
dt
S a7 = -
. V2t
Lo* £ at
= f 2t. et
2 V2t
202 =
=— [ t'2et dt
T
[ et 27l di
§7n
20’2 3 Im
=—T(z) sincel'(n) =) e ft"'dt
N 0
262 1 1

=\£_ () sincel'(n)=(n—1DI'(n-1)

- [Variance = 2]
Mode:

1 -’

fx) = e 207

ovln

fo =

E—txi—;)z—Z(x—ﬂ)]
lNZ_( —ﬂ). o
fl)=-fC). _—
(x)_0:>(x— )=20

=
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£ = —re0. 5P
Iy

f(x)=—[f(x)(a_ + £ (). _1
+f() f(x)<0

o2 o2

atx = p,f'() = -0

Median:
A.idper the defmlton the Medlan M can be given by

f f(x) de=] fG)dx= -

M

M 1
Consider | f(x)dx = T e o (1)

—oa

u M 1
= f f(x) de+ [ f(x)dx= @)

p

1 —(—w)?
f G dr=f 5t dx
—w OV 2T
let P=z=>(x—,u)=crz

thendx = o dz
if x=—wthenz=—wandif x=puthenz=20

f_ f(x) dx:Wlfﬁf_ e‘EZZ—J dz
_1 o f

_m{_e r—dz

_ 1 \;n'_l

_VE_ﬁ 22

S f@de= S LL(3)

sub in
) (3)in (2)

>_+[ f()d 1
= x A= s
2 yf 2

M
J fx)dx=0
:;M:,u
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Moment generating function:
Mx(t) = E[e**]

=f e™ f(x)dx
o "
—-] J e+ 1 e%.;)_dx
e OVIT
X —q
Letz = — thenx =0z +
S dx=pdz
L 0% g o
B MX(I:) =\/_2_f e(gz ‘”).e 2o dz
OVATT _»
1 J = s éi P
e — e, et e Z
V2T —»
t [
— el J‘ e—JZ'[zz—Zraz] dz
6217 —on
ot @ g 22 22
— f e oz ~2toz+tt 0 —t 0 ] dz
V2 _g
ettt ®  _liz—tg)2-1202
| c = wea
VZTT —ca
t2gl
Jut+—2— 21 2
= — [ ¥t gy

2

——\/.?2_[0 e~2 dv by takingv = z— te thendv = dz

T
= 2
V2m V2
t2g2
MX((:) s e_nt+2—

Calculation of Probabilities:

case(i) : To evaluate the probability of [x1 < X < x3]
X1—H X, — U

compute z, = = and zz =

Hence we have to evaluate p[z1 < z < z3]
(a) z: and z> are of same sign
Let us assume srictly that z: and z are positive.
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plz1 < z < 5] = A(z2) — A(z1)

A(z1) — represents the area between 0 and z;
A(z2) — represents the area between 0 and z:(b)
z; and z, are of opposite sign

i il

Zy Z=0 2,
plzigz<z] =A(z) + A(zzl)
case(ii) : P[X > x1]
(@)z1>0,zs =

7 0.5' 0-5

<0 Z
plz > z1 = 0.5 — A(z1)
(b) 71 < 0 i
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plz > z1] = 0.5+ A(z1)

case(iii) : P[X < x4]
X1 — U

()7 =0 5= -

Zz=0 _._-{1_-_-
plz <z =05 + A(z,)
(b) 71 <0 .
W i e
/ '\\
/ \\
il -
|
T Ty 2=0

plz <zi] = 0.5 - A(z1)

Problems:
1) Calculate the probability of [3.43 < X < 6.19]
for a normal distributed variate with

mean =1,5.D = 3.

Sol: Given thatp =1; ¢ =3

X1 = 343, %, = 6.19
xi—u 343-1 243

Z1= = 3 e R 0.81
x2—p 619—1 5.19
Z2 = = = = 1.
2 = 3 3 1.73
_- | [J
z =60 ) %y

T'0 evaluate p|0.81 < z < 1.73]
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P(Z1 <Z< Zz) = A[Zz] it A[Zi]
= A[1.73] — A[0.81]
= 0.4582 — 0.2910

= 0.1672
2) Evaluate the probability between [—-1.43 < X < 6.19],
mean=1,S.D =3
Sol: Giventhatp =1; 60 =3
x1 = =143 ,x, = 6.19
xi—u —143-1 —2.43
Zy= ——= 3 S = —0.81
Xx—p 619-=1 5.19
Zz = = = =73

o 3 3

Z,=0Bl 72, =0 Z,=1-33

To evaluate p[—0.81 < z < 1.73]

P(z: < Z < z3) = Alzz] + Alzi]

p[—0.81 < z < 1.73] = A[1.73] + A[-0.81]
= 0.4582 + 0.2910
= 0.7492

3) Mean = 30,S.D = 5 then evaluate
D) p[26 < X < 40] ii) p[X = 45]

i) Given thatu = 30; 6 =5

—— =
To evaluate p[-0.8 < z < 2]
= A[2] + A[0.8]
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= 0.4772 + 0.2881

= 0.7653

ii) Given that u = 30; 6 =5
45—-30 15

21:—5—:?:3

& e
7 N\
//X
%%%é

Z=0 Zy=3

plz=3]=05-A(3)

\

= 0.5 —0.4987

= 0.0013

4) In a normal distribution 7% of the items are under 35 and 89% of
items under 63.Determine the mean and variance of the distribution.
Sol: 7% — 35
89% - 63
x1 = 35and x2 = 63

xi—p 35 —p
Z1 =

a a

35—u
“ Z1 = — bj(l)

X2 —H —u

Ve = = 5 o (2)
p[0 <z <2]=043
z1=-148....... 3
p[0 <z < 2] =0.39
25 52 Ll eesns (4)
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sub (3) in él)
35—u
—1.48 =

o
35— u=-148c
1t —=1488 =35 wovaia (5)
sub (4) in (2)

63 —u
123 =
o
63—u=1230
g+ 1230 =63 coiianis (6)

solving (5) and (6)
u=5028,0=10.33

Mean = 50.28 and variance(c?) = 106.708

5) In a normal distribution 31% of the items are under 45 and 8% of
items are over 64 . Find the mean and variance.
Sol: 31% under 45 and 8% over 64

JC1:45,.7C2:64
45 — 64 —pu

B e (Dandz, = ——— -+ (2)
o o

pl0<z<z]=0.19

z1==05....... (3)

pl0<z< 2] =042

75 2= T8 seouns 4)
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u—050=145...... (5)
sub (4)Efn (2)

4=
141 =
64—y =14lc
u+1l4lo=64 ........ (6)

solving (5) and (6)

U =49.9738,0 = 9.9476

Mean = 49.97 and variance(o?) = 98.8036
~ X~N(49.97,98.803)

6) In a sample of 1000 items the mean is 14 and standard deviation is
2.5. Assuming the normal distribution find i) how many score between
12 and 15
ii) how many score above 18 and iii) how many score below 15
Sol: Given that p =14 and o = 2.5
i)x; =12 and x, = 15
xp—pu 12-14 -2
= = =—=-0.8

o] 2.5
1
25

25
X2— | 15=14
RETg 25

=04
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2, =0.8 ZX=© X, =Gy
To evaluate p(z: <z < z;) =p(—0.8 <z < 04)
= A(z) + A(z2)
= A(-0.8) + A(0.4)
= 0.2881 + 0.1554
~p(z1 <z <2;)=0.4435
= no.of items between 12 and 15 are 1000 X 0.4435 = 443.5 = 444

u)x1=18
18—-14 4 by
Z="T75 25 7
il
“z=0 z,=16 -

p(z =z,) = 0.5 - Ar(1.6)
= 0.5 —0.4452 = 0.0548
= no.of items above 18 are 1000 X 0.0548 = 54.8 = 55

Z_:O 1..?— o4

p(z <z:) =05+ Ar(0.4)
= 0.5 4+ 0.1554 = 0.6554
= no.of items below 15 are 1000 x 0.6554 = 655.4 = 655

Features of chief characteristics:

1 —ew?
flx) = ——e™ 242
ovV2m
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Chief Characteristics of Normal Distribution:

1) The graph of the curvey = f(x) is known as Normal Curve.

2) The curveis bell — shaped and is symmetrical about the line x = yu which has 2 tails
left and right that extends upto — oo and + o respectively.

3) The complete curve represents the total population in which it is

equally divided on both sides.

4) The curve has only one peak that represents the value of mean which is also equal
the median and the mode for the distribution. Because of the unique mode the
distribution is called as Uni — model.

5) The points at which the shape of the curve changesbfrom concave to convex are
called points of inflection denoted by u + o ,u + 20.

6) If X; and X, are 2 normal variates then their linear combination aX + a;X, is also

a normal variate.
7) The probability can be evaluated with an integration given by

X2

Plxi £ X < x] = [ F(x) dx
A1

21 —-p?
= f — € 202 dx
X1 O'\/Zﬂ'

8) The computations for normal distributions are taken over the standard normal

¥ —

variate denoted by| = i

EXPONENTIAL DISTRIBUTION:

Definition: The continuous random variable X follows an exponential distribution if its
—hx
probability density function is given by f(x)={ e, farx 2 Of b 20
0, otherwise
Mean: p=E(X)= . x f(x)dx
=0 5 hetrdx

Z{(}‘z EE K. (1)

Put Ax=t =x=1t/A
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= dx = dt/\

(D=p=A ot g
_1 0=

=5 te—t &t
— LJﬁ’ t2-le-tdt=1 y(2)=!

-0 x x
(since by definition, [ n= f: x" e *dx and y(n)=(n-1) [(n-1)
=y(2)=2-Dy 2-D=y (1)=])
.'.Meanﬂl

Variance: V(X)= { xzj(x)gtx uz
0 %

Put lxzt:>x=§

=)\, J’O‘"’ el e—hxdx
=1 [, e dx-——(1)
Put (t — M) x=-y

=(t — 1)dx=-dy
W= [Tev T
_—h Pe—Ydy
=70
=1 (D= -
t—A A—t
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nMO=1
X -t

Problem 1: The mileage which car owners get with a certain kind of radial tyre is a random

variable having an exponential distribution with mean 40,000 km. Find the probabilities that

one of these tyres will last(1)atleast 20,000 km and (i1)atmost 30,000 km.

Sol:Let X denote the mileage obtained with the tyre.

Given mean==40,000 =>A=_1*
A 40,000

Since the density function is given by f(x) = e, x > 0

s )=t
(x) 20,000 £40,000

=K

: = 1
(1)P(X>20000)= f20000 20000 €400 dx
=_~1 (40,000) —X o
40,000 ((€40000 ) 55000

—e~05-0.606
30000 1

(11) P(X<30000)= fo 70000 €40000 dx

20,0
= ~1 (40,000) 30000

-
40,000
40,000 ( & ) d

=1 — ¢7975=0.5276

Problem 2:The time in hours required to repair a machine 1s exponentially distributed with
parameter ?LZi.(i )What is the probability that the repair time exceeds 2hours.

Solution: Given A= where A denotes the time to repair a machine.
Z

Since the density function is given by f(x) = de x > 0
f(x=Lez,x =0

(p(x>2)="' we=xdx=- -x @ ==0.3679
242 - \& = )2

Problem 3: The length of time a person speaks over phone follows exponentially distributed
with mean 6 .What is the probability that the person will take for (1)more than 8 minutes
(2)between 4 and 8 minutes.

Solution: Given ?Lzz where A denotes the length of time a person speaks over phone.
Since the density function is given by f(x) = ke ™, x > 0

—X
f(x):% es, x>0
(D) p(x>8)="' we=xdx=- = “ = _=V.2030
678 \E v )8 s
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(ii)p(4 s BeTdx=- = 8= p=4.¢=8=(5]134-0.2635=0.2499
X_ —
- 6J4 \& ° Jq ° e

Problem 4:If x is exponentially distributed with parameter A ,find the value of k if p&=k=3,

p(x<k)
Solution: Given r&E=k=3
p(x<k)
>k -
1-p(x=k)

= p(x > k)=a[l- p(x > k)]
=(l+a) p(x > k)=a

=>plx > k)"
=, k°° fx)dxte

=i ® pAx gLt

fk_}_x 1+a
>0 )@ =

—A k 1+a

e
1+a

=-Ak=log(—*)
1+a
—=ik= log(119)

a

=k=1 log(1t%)
7 a

A

Problem 5: The amount of time that a watch will run without having to be reset is a random

variable having an exponentially distribution with mean 120 days. Find the probability that such

a watch will (1)have to set less than 24 days and (i1)not have to be reset in atleast 180 days.
Solution: Let X denote the number of days the watch will run without reset. Then f(x) =

e 2E x5

Given =120=3=1
g3 120

(1)P(x<24)=1-p(x>24)
1 poo X
=l ﬁfm emo dx
:I_%—o.zo:nol 1 8l3

(i)p(x>180)=— [ o €70 dx=0.2231

Problem 6: If x=e” with p(x<1)=p(x>1) find v(x)
Solution: (x) = he=*

p(x<D=p(x>1)

=1-p(x>1)=p(x>1)
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=2 p(x>1)=1

—=2\=log 2

c.variance=1= 1
22 (log2)?

Problem 7:The daily consumption of milk in excess of 20,000 gallons is exponentially
distributed with p=3000.The city has a daily stack of 35,000 gallons. What is the probability that
of2 days selected at random ,the stock is sufficient for both days.

Solution: Given A=_1
3000

2. p(x>35000)=e~3>/3(for one day)

~.P(for 2 days)=(e35/3)2=¢70/3

GAMMA DISTRIBUTION

Pefipution; The Gagma, fugetion deoled by ¥(«) is defined as
I

Note 1:

L y(a+1)= ay(a) ORy(a) = (a—1) y(a — 1);0>0

9 © _a—1 ,—hx _ Y@ ;23>0

.ro e
3. y(m=m—-15n=1234,..
4. y(H=+n

2

ASxe—lg—hx
Definition: The probability density function is given by fix)={ v@®
0,othewise

, x>0

—AX.
If o = 1 then f(x)={ AEx >0

0, otherwise
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Note 2:Sum of a independent exponential random variables then we get a Gamma random
variable with parameters (a,\).

o JtxA—lg=hx

Problem 1: Show that for a,i >0; [ dx=1.

0 y(e)

Solution: ~“ " 7 dx= " ¥ a1 —ax

Jo v Y@, 0

Mean:
EXx)= f

. 99 }b“x“—le_“
J A (SN

y(a)

o x f(x)dx

=" ® jhe1 —x
m_]o X e dx

LR
)

= = “ (at1)-1 —hx
m 0 e dx

B
Y@ AT

= 1 ov® (by note (1))
~y(e)
_%

"'E(x)= :
Variance:
VE)=EX? )-(E(X))?

_ ox? f(x)dx
fo o

2 38yo—lp—hx

e = (_)?

_f xot+1e—.fx dx (’_)2

= O (a+—1 —hx a2

—f 0 X e dx()

:Jx

0
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A% a+2 o

T soi — )P
_ 1 (atl)y(u+l) _ (ﬁ)?_
2
y(a)

_ 1 (at+l)ay(a)
EESETCY

- 3

_ (at+1)a B (;2

S V(X)=3%

M.G.F:
M}(O:E('etx) o g—1 —kx
— eD( A X e dX

y(o)
= < a-1 —(h—Dx

Puty = (A —t)x=dy = (A—t)dx

= | ¥ a2y GV
;V(D()J (? t) & i c
o a—1 —y
— % gy =
*=0%y(@) (D)

Problem 1: Find P
Solution: F? g 7-1) f( -1) (since y(a) = (a—1) y(a — 1))

5 (f— DIC-1
33
EEALN
g blG-v
33

=15 \/r
8

1
2 5
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Problem 2:Find fom X%e5% (dy

Solution: f;” x”~e™* dx which is of the form [~ x®~ e dx= &

|
. ® 6,—5x dx=

..J-Oxe 5_?

Problem 3: In a certain city, the daily consumption of electric power is millions of kilowatt hours
can be treated as a random variable having an Gamma distribution with parameters (é ,3).If the

power plant of this city has a daily capacity of 12 millions kilowatt hours, what is the probability
that this power supply will be inadequate on any given day?

Solution: Let X represent the daily consumption of electric power in millions of kilowatt hours.

Then f(x)= _MT;&_M

e- 2(_]3)(
e—éz'c(l_)sx2

L ACLLE X €z ux..(1)

Putxz

24J12

—=X= 2‘[
—=>dx=2 dt
For x=00=t=00 and For x= 12:>t—6
Tyt
16 f 6

8 00 9 . .
e ds tet dt (since [uvdx = uwv; —uvz +u'vs)
u=t? ,v=gt

=8 (-t?2et—2tet —2eH)®
16 6

(using Bernoulli’s Rule of Integration)
[0-(-36e75-216 e ¢ +e~%})]

X
2

L[36e6+14e75]=25 e~
2
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Problem 4:The daily consumption of milk mn a city, in excess of 20,000 L 1s approximately
distributed as a Gamma variate with the parameters a=2 and A=__' .The city has a daily stock

0f30,000 L. what 1s the probability that the stock is insufficient ona particular day?
Solution: Given 0=2 and A= 2%

< 10,000
S
—hx) Oyo-1 € 10,000
f(x)= ™ (10,0000 *
[ [2
1 B X
= 2o 10,000
_X(]_O,DOO ) 2

PutWZt = x=(10000)t

=dx=(10000)dt
For x=00=t=00 and For x=30000=t=3

- p(X>30.000)= (———)*(10000)* [* ¢ ot gt
10,000 3

=" tet dt
I3

=(—te* — e )3=4e’
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