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UNIT - IV 

Boundary Layer theory 

Navier Stokes Equation in Vector Form: 

 

A general way of deriving the Navier-Stokes equations from the basic laws of physics. 

 

Consider a general flow field as represented in Fig. 4.1. 

 

Imagine a closed control volume, within the flow field. The control volume is fixed in space 

and the fluid is moving through it. The control volume occupies reasonably large finite region of 

the flow field. 

 

A control surface , A0 is defined as the surface which bounds the volume . 

 

According to Reynolds transport theorem, "The rate of change of momentum for a system 

equals the sum of the rate of change of momentum inside the control volume and the rate of 

efflux of momentum across the control surface". 

The rate of change of momentum for a system (in our case, the control volume boundary 

and the system boundary are same) is equal to the net external force acting on it. 

Now, we shall transform these statements into equation by accounting for each term, 
 

 

 

FIG 4.1 Finite control volume fixed in space with the fluid moving through it 
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We know that is the general form of mass conservation equation 

(popularly known as the continuity equation), valid for both compressible and incompressible 

flows. 

 

Exact Solutions to Navier Stokes Equations: 

 

Consider a class of flow termed as parallel flow in which only one velocity term is nontrivial 

and all the fluid particles move in one direction only. 
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Couette Flow: 

 

Couette flow is the flow between two parallel plates. Here, one plate is at rest and the other is 

moving with a velocity U . Let us assume the plates are infinitely large in z direction, so the z 

dependence is not there. 

 

The governing equation is 
 

 

 

 

flow is independent of any variation in z-direction. 

 

The boundary conditions are ---(i)At y = 0, u = 0 (ii)At y = h, u = U. 

Boundary Layer Concept: 
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Introduction 

The boundary layer of a flowing fluid is the thin layer close to the wall 

In a flow field, viscous stresses are very prominent within this layer. 

Although the layer is thin, it is very important to know the details of flow within it. 

The main-flow velocity within this layer tends to zero while approaching the wall (noslip 

condition). 

Also the gradient of this velocity component in a direction normal to the surface is large as 

compared to the gradient in the streamwise direction. 

 

Boundary Layer Properties: 

 

Boundary Layer Equations 

In 1904, Ludwig Prandtl, the well known German scientist, introduced the concept of 

boundary layer and derived the equations for boundary layer flow by correct reduction of 

Navier-Stokes equations. 

He hypothesized that for fluids having relatively small viscosity, the effect of internal friction 

in the fluid is significant only in a narrow region surrounding solid boundaries or bodies 

over which the fluid flows. 

Thus, close to the body is the boundary layer where shear stresses exert an increasingly 

larger effect on the fluid as one moves from free stream towards the solid boundary. 

However, outside the boundary layer where the effect of the shear stresses on the flow is 

small compared to values inside the boundary layer (since the velocity gradient is 

negligible),--------- 

 

1. the fluid particles experience no vorticity and therefore, 

2. the flow is similar to a potential flow. 

Hence, the surface at the boundary layer interface is a rather fictitious one, that 

divides rotational and irrotational flow. Fig 28.1 shows Prandtl's model regarding boundary 

layer flow. 

Hence with the exception of the immediate vicinity of the surface, the flow is frictionless 

(inviscid) and the velocity is U (the potential velocity). 

 

In the region, very near to the surface (in the thin layer), there is friction in the flow which 

signifies that the fluid is retarded until it adheres to the surface (no-slip condition). 

The transition of the mainstream velocity from zero at the surface (with respect to the surface) 

to full magnitude takes place across the boundary layer. 

About the boundary layer 

Boundary layer thickness is which is a function of the coordinate direction x . 
The thickness is considered to be very small compared to the characteristic length L of the 

domain. 

In the normal direction, within this thin layer, the gradient is very large compared to the 

gradient in the flow direction . 
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Now we take up the Navier-Stokes equations for : steady, two dimensional, laminar, 

incompressible flows. 

Considering the Navier-Stokes equations together with the equation of continuity, the following 

dimensional form is obtained. 
 

 

 

 

u - velocity component along x direction. 

v - velocity component along y direction 

p - static pressure 

ρ - density. 
μ - dynamic viscosity of the fluid 

The equations are now non-dimensionalised. 

The length and the velocity scales are chosen as L and respectively. 

The non-dimensional variables are: 
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Derivation of Prandtl Bounday Layer Equation: 

 

Order of Magnitude Analysis 

Let us examine what happens to the u velocity as we go across the boundary layer. 

At the wall the u velocity is zero [ with respect to the wall and absolute zero for a stationary wall 

(which is normally implied if not stated otherwise)]. 

The value of u on the inviscid side, that is on the free stream side beyond the boundary layer is 

U. 

For the case of external flow over a flat plate, this U is equal to . 
Based on the above, we can identify the following scales for the boundary layer variables: 

 

 

 

 

 

 

The symbol describes a value much smaller than 1. 

Now we analyse equations 28.4 - 28.6, and look at the order of magnitude of each individual 

term 
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Turbulent Boundary Layer over Flat Plate: 
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Boundary Layer Control: 
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Flow separation and formation of wake behind a circular cylinder 
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Velocity distribution within a boundary layer 
 

 

(a) Favourable pressure gradient, 

(b) adverse pressure gradient  



103  

Let us reconsider the flow past a circular cylinder and continue our discussion on the wake 

behind a cylinder. The pressure distribution which was shown by the firm line in Fig. 21.5 is 

obtained from the potential flow theory. However. somewhere near (in experiments it has been 

observed to be at ) . the boundary layer detaches itself from the wall. 

2. Meanwhile, pressure in the wake remains close to separation-point-pressure since the 

eddies (formed as a consequence of the retarded layers being carried together with the upper 

layer through the action of shear) cannot convert rotational kinetic energy into pressure head. 

The actual pressure distribution is shown by the dotted line in Fig. 29.3. 

 

3. Since the wake zone pressure is less than that of the forward stagnation point (pressure at 

point A in Fig. 29.3), the cylinder experiences a drag force which is basically attributed to the 

pressure difference. 

 

The drag force, brought about by the pressure difference is known as form drag whereas 

the shear stress at the wall gives rise to skin friction drag. 

Generally, these two drag forces together are responsible for resultant drag on a body 

 

Control Of Boundary Layer Separation – 

 

The total drag on a body is attributed to form drag and skin friction drag. In some flow 

configurations, the contribution of form drag becomes significant. 

In order to reduce the form drag, the boundary layer separation should be prevented or 

delayed so that better pressure recovery takes place and the form drag is reduced 

considerably. There are some popular methods for this purpose which are stated as follows. 

 

i. By giving the profile of the body a streamlined shape 

 

1. This has an elongated shape in the rear part to reduce the magnitude of the pressure gradient. 

 

2. The optimum contour for a streamlined body is the one for which the wake zone is very 

narrow and the form drag is minimum. 
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Reduction of drag coefficient (CD) by giving the profile a streamlined shape 

The injection of fluid through porous wall can also control the boundary 

layer separation. This is generally accomplished by blowing high energy fluid 

particles tangentially from the location where separation would have taken place otherwise. 

 

1. The injection of fluid promotes turbulence 

 

2. This increases skin friction. But the form drag is reduced considerably due to 

suppression of flow separation 

 

3. The reduction in form drag is quite significant and increase in skin friction drag can 

be ignored. 
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Lift and Drag 

 

Lift :force acting on the cylinder (per unit length) in the direction normal to uniform flow. 

Drag: force acting on the cylinder (per unit length) in the direction parallel to uniform flow. 

 

 

 

Calculation of Drag in a Cylinder 

 

The drag is calculated by integrating the force components arising out of pressure, in the x 

direction on the boundary. Referring to Fig.22.4, the drag force can be written as 
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However, in reality, the cylinder will always experience some drag force. This contradiction 

between the inviscid flow result and the experiment is usually known as D 'Almbert paradox. 
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