UNIT - IV

Boundary Layer theory
Navier Stokes Equation in Vector Form:
A general way of deriving the Navier-Stokes equations from the basic laws of physics.
~ Consider a general flow field as represented in Fig. 4.1.

~ Imagine a closed control volume, within the flow field. The control volume is fixed in space
and the fluid is moving through it. The control volume occupies reasonably large finite region of
the flow field.

C A control surface , Ao is defined as the surface which bounds the volume .

['] According to Reynolds transport theorem, ""The rate of change of momentum for a system
equals the sum of the rate of change of momentum inside the control volume and the rate of
efflux of momentum across the control surface™.

~ The rate of change of momentum for a system (in our case, the control volume boundary
and the system boundary are same) is equal to the net external force acting on it.

Now, we shall transform these statements into equation by accounting for each term,
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FIG 4.1 Finite control volume fixed in space with the fluid moving through it
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We know that is the general form of mass conservation equation

(popularly known as the continuity equation), valid for both compressible and incompressible
flows.

Exact Solutions to Navier Stokes Equations:

Consider a class of flow termed as parallel flow in which only one velocity term is nontrivial
and all the fluid particles move in one direction only.

» We choose mto be the direchion alomz which all fimd partcles travel | 1e
melvew=l (oooking this in continuity eqution, we zet
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»  Now. Navier-Sookes equatons for mcempressible fow beooms
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Couette Flow:

Couette flow is the flow between two parallel plates. Here, one plate is at rest and the other is
moving with a velocity U . Let us assume the plates are infinitely large in z direction, so the z
dependence is not there.

The governing equation is

flow is independent of any variation in z-direction.
The boundary conditions are ---(i)Aty =0, u =0 (i)Aty = h,u = U.

Boundary Layer Concept:
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Introduction

” The boundary layer of a flowing fluid is the thin layer close to the wall

~ Inaflow field, viscous stresses are very prominent within this layer.

~ Although the layer is thin, it is very important to know the details of flow within it.

— The main-flow velocity within this layer tends to zero while approaching the wall (noslip
condition).

— Also the gradient of this velocity component in a direction normal to the surface is large as
compared to the gradient in the streamwise direction.

Boundary Layer Properties:

Boundary Layer Equations

T In 1904, Ludwig Prandtl, the well known German scientist, introduced the concept of
boundary layer and derived the equations for boundary layer flow by correct reduction of
Navier-Stokes equations.

He hypothesized that for fluids having relatively small viscosity, the effect of internal friction
in the fluid is significant only in a narrow region surrounding solid boundaries or bodies
over which the fluid flows.

T Thus, close to the body is the boundary layer where shear stresses exert an increasingly
larger effect on the fluid as one moves from free stream towards the solid boundary.

— However, outside the boundary layer where the effect of the shear stresses on the flow is
small compared to values inside the boundary layer (since the velocity gradient is
negligible),---------

1. the fluid particles experience no vorticity and therefore,

2. the flow is similar to a potential flow.

~ Hence, the surface at the boundary layer interface is a rather fictitious one, that

divides rotational and irrotational flow. Fig 28.1 shows Prandtl's model regarding boundary
layer flow.

~ Hence with the exception of the immediate vicinity of the surface, the flow is frictionless
(inviscid) and the velocity is U (the potential velocity).

In the region, very near to the surface (in the thin layer), there is friction in the flow which
signifies that the fluid is retarded until it adheres to the surface (no-slip condition).

— The transition of the mainstream velocity from zero at the surface (with respect to the surface)
to full magnitude takes place across the boundary layer.

About the boundary layer

_ Boundary layer thickness is which is a function of the coordinate direction x .

~ The thickness is considered to be very small compared to the characteristic length L of the
domain.

~ In the normal direction, within this thin layer, the gradient is very large compared to the
gradient in the flow direction .
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Now we take up the Navier-Stokes equations for : steady, two dimensional, laminar,
incompressible flows.

Considering the Navier-Stokes equations together with the equation of continuity, the following
dimensional form is obtained.
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Fig 281 Boundary layer and Free Stream for Flow Over a flat plate

[ '] u - velocity component along x direction.

~ v - velocity component along y direction

_ p - static pressure

_ p - density.

~ w - dynamic viscosity of the fluid

~ The equations are now non-dimensionalised.

— The length and the velocity scales are chosen as L and respectively.
~ The non-dimensional variables are:
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Derivation of Prandtl Bounday Layer Equation:

Order of Magnitude Analysis
_ Let us examine what happens to the u velocity as we go across the boundary layer.

At the wall the u velocity is zero [ with respect to the wall and absolute zero for a stationary wall
(which is normally implied if not stated otherwise)].

The value of u on the inviscid side, that is on the free stream side beyond the boundary layer is
U

For the case of external flow over a flat plate, this U is equal to .
_ Based on the above, we can identify the following scales for the boundary layer variables:

Farahle | Dimensional scale | Non-dmmentional woale

¥ i, 1
x L 1
7 J r=4&FfEL

The symbol describes a value much smaller than 1.

Now we analyse equations 28.4 - 28.6, and look at the order of magnitude of each individual
term
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§.4 Blasins Soluotion:

Blazim: Flow Over A Flat Flate

= The classical problem considersd Ty H. Blasin: was
1. Two-dimensional, steady, incompressibls flow over a flat plaie at zero angls of

mdaxenﬂhnﬁpectm'ﬂlemﬁmmitremuhﬂm:f" .
2. The fioid extends to infimity n all dredions fom the plate

The pirysical problem is already dlustrated in Fiz. 25 1

»  Blasms wamied to determrine
() the velociy feld selely within the bomdary layer,
(5 the beoundary laver thickmess )
(i) the shear stress disimlboison on the plafe, and
{-ﬂ;lﬂm drag force on the plate.
# The Prandt] bemdary layer equafions inthe case umdsr consideraiion are
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The boundary condifions ane

.r:‘. i = w=00 Elﬂlﬁ:'

a F=om, &@=0
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# Dlpte that the substmbon of the erm F*iﬂﬁ&ﬂlgim]hamimylujmm

v, e

mtmnfﬂmﬁ‘eemmaﬁhm'fmmxﬁ & which is equal to zero.
m;::nmf!q (ZB.15) does pot conitain ary presame-gradient tema.
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» However, the chamcteristic parameters of this problem are Up AR that iz,

w=uflf_.v.2¥)

»  This relation has fve vamiables Uaamay.

« It mvolves two dimensions, lensth and fime.

=« Thus if can be reduced to a dimensionless mlabon in terms of (3-1) =3 quantites |
Buclinsham P Theorem)

= Thus a similanty vanables can be used to find the solufion

= Such flow felds are called salf-similar fow feld

Law of Similarity for Boundary Layer Flows

It states that the u component of velocity with two velocity profles of pix i at
different x locations differ only by scale factos nu andy .

Therefore, the velocity profiles wcy) at all vales of x can be made congment
if they are plotied m coardinates which have been pade dimensionless with
reference to the scale factors.

The local fres stream velociy Uik af section x 1s an obwious scale factor for u,
becanse the dimensionless ufx) vanes bemwesn zero and umity with v at all
SeCtns.

The scale facior for y ., depoted by g1 , is proporbiomal to the local boundary
layer thickness so that ¥ itself vanes between zero and unity.

Vielodity at two arbitrary x locations, namely %, and %, should satisfy the
equation

et alall_ ol bt esd -
wm) U --f

MNow, for Blasmus flow, if &5 possible to idenfify gx) with the boundary Layers
thickness & we know

e=2__1
L

Thus in terms of = we 2et
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Turbulent Boundary Layer over Flat Plate:
Dertvation of Coverning Equations for Turbalent Flow

+ Far mcompressible flows, the Nawier-Seokes equations can be reamansed in
the form

P E#%#%##{ --Eq-ﬂ"l (33.1a)
o [E»f%«r%q-% --$+n'- @.1b)
p[%%q-?@%q-ﬁ E3
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&
» Express the velocity components and pressure m temns of time-mean vahes and
comespondme fuchatons. I contmaity equaton, dus substurion and
subisequent fme yveramme will lzad to

T, B, K
L & L]
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e
Since. * P X
& v dw
s o s - (3333)
We can write & ¥ &
From Eos (33 3a) and (33.2), we obtain
&N W o
e 0 (33.3b)

« It is evadent that the time-averaged velocity components and the fluctuating
velocity components, each sagsfy the continuiry equation for incompressible
flow.

« Imagine a two-dimensional fow in which the turbulent componsnts are
indspendent of the © -direction. Evennaally, Eq.(33.3b) tends to

v. ¥~ 334)

On the basis of condition (33 .4), 1t s postulatad that if at an instant there is an Increase
In 4" in the x ~directon. it will be followsd by an increase in v'in the nezative y -
direction. In other words, &'+’ is non-zero and negative (see Fizurs 332)

Fiz 332 Each dot represants uv pair at an instant
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), we obriain expressions in terms of mean and fhactuating conponents. Now,

formmns tme averages and considering the niss of averasing we discern the
& P

foliowinz. The temms which are linsar, sachas ® and B0 vanish when they

are averazed [fom (31.6)]. The same is true for the mixed terms like @', or

&% bt the quadratic terms in the finctuating componsnts remain in the

squations. After wverging, they form 8%, #¥er

s Ifwe perform the afaresaid exercize an the

aquation, we obain

Ao f LT
WY N RNNLL )

nsing males of tme averagzes,

+ Introducing simplifications arising out of contimsity Eq. (33 3a), we shall cbiain.

At sl fi i
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» Performing a similar treatment on ¥ and 7 Momenim equations, fnally we ob@m the

(B E) Fme fL Gmi i)

« Conmments on the governng aquaton
1. The left hand side of Eqs (33.53)433.5C) are essendally similar io the sieady-stats

Nawer-Stokes equations of the velociy components . v and w are replaced by &,
tand .

2. The same argument balds good for the first two tenms on the right hand side of
Eags (33 52433 .5¢).

3. However, the aquations coofain some addifional terms which depend on furalent
fhicraatans of the soream These sddifional terms can be interpreted as
components of a stress temsor.

=« Now, the msuliant suface force per umit area due fo these temms may be considerad as

In % direction,

& %

?F*h-;ﬂ-E}-— +p:l""|_r+[—n-" 2 +—l"] (33.6a)

BB Eorndirtrnte] o

In z direction,
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+  Coumparinz Eqs (33.5) and (33 6), we can write

oy Ty Ty] [&7 &
G @ Tp|=-dd? ¥ 7o
U Tu| |0W ¥ W

37

o It cam b said that the mean velooty components of turbalent fow satisfy the same
Navier-Stokes equations of lamunar fow. However, for the nurbulent fSow, the lammar
sesses must be increazed by addmonal siresses which are siven by the siress tensor
(33.7). These addinoral smesses are known as apparent siresses of turbulent fow or

Revnolds stresses . Since turoulence 15 considered s eddvine moten and the aforesaid
adtitional stresses are addsd to the visoous sresses due to memm modon in ordsr to

enplain the complate siress feld i 15 often sasd that the apparent siresses ars caused by
eddy vescosaty . The tofal siresses are now

-
& W (338
{3 #

and 50 on. The apparent stresses are much larger than the viscous components, and the viscons
stresses can even be dropped m mamy actual caknilations,
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Boundary Layer Control:

Seperation of Boundary Layer

o Ithas been observed that the flow is reversed at the vicinity of the wall under certain
condifions,

o The phenomenon 1s termed as separation of boundary layer.

- Separation takes place due to excessive momentum loss near the wall in a boundary

¢>0

layer trying to move downstream against increasing pressure, i, & whichis
called adverse pressiure gradient,
o Figure 29.2 shows the flow past a circular cylinder, in an tnfinite medium.

. Upto 0=90' the flow aven i e a constited passage and the flow behaviour
1 like that of a nozzle

2, Beyond 9= e flow area i di\v{erged\ therefore, the flow behaviour 15 nuch
stnnlar to a diffuser
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Flow separation and formation of wake behind a circular cylinder
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(a) Favourable pressure gradient,
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(b) adverse pressure gradient
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Let us reconsider the flow past a circular cylinder and continue our discussion on the wake
behind a cylinder. The pressure distribution which was shown by the firm line in Fig. 21.5 is
obtained from the potential flow theory. However. somewhere near (in experiments it has been
observed to be at ) . the boundary layer detaches itself from the wall.

2. Meanwhile, pressure in the wake remains close to separation-point-pressure since the
eddies (formed as a consequence of the retarded layers being carried together with the upper
layer through the action of shear) cannot convert rotational kinetic energy into pressure head.
The actual pressure distribution is shown by the dotted line in Fig. 29.3.

3. Since the wake zone pressure is less than that of the forward stagnation point (pressure at
point A in Fig. 29.3), the cylinder experiences a drag force which is basically attributed to the
pressure difference.

The drag force, brought about by the pressure difference is known as form drag whereas
the shear stress at the wall gives rise to skin friction drag.

Generally, these two drag forces together are responsible for resultant drag on a body

Control Of Boundary Layer Separation —

~ The total drag on a body is attributed to form drag and skin friction drag. In some flow
configurations, the contribution of form drag becomes significant.

” Inorder to reduce the form drag, the boundary layer separation should be prevented or
delayed so that better pressure recovery takes place and the form drag is reduced
considerably. There are some popular methods for this purpose which are stated as follows.

i. By giving the profile of the body a streamlined shape
1. This has an elongated shape in the rear part to reduce the magnitude of the pressure gradient.

2. The optimum contour for a streamlined body is the one for which the wake zone is very
narrow and the form drag is minimum.
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Reduction of drag coefficient (CD) by giving the profile a streamlined shape
The injection of fluid through porous wall can also control the boundary

layer separation. This is generally accomplished by blowing high energy fluid
particles tangentially from the location where separation would have taken place otherwise.

1. The injection of fluid promotes turbulence

2. This increases skin friction. But the form drag is reduced considerably due to
suppression of flow separation

3. The reduction in form drag is quite significant and increase in skin friction drag can
be ignored.
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»
Fig. 31.3 Boundary layer control by blowing

Lift and Drag

Lift :force acting on the cylinder (per unit length) in the direction normal to uniform flow.

Drag: force acting on the cylinder (per unit length) in the direction parallel to uniform flow.
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Calculation of Drag in a Cylinder

The drag is calculated by integrating the force components arising out of pressure, in the x
direction on the boundary. Referring to Fig.22.4, the drag force can be written as
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Sinnlarly, the lift force may be calculated as
: I
L==- pind| — | 49
(meae( 2]

However, in reality, the cylinder will always experience some drag force. This contradiction
between the inviscid flow result and the experiment is usually known as D 'Almbert paradox.
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