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UNIT-I 

Gyroscopic Couple and Static & Dynamic Force Analysis 

1.0 INTRODUCTION 
‘Gyre’ is a Greek word, meaning ‘circular motion. A gyroscope is a spatial mechanism 

which is generally employed for the study of precessional motion of a rotary body. Gyroscope 
finds applications in gyrocompass, used in aircraft, naval ship, control system of missiles and space 
shuttle. The gyroscopic effect is also felt on the automotive vehicles while negotiating a turn. 

A gyroscope consists of a rotor mounted in the inner gimbal. The inner gimbal is mounted 
in the outer gimbal which itself is mounted on a fixed frame as shown in Fig.1. When the rotor spins 
about X-axis with angular velocity ω rad/s and the inner gimbal precesses (rotates) about Y-axis, 
the spatial mechanism is forced to turn about Z-axis other than its own axis of rotation, and the 
gyroscopic effect is thus setup. The resistance to this motion is called gyroscopic effect. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1: Gyroscope Mechanism 

1.1 ANGULAR MOTION 

A rigid body, (Fig.2) spinning at a constant angular velocity ω rad/s about a spin 

axis through the mass centre. The angular momentum ‘H’ of the spinning vector whose 

magnitude ω’. I represents the mass amount of inertia of the rotor about the axis of spin. 
 

 

  

 

 

Fig.2: spinning body 
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The direction of the angular momentum can be found from the right hand screw rule or the 
right hand thumb rule. Accordingly, if the fingers of the right hand are bent in the direction of 
rotation of rotor, then the thumb indicates the direction of momentum. 

 

1.2 GYROSCOPIC COUPLE 
Consider a rotary body of mass m having radius of gyration k mounted on the shaft 

supported at two bearings. Let the rotor spins (rotates) about X-axis with constant angular velocity 
rad/s. The X-axis is, therefore, called spin axis, Y-axis, precession axis and Z-axis, the couple or 
torque axis (Fig.3). 

 

 
 

 

 

 

 

 

 

 

 

The angular momentum of the rotating mass is given by, 

 

H = mk
2
 = I 

Now, suppose the shaft axis (X-axis) precesses through a small angle about Y-axis in the plane 
XOZ, then the angular momentum varies from H to H + H, where H is the change in the angular 

momentum, represented by vector ab [Figure 15.2(b)]. For the small value of angle of rotation 5
0
, 

we can write 
 

 

 

However, the rate of change of angular momentum is: 

 

C = Ip 

Where C = gyroscopic couple (N-m) 

= angular velocity of rotary body (rad/s) 

p= angular velocity of precession (rad/s) 
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1.3 Direction of Spin vector, Precession vector and Couple/Torque vector with 
forced precession 

 
To determine the direction of spin, precession and torque/couple vector, right hand screw 

rule or right hand rule is used. The fingers represent the rotation of the disc and the thumb shows 
the direction of the spin, precession and torque vector (Fig.4). 

 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.4. Direction of Spin vector, Precession vector and Couple/Torque vector 
 
The method of determining the direction of couple/torque vector is as follows. 

Case (i):  
Consider a rotor rotating in anticlockwise direction when seen from the right (Fig.5 and Fig. 6), 

and to precess the spin axis about precession axis in clockwise and anticlockwise direction when 

seen from top. Then, to determine the active/reactive gyroscopic couple vector, the following 

procedure is used 

 Turn the spin vector through 90
0
 in the direction of precession on the XOZ plane 


 The turned spin vector will then correspond to the direction of active gyroscopic 

couple/torque vector 


 The reactive gyroscopic couple/torque vector is taken opposite to active gyro 
vector direction 
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Fig. 5 Direction of active and reactive gyroscopic couple/torque vector 

 
 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6 Direction of active and reactive gyroscopic couple/torque vector 

Case (ii):  
Consider a rotor rotating in clockwise direction when seen from the right (Fig.7 and Fig. 8), and 
to precess the spin axis about precession axis in clockwise and anticlockwise direction when seen 
from top. Then, to determine the active/reactive gyroscopic couple vector, 

 Turn the spin vector through 90
0
 in the direction of precession on the XOZ plane 


 The turned spin vector will then correspond to the direction of active gyroscopic 

couple/torque vector 
 The reactive gyroscopic couple/torque vector is taken opposite to active gyro 

vector direction.
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Fig. 7 Direction of active and reactive gyroscopic couple/torque vector 
 

 

 

    

 

 

 

 

 

 

 

 

 

Fig. 8 Direction of active and reactive gyroscopic couple/torque vector 
 

The resisting couple/ reactive couple will act in the direction opposite to that of the 
gyroscopic couple. This means that, whenever the axis of spin changes its direction, a gyroscopic 
couple is applied to it through the bearing which supports the spinning axis. 

 
Please note that, for analyzing the gyroscopic effect of the body, always reactive 

gyroscopic couple is considered. 
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Problem 1  
A disc of 5 kg mass with radius of gyration 70 mm is mounted at span on a horizontal shaft 

spins at 720 rpm in clockwise direction when viewed from the right hand bearing. If the shaft 
precesses about the vertical axis at 30 rpm in clockwise direction when viewed from the top, 
determine the reactions at each bearing due to mass of the disc and gyroscopic effect. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Reaction on the bearings due to weight of the disc, Rm = mg/2 = 5x9.81 /2 = 24.53 N 

 

The angular momentum vector and induced reactive gyroscopic couple acting in anticlockwise 

direction as shown in fig. 
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1.4 GYROSCOPIC EFFECT ON SHIP 
Gyroscope is used for stabilization and directional control of a ship sailing in the rough 

sea. A ship, while navigating in the rough sea, may experience the following three different types 
of motion: 

(i) Steering—The turning of ship in a curve while moving forward    
(ii) Pitching—The movement of the ship up and down from horizontal position in a vertical 

plane about transverse axis. 
(iii)Rolling—Sideway motion of the ship about longitudinal axis 

For stabilization of a ship against any of the above motion, the major requirement is that the 
gyroscope shall be made to precess in such a way that reaction couple exerted by the rotor opposes 
the disturbing couple which may act on the frame. 

1.4.1 Ship Terminology  

(i) Bow –It is the fore end of ship  

(ii) Stern –It is the rear end of ship  

(iii) Starboard –It is the right hand side of the ship looking in the direction of motion  

(iv) Port –It is the left hand side of the ship looking in the direction of motion  
                                                                                                                                     

 

 

 

 

 

 

 

 
Consider a gyro-rotor mounted on the ship along longitudinal axis (X-axis) as shown in 

Fig. and rotate in clockwise direction when viewed from rear end of the ship. The angular speed 
of the rotor is rad/s. The direction of angular momentum vector oa, based on direction of rotation 
of rotor, is decided using right hand thumb rule as discussed earlier. The gyroscopic effect during 
the three types of motion of ship is discussed. 

1.4.2 Gyroscopic effect on Steering of ship 

 

(i) Left turn with clockwise rotor  
When ship takes a left turn and the rotor rotates in clockwise direction 

viewed from stern, the gyroscopic couple act on the ship is analyzed in the 
following way. 
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Note that, always reactive gyroscopic couple is considered for analysis. From the above 
analysis (Fig.12), the couple acts over the ship between stern and bow. This reaction couple tends 
to raise the front end (bow) and lower the rear end (stern) of the ship. 

(ii) Right turn with clockwise rotor 
 When ship takes a right turn and the rotor rotates in clockwise direction viewed 

from stern, the gyroscopic couple acts on the ship is analyzed (Fig). Again, the couple acts in 
vertical plane, means between stern and bow. Now the reaction couple tends to lower the bow of 
the ship and raise the stern. 
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(iii) Left turn with anticlockwise rotor  
When ship takes a left turn and the rotor rotates in anticlockwise direction 

viewed from stern, the gyroscopic couple act on the ship is analyzed in the following way 
(Fig.). 
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The couple acts over the ship is between stern and bow. This reaction couple tends to press 
or dip the front end (bow) and raise the rear end (stern) of the ship. 

(iv) Right turn with anticlockwise rotor 

When ship takes a right turn and the rotor rotates in anticlockwise direction viewed from 
stern, the gyroscopic couple act on the ship is according to Fig 20. Now, the reaction couple tends 
to raise the bow of the ship and dip the stern. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 21 

1.4.3 Gyroscopic effect on Pitching of ship  
The pitching motion of a ship generally occurs due to waves which can be approximated 

as sine wave. During pitching, the ship moves up and down from the horizontal position in vertical 
plane (Fig.22. & Fig. 23) 
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Fig.22 Pitching action of ship 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.23 Pitching action of ship 
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Consider a rotor mounted along the longitudinal axis and rotates in clockwise direction 

when seen from the rear end of the ship. The direction of momentum for this condition is shown 
by vector ox (Fig.24). When the ship moves up the horizontal position in vertical plane by an angle 

from the axis of spin, the rotor axis (X-axis) processes about Z-axis in XY-plane and for this 
case Z-axis becomes precession axis. The gyroscopic couple acts in anticlockwise direction about 
Y-axis and the reaction couple acts in opposite direction, i.e. in clockwise direction, which tends 
to move towards right side (Fig.25). However, when the ship pitches down the axis of spin, the 
direction of reaction couple is reversed and the ship turns towards left side (Fig. 26). 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 24 
     
 
 
 
 
 
 
 
 

Fig. 25 

 
 
 
 
 
 
 
 
 
 

Fig. 26 
Similarly, for the anticlockwise direction of the rotor viewed from the rear end (Stern) of 

the ship, the analysis may be done. 
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1.4.4 Gyroscopic effect on Rolling of ship. 

The axis of the rotor of a ship is mounted along the longitudinal axis of ship and therefore, 
there is no precession of this axis. Thus, no effect of gyroscopic couple on the ship frame is formed 
when the ship rolls. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.27 

Problem 2  
A turbine rotor of a ship has a mass of 3500 kg and rotates at a speed of 2000 rpm. The 

rotor has a radius of gyration of 0.5 m and rotates in clockwise direction when viewed from the 
stern (rear) end. Determine the magnitude of gyroscopic couple and its direction for the following 
conditions 

 
(i) When the ship runs at a speed of 12 knots and steers to the left in a curve of 70 m 

radius   
(ii) When the ship pitches 6° above and 6° below the horizontal position and the bow 

(Front) end is lowered. The pitching motion is simple harmonic with periodic time   
30 sec.  

(iii)When the ship rolls and at a certain instant, it has an angular velocity of 0.05 rad/s 
clockwise when viewed from the stern 

 

Also find the maximum angular acceleration during pitching. 

Solution Given, 1 knot = 1.86 kmph, the linear velocity of the ship: 
 
 
 
 

Angular velocity of the rotor: 
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When ship steers to the left, the reaction gyroscopic couple action is in anticlockwise direction 

and the bow of the ship is raised and stern is lowered, as shown in Fig.28. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.28 

 
The effect of gyroscopic couple due to pitching is shown in Fig.29. the reactive gyroscopic 

couple will act in anticlockwise direction seen from top and  it will turn ship towards the left side. 
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Problem 3 

A ship is propelled by a rotor of mass of 2000 kg rotates at a speed of 2400 rpm. The radius 
of gyration of rotor is 0.4 m and spins clockwise direction when viewed from bow (front) end. 
Find the gyroscopic couple and its effect when;  

(i) the ship takes left turn at a radius of 350 m with a speed of 35 kmph   
(ii) the ship pitches with the bow rising at an angular velocity of 1 rad/s 
(iii)the ship rolls at an angular velocity of 0.15 rad/s  
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Rolling, Gyroscopic couple: C= l6XQp 

= 320 x 251.33 x 0.15 = 12063.84 Nm 
During rolling, the ship rolls in the same plane as the plane of spin and there will be no gyroscopic 
effect. 
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Let us analyze the effect of gyroscopic couple acting on the body of the aero plane for 

various conditions. 
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Case (i): PROPELLER rotates in CLOCKWISE direction when seen from rear end 
and Aeroplane turns towards LEFT 
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Therefore, from the above equation, the value of angle of heel (θ) may be determined, so 

that the vehicle does not skid. Also, for the given value of the maximum vehicle speed in the turn 
without skid may be determined. 
 
Problem 5  

A motorcycle and its rider together weighs 2000 N and their combined centre of gravity is 

550 mm above the road when motorcycle is upright. Each wheel is of 580 mm diameter and has a 

moment of inertia of 1.0 kgm
2
. The moment of inertia of rotating parts of engine is 0.15 kg m

2
. 

The engine rotates at 5 times the speed of the vehicle and the same sense. Determine the angle of 

heel necessary when motorcycle is taking a turn over a track of 35 m radius at a speed of 60 kmph. 
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Problem 6  

A motor cycle with its rider has a mass of 300 kg. The centre of gravity of the machine 
and rider combined being 0.6 m above the ground with machine in vertical position. Moment of 

inertia of each wheel is 0.525 kg m
2
 and the rolling diameter of 0.6 m. The engine rotates 6 times 

the speed of the road wheels and in the same sense. The engine rotating parts have a mass moment 

of inertia of 0.1686 kg m
2
. Find (i) the angle of heel necessary if the vehicle is running at 60 km/hr 

round a curve of 30 m (ii) If the road and tyre friction allow for the angle of heel not to exceed 

50
o
, what is the maximum road velocity of the motor cycle. 

 
Solution: 
 

m = 300 kg, h = 0.6 m, Iw = 0.525 kg m
2
, dw=0.6 m; rw = 0.3 m, G = 6, IE = 0.1686 m, 

V= 60km/hr = 16.66 m/s, R = 30 m (i) =? (ii) = 50
o
 V=? 
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Fig.81 
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Force Analysis 
Static Force Analysis 

Introduction  

A machine is a device that performs work and, as such, transmits energy by means 

mechanical force from a power source to a driven load. It is necessary in the design machine 

mechanisms to know the manner in which forces are transmitted from input to the output, so that 

the components of the machine can be properly size withstand the stresses that are developed. If 

the members are not designed to strong enough, then failure will occur during machine operation; 

if, on the other hand, the machine is over designed to have much more strength than required, then 

the machine may not be competitive with others in terms of cost, weight, size, power requirements, 

or other criteria. The bucket load and static weight loads may far exceed any dynamic loads due 

to accelerating masses, and a static-force analysis would be justified. An analysis that includes 

inertia effects is called a dynamic-force analysis and will be discussed in the next chapter. An 

example of an application where a dynamic-force analysis would be required is in the design of 

an automatic sewing machine, where, due to high operating speeds, the inertia forces may be 

greater than the external loads on the machine.  

Another assumption deals with the rigidity of the machine components. No material is 
truly rigid, and all materials will experience significant deformation if the forces, either external 
or inertial in nature, are great enough. It will be assumed in this chapter and the next that 
deformations are so small as to be negligible and, therefore, the members will be treated as though 
they are rigid. The subject of mechanical vibrations, which is beyond the scope of this book, 
considers the flexibility of machine components and the resulting effects on machine behaviour. 
A third major assumption that is often made is that friction effects are negligible. Friction is 
inherent in all devices, and its degree is dependent upon many factors, including types of bearings, 
lubrication, loads, environmental conditions, and so on. Friction will be neglected in the first few 
sections of this chapter, with an introduction to the subject presented. In addition to assumptions 
of the types discussed above, other assumptions may be necessary, and some of these will be 
addressed at various points throughout the chapter. 

The first part of this chapter is a review of general force analysis principles and will also 
establish some of the convention and terminology to be used in succeeding sections. The 
remainder of the chapter will then present both graphical and analytical methods for static-force 
analysis of machines. 

Free-Body Diagrams:  

Engineering experience has demonstrated the importance and usefulness of free-body 
diagrams in force analysis. A free-body diagram is a sketch or drawing of part or all of a system, 
isolated in order to determine the nature of forces acting on that body. Sometimes a free-body 
diagram may take the form of a mental picture; however, actual sketches are strongly 
recommended, especially for complex mechanical systems.  

Generally, the first, and one of the most important, steps in a successful force analysis is 
the identification of the free bodies to be used. Figures 5.1B through 5.1E show examples of 
various free bodies that might be considered in the analysis of the four-bar linkage shown in Figure 
5.1A. In Figure 5.1B, the free body consists of the three moving members isolated from the frame; 
here, the forces acting on the free body include a driving force or torque, external loads, and the 
forces transmitted: 
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5.1.3 Superposition:  
The principle of superposition of forces is an extremely useful concept, particularly in 

graphical force analysis. Basically, the principle states that, for linear systems, the net effect of 
multiple loads on a system is equal to the superposition (i.e., vector summation) of the effects of 
the individual loads considered one at a time. Physically, linearity refers to a direct proportionality 
between input force and output force. Its mathematical characteristics will be discussed in the 
section on analytical force analysis. Generally, in the absence of Coulomb or dry friction, most 
mechanisms are linear for force analysis purposes, despite the fact that many of these mechanisms 
exhibit very nonlinear motions. Examples and further discussion in later sections will demonstrate 
the application of this principle. 

5.1.4 Graphical Force Analysis:  
Graphical force analysis employs scaled free-body diagrams and vector graphics in the 

determination of unknown machine forces. The graphical approach is best suited for planar force 
systems. Since forces are normally not constant during machine motion. Analyses may be required 
for a number of mechanism positions; however, in many cases, critical maximum-force positions 
can be identified and graphical analyses performed for these positions only. An important 
advantage of the graphical approach is that it provides useful insight as to the nature of the forces 
in the physical system.   

This approach suffers from disadvantages related to accuracy and time. As is true of any 
graphical procedure, the results are susceptible to drawing and measurement errors. Further, a 
great amount of graphics time and effort can be expended in the iterative design of a machine 
mechanism for which fairly thorough knowledge of force-time relationships is required. In recent 
years, the physical insight of the graphics approach and the speed and accuracy inherent in the 
computer-based analytical approach have been brought together through computer graphics 
systems, which have proven to be very effective engineering design tools. There are a few special 
types of member loadings that are repeatedly encountered in the force analysis of mechanisms, 
These include a member subjected to two forces, a member subjected to three forces, and a 
member subjected to two forces and a couple. These special cases will be considered in the 
following paragraphs, before proceeding to the graphical analysis of complete mechanisms. 
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Since the directions of all three forces are now known and the magnitude of  F1 were given, this 

equation can be solved for the remaining two magnitudes. A graphical Solution follows from the 

fact that the three forces must form a closed vector loop, called a force polygon. The procedure is 

shown in Figure 5.4B. Vector 1F is redrawn. From the head of this vector, a line is drawn in the 

direction of force F 2, and from the tail, a line is drawn parallel to F3. The intersection of these 

lines closes the vector loop and determines the magnitudes of forces 2F and F3. Note that the same 

solution is obtained if, instead, a line parallel to 3F is drawn from the head of F1, and a line parallel 

to F2 is drawn from the tail of F1. See Figure 5.4C. 
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► 5.3.1 Graphical Force Analysis of the Slider Crank Mechanism:  
The slider crank mechanism finds extensive application in reciprocating compressors, 

piston engines, presses, toggle devices, and other machines where force characteristics are 
important. The force analysis of this mechanism employs most of the principles described in 
previous sections, as demonstrated by the following example. 
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The inertia forces have lines of action through the respective centres of mass, and the 
inertia torques are pure couples. 
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D’Alembert’s principle:  
Final design takes into consideration the combined effect of both static and dynamic force 

systems. D’Alembert’s principle provides a method of converting dynamics problem into a static 
problem.  

Statement: The vector sum of all external forces and inertia forces acting upon a rigid 
body is zero. The vector sum of all external moments and the inertia torque, acting upon the rigid 
body is also separately zero. In short, sum of forces in any direction and sum of their moments 
about any point must be zero.  

Inertia force and couple: Inertia: Tendency to resist change either from state of rest or of 
uniform motion Let ‘R’ be the resultant of all the external forces acting on the body, then this ‘R’ 
will be equal to the product of mass of the body and the linear acceleration of c.g of body. The 
force opposing this ‘R’ is the inertia force (equal in magnitude and opposite in direction).  

(Inertia force is an Imaginary force equal and opposite force causing acceleration). 

If the body opposes angular acceleration (α) in addition to inertia force R, at its cg, there 
exists an inertia couple Ig x  α, Where Ig= M I about cg. The sense of this couple opposes α. i.e., 
inertia force and inertia couple are equal in magnitude to accelerating force and couple 
respectively but, they act in opposite direction. 
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UNIT-II 

Engine Force Analysis and Turning Moment Diagram 

Forces acting on the engine are weight of reciprocating masses & CR, gas forces, Friction 
& inertia forces (due to acceleration & retardation of engine elements). 

i) Piston effort (effective driving force) 

 - Net or effective force applied on the piston. 

In reciprocating engine:  

The reciprocating parts (masses) accelerate during the first half of the stroke and the inertia 
forces tend to resist the same. Thus, the net force on the piston is reduced. During the later half of 
the stroke, the reciprocating masses decelerate and the inertia forces oppose this deceleration or 
acts in the direction of applied gas pressure and thus effective force on piston is increased.  

In vertical engine, the weights of the reciprocating masses assist the piston during out 
stroke (down) this increasing the piston effort by an amount equal to the weight of the piston. 
During the in stroke (up) piston effect is decreased by the same amount. 

Force on the piston due to gas pressure; FP = P1A1 – P2A2 

P1 = Pressure on the cover end,  
P2 = Pressure on the rod  
A1 = area of cover end,  
A2 = area of rod end,  
m = mass of the reciprocating parts. 

 

ii) Force (Thrust on the CR) 
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Difference between Governor and Flywheel: 

 A governor controls the speed of the output shaft within close limits, but its action depends 

upon controlling the amount of working fluid to the engine as required by the load on the engine. 

The flywheel, on the other hand, serves only to smooth out the energy transfer in each energy 

cycle. For example, if an engine is operating at quarter load, with the governor in a particular 

position controlling the amount of working media to the engine; the flywheel would take care of 

redistributing the energy throughout a cycle. If the load was increased to full load the governor 

action would permit more working fluid to the engine maintaining the speed of the engine, but 

when balance of working fluid to the engine and load on the engine was reached, the flywheel 

would continue its action of redistributing the energy throughout a cycle. Changes of seed in an 

engine will cause the governor to respond and attempt to do the flywheels job. 

Usually, the effect of the governor is disregarded in the design of the flywheel. The flywheel 

analysis is limited to engines receiving power at a variable rate and delivering it to a shaft at an 

approximately constant rate. 

Crank effort diagrams or Turing Moment diagrams: 

It is the graphical representation of turning moment or crank effort for the various positions of the 

crank. The TM is plotted on ‘y’ axis and crank angle on ‘x’ axis. 

Uses of turning moment Diagram: 

1) The area under the turning moment diagram represents work done per cycle. The area multiplied 

by number of cycles per second gives the power developed by the engine. 

2) By dividing the area of the turning moment diagram with the length of the base we get the mean 

turning moment. This enables us the find the fluctuation of energy. 

3) The max. ordinate of the turning moment diagram gives the maximum torque to which the crank 

shaft is subjected. This enables us the find diameter of the crank shaft. 

TMD for a four stroke I.C. Engine 

 
We know that four stroke cycle internal combustion engine there is one working stroke 

after the crank has turned through two revolutions (4p or 720°). Since the pressure inside the 

engine cylinder is less than the atmospheric pressure during suction stroke therefore a negative 

loop is formed as shown in figure. During compression stroke the work done on engine the gases 

therefore a higher negative loop is obtained. During expansion or working stroke the fuel burns 

and the gases expand, therefore a large positive loop is obtained. In this stroke, the work is done 

by the gases. During exhaust stroke, the work is done on the gases; therefore a negative loop is 

firmed. 
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