DYNAMICS OF MACHINERY (23MES501)

UNIT-I

Gyroscopic Couple and Static & Dynamic Force Analysis

1.0 INTRODUCTION

‘Gyre’ is a Greek word, meaning ‘circular motion. A gyroscope is a spatial mechanism
which is generally employed for the study of precessional motion of a rotary body. Gyroscope
finds applications in gyrocompass, used in aircraft, naval ship, control system of missiles and space
shuttle. The gyroscopic effect is also felt on the automotive vehicles while negotiating a turn.

A gyroscope consists of a rotor mounted in the inner gimbal. The inner gimbal is mounted
in the outer gimbal which itself is mounted on a fixed frame as shown in Fig.1. When the rotor spins
about X-axis with angular velocity o rad/s and the inner gimbal precesses (rotates) about Y-axis,
the spatial mechanism is forced to turn about Z-axis other than its own axis of rotation, and the
gyroscopic effect is thus setup. The resistance to this motion is called gyroscopic effect.

Fig.1: Gyroscope Mechanism

1.1 ANGULAR MOTION

A rigid body, (Fig.2) spinning at a constant angular velocity o rad/s about a spin
axis through the mass centre. The angular momentum ‘H’ of the spinning vector whose
magnitude ®’. I represents the mass amount of inertia of the rotor about the axis of spin.

SPIN AXIS j@—; 3
I

Fig.2: spinning body
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The direction of the angular momentum can be found from the right hand screw rule or the
right hand thumb rule. Accordingly, if the fingers of the right hand are bent in the direction of
rotation of rotor, then the thumb indicates the direction of momentum.

1.2 GYROSCOPIC COUPLE

Consider a rotary body of mass m having radius of gyration k mounted on the shaft
supported at two bearings. Let the rotor spins (rotates) about X-axis with constant angular velocity
rad/s. The X-axis is, therefore, called spin axis, Y-axis, precession axis and Z-axis, the couple or
torque axis (Fig.3).
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The angular momentum of the rotating mass is given by,

H = mk?Z o= lo
Now, suppose the shaft axis (X-axis) precesses through a small angle 86about Y-axis in the plane
XOZ, then the angular momentum varies from H to H + 6H, where 6H is the change in the angular

momentum, represented by vector ab [Figure 15.2(b)]. For the small value of angle of rotation 50,
we can write

ab = oa x 66
6H = H x 66
= lwdo
However, the rate of change of angular momentum is:

Fa < fing (—fmaﬂ)
dr ol St

=lw E
C = loop
Where C = gyroscopic couple (N-m)
o= angular velocity of rotary body (rad/s)
wp= angular velocity of precession (rad/s)

|
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1.3 Direction of Spin vector, Precession vector and Couple/Torque vector with
forced precession

To determine the direction of spin, precession and torque/couple vector, right hand screw
rule or right hand rule is used. The fingers represent the rotation of the disc and the thumb shows
the direction of the spin, precession and torque vector (Fig.4).

PRECESSION AXIS

O

SPINVECTOR SPINAXIS

3

PRECESSION
VECTOR

<

K

Fig.4. Direction of Spin vector, Precession vector and Couple/Torque vector

The method of determining the direction of couple/torque vector is as follows.
Case (i):
Consider a rotor rotating in anticlockwise direction when seen from the right (Fig.5 and Fig. 6),
and to precess the spin axis about precession axis in clockwise and anticlockwise direction when
seen from top. Then, to determine the active/reactive gyroscopic couple vector, the following
procedure is used

e Turn the spin vector through 90Y in the direction of precession on the XOZ plane

e The turned spin vector will then correspond to the direction of active gyroscopic
couple/torque vector

The reactive gyroscopic couple/torque vector is taken opposite to active gyro
vector direction

|
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Fig. 5 Direction of active and reactive gyroscopic couple/torque vector
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Fig. 6 Direction of active and reactive gyroscopic couple/torque vector
Case (ii):
Consider a rotor rotating in clockwise direction when seen from the right (Fig.7 and Fig. 8), and

to precess the spin axis about precession axis in clockwise and anticlockwise direction when seen
from top. Then, to determine the active/reactive gyroscopic couple vector,

e Turn the spin vector through 90 in the direction of precession on the XOZ plane

e The turned spin vector will then correspond to the direction of active gyroscopic
couple/torque vector

e The reactive gyroscopic couple/torque vector is taken opposite to active gyro
vector direction.

|
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Fig. 8 Direction of active and reactive gyroscopic couple/torque vector

The resisting couple/ reactive couple will act in the direction opposite to that of the
gyroscopic couple. This means that, whenever the axis of spin changes its direction, a gyroscopic
couple is applied to it through the bearing which supports the spinning axis.

Please note that, for analyzing the gyroscopic effect of the body, always reactive
gyroscopic couple is considered.

|
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Problem 1

A disc of 5 kg mass with radius of gyration 70 mm is mounted at span on a horizontal shaft
spins at 720 rpm in clockwise direction when viewed from the right hand bearing. If the shaft
precesses about the vertical axis at 30 rpm in clockwise direction when viewed from the top,
determine the reactions at each bearing due to mass of the disc and gyroscopic effect.

Solution Angular velocity:
2N 27 x720
= —
60 60

=75.4 rad/s

2ZN,
60
_2m %30

Angular velocity of precession: W, =

=3.14 rad/s

Moment of inertia: 1=mk?

=5x0.07* =0.0245 kgm*

AT

’ Action, couple

./ Reaction couple
FIG.®%a

Gyroscopic couple: C=1 o,

=0.0245x%x 75.4x3.14
=5.8 Nm

This couple induces reaction R, at the bearing support.

12
R, x——O =58
1000

or R, =483 N
Reaction on the bearings due to weight of the disc, Rm = mg/2 = 5x9.81 /2 = 2453 N

The angular momentum vector and induced reactive gyroscopic couple acting in anticlockwise
direction as shown in fig.

|
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/ .
’ Actlon!couple

/ Reaction couple

FIG.9b
Gyroscopic couple: C=1ww,

=0.0245% 75.4x3.14
=5.8Nm
This couple induces reaction R, at the bearing support.
R, x ]l—;—% =
R, =483 N

The reaction R, acts in.upward direction at right hand bearing and in downward ¢
at left hand bearing.
The reaction due to weight of the disc acts in upward direction. Therefore,

5.8

Reaction at bearing A: R,=R.-R,
=48.43 —24.53
=239N{)

Reaction at bearing B: Ry =R.+R,
=48.43 +24.53
=72.96 N(T)

|
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1.4 GYROSCOPIC EFFECT ON SHIP

Gyroscope is used for stabilization and directional control of a ship sailing in the rough
sea. A ship, while navigating in the rough sea, may experience the following three different types
of motion:

(i) Steering—The turning of ship in a curve while moving forward

(i) Pitching—The movement of the ship up and down from horizontal position in a vertical

plane about transverse axis.
(iii)Rolling—Sideway motion of the ship about longitudinal axis

For stabilization of a ship against any of the above motion, the major requirement is that the
gyroscope shall be made to precess in such a way that reaction couple exerted by the rotor opposes
the disturbing couple which may act on the frame.

1.4.1 Ship Terminology
(i) Bow —It is the fore end of ship
(i) Stern —It is the rear end of ship
(iii) Starboard —It is the right hand side of the ship looking in the direction of motion
(iv) Port —It is the left hand side of the ship looking in the direction of motion

STAR BOARD

Consider a gyro-rotor mounted on the ship along longitudinal axis (X-axis) as shown in
Fig. and rotate in clockwise direction when viewed from rear end of the ship. The angular speed
of the rotor is rad/s. The direction of angular momentum vector oa, based on direction of rotation
of rotor, is decided using right hand thumb rule as discussed earlier. The gyroscopic effect during
the three types of motion of ship is discussed.

1.4.2 Gyroscopic effect on Steering of ship

Q) Left turn with clockwise rotor
When ship takes a left turn and the rotor rotates in clockwise direction
viewed from stern, the gyroscopic couple act on the ship is analyzed in the
following way.

|
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analysis (Fig.12), the couple acts over the ship between stern and bow. This reaction couple tends
to raise the front end (bow) and lower the rear end (stern) of the ship.

(ii) Right turn with clockwise rotor

When ship takes a right turn and the rotor rotates in clockwise direction viewed
from stern, the gyroscopic couple acts on the ship is analyzed (Fig). Again, the couple acts in
vertical plane, means between stern and bow. Now the reaction couple tends to lower the bow of
the ship and raise the stern.
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(i)  Left turn with anticlockwigé rotor
When ship takes a left turn and the rotor rotates in anticlockwise direction
viewed from stern, the gyroscopic couple act on the ship is analyzed in the following way

(Fig.).
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The couple acts over the ship is between stern and bow. This reaction couple tends to press
or dip the front end (bow) and raise the rear end (stern) of the ship.

(iv) Right turn with anticlockwise rotor

When ship takes a right turn and the rotor rotates in anticlockwise direction viewed from
stern, the gyroscopic couple act on the ship is according to Fig 20. Now, the reaction couple tends
to raise the bow of the ship and dip the stern.
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Fig. 21
1.4.3 Gyroscopic effect on Pitching of ship

The pitching motion of a ship generally occurs due to waves which can be approximated
as sine wave. During pitching, the ship moves up and down from the horizontal position in vertical
plane (Fig.22. & Fig. 23)

|
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Fig.22 Pitching action of ship

Fig.23 Pitching action of ship

angular displacement of spin axis from its mean equilibrium position
amplitude of swing
2
= angle in degree X
and @y = angular velocity of simple hormonic motion =_.L
time period
The angular motion of the rotor is given as

6 = A sin ot

28

Angular velocity of precess: @, = P

d .
= —d—t(A sin COOI)

or @,

p = AWy COS Wt

The angular velocity of precess will be maximum when cos @yt = 1

or @, oy = AWy

pma:

Thus the gyroscopic couple:
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Consider a rotor mounted along the longitudinal axis and rotates in clockwise direction
when seen from the rear end of the ship. The direction of momentum for this condition is shown
by vector ox (Fig.24). When the ship moves up the horizontal position in vertical plane by an angle
d0from the axis of spin, the rotor axis (X-axis) processes about Z-axis in XY-plane and for this
case Z-axis becomes precession axis. The gyroscopic couple acts in anticlockwise direction about
Y-axis and the reaction couple acts in opposite direction, i.e. in clockwise direction, which tends
to move towards right side (Fig.25). However, when the ship pitches down the axis of spin, the
direction of reaction couple is reversed and the ship turns towards left side (Fig. 26).

S

<=
\‘@‘6

O\ ACTIVE GYROSGOPI
COUPLE VECTOR

Fig. 26
Similarly, for the anticlockwise direction of the rotor viewed from the rear end (Stern) of
the ship, the analysis may be done.

|
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1.4.4 Gyroscopic effect on Rolling of ship.

The axis of the rotor of a ship is mounted along the longitudinal axis of ship and therefore,
there is no precession of this axis. Thus, no effect of gyroscopic couple on the ship frame is formed
when the ship rolls.

Fig.27
Problem 2

A turbine rotor of a ship has a mass of 3500 kg and rotates at a speed of 2000 rpm. The
rotor has a radius of gyration of 0.5 m and rotates in clockwise direction when viewed from the
stern (rear) end. Determine the magnitude of gyroscopic couple and its direction for the following
conditions

(i) When the ship runs at a speed of 12 knots and steers to the left in a curve of 70 m
radius

(if) When the ship pitches 6° above and 6° below the horizontal position and the bow
(Front) end is lowered. The pitching motion is simple harmonic with periodic time
30 sec.

(iii)When the ship rolls and at a certain instant, it has an angular velocity of 0.05 rad/s
clockwise when viewed from the stern

Also find the maximum angular acceleration during pitching.
Solution Given, 1 knot = 1.86 kmph, the linear velocity of the ship:
V = 1.86 x 12 = 22.32 kmph

_ mmx1000
= 600 = 0. S

Angular velocity of the rotor:
0= 2N N 27 % 2000
60 60
=209.44 rad/s

Precession velocity: @, = Yy =82 _ 0.08857 rad/s

R 70
Moment of inertia: 7 = mk* = 3500 x 0.5° = 875 kg m?
Gyroscopic couple: C = [0,
875 x 209.44 x 0.08857

= 16231.34 Nm
L ____________________________________________________________________________________________________|
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When ship steers to the left, the reaction gyroscopic couple action is in anticlockwise direction
and the bow of the ship is raised and stern is lowered, as shown in Fig.28.
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(ii) Amplitude of swing: A =

Angular displacement: 8 = A zin @yt

d8
Angular velocity of precession: @, = Ezﬁmﬂ COS algf

Maximum angular velocity of precession:
Wpmax = WpA
N 2x _2r

~ time period of oscillation 30
=0.2094 rad/s

pmax = 0.2094 x 0.1047 = 0.022 rad/q

Maximum couple for pitching:

Cmax = Iﬁ]ﬁ]pg_&g
=§875x209.44 x 0.022

. =4031.72 Nm o . .
The effect of gyroscopic couple due to pitching is shown in Fig.29. the reactive gyroscopic

couple will act in anticlockwise direction seen from top and it will turn ship towards the left side.

r
.
\L)' Reaction couple

'
w_| __ Action couple
.

Spin axis

z-' Precession axis

Fig.29
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111) Angular velocity of precession while the ship rolls 1s:
wp =005 rad's

and gvroscopic couple : C = loop
=875x20944 x0.05
=9163 Nm

Since the ship rolls in the same plane as the plane of spin, there is no gyroscopic effect.
Angular velocity of precess during pitching 1s:

@, =§=ﬂmn COS @yl

Therefore, angular acceleration:

" = - Aw? sin,t

Maximum angular acceleration:

Omax = -AoQ?
=0.1047 x 0.20942
= 0.00459 rad/s?

Problem 3

A ship is propelled by a rotor of mass of 2000 kg rotates at a speed of 2400 rpm. The radius
of gyration of rotor is 0.4 m and spins clockwise direction when viewed from bow (front) end.
Find the gyroscopic couple and its effect when;

(i) the ship takes left turn at a radius of 350 m with a speed of 35 kmph

(i) the ship pitches with the bow rising at an angular velocity of 1 rad/s

(iii)the ship rolls at an angular velocity of 0.15 rad/s

|
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Angular velocity:
_2xN _ 2z %2400
60 60

35 x 1000
3600

Moment of inertia: I = mk* = 2000 x 0.4* = 320 kg m*

@ =251.33 rad/s

Linear velocity: V = 35 kmph = = 9.72 m/s

Steering towards left
| Angular velocity of precession: @, = % = 3_56 = 0.0278 rad/s
Gyroscopic couple: C = low,
= 320 x 251.33 x 0.0278

= 2235.8 Nm

The reaction gvroscopic couple will act in anticlockwise and will tend to lower the bow as
shown in Figure 30.

Fig.30

Pitching. Angular velocity of precession during pitching ajp = 1.0 rad/s
Gyroscopic couple: C=320x25133x1.0
=80425.6 Nm Ans.

The reaction gyroscopic couple acting in anticlockwise direction will tend to turn the bow
towards the Right side as shown in Figure 31.

¥
"'J.‘- Reaction couple
I

—.D Action couple
|
R —
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4

¢ : :
Precession axis
f/

'

Z

Rolling, Gyroscopic couple: C=16XQp

=320 x 251.33 x 0.15 = 12063.84 Nm
During rolling, the ship rolls in the same plane as the plane of spin and there will be no gyroscopic
effect.
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1.5 Gyroscopic Effect on Aeroplane

Aero planes are subjected to gyroscopic effect when it taking off, landing and
negotiating left or right turn in the air.
Let
o = Angular velocity of the engine rotating parts in rad’s,
m = Mass of the engine and propeller in kg,
iy = Radius of gyration in m,
I =Mass moment of inertia of engine and propeller in kg m2,
V = Linear velocity of the agroplang in m/s,

R = Radius of curvature in m,
Y

©p =Angular velocity of precession = o rad/s

Let us analyze the effect of gyroscopic couple acting on the body of the aero plane for
various conditions.

|
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Case (i): PROPELLER rotates in CLOCKWISE direction when seen from rear end
and Aeroplane turns towards LEFT
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Fig.38

According to the analysis, the reactive gyvroscopic couple tends to dip the tail and raise the
nose of aeroplane.

Fig.39

Case (11): PROPELLER rotates in CLOCKWISE direction when seen from rear
end and Aeroplane turns towards RIGHT

Tal

Direction of View
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Fig 43
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According to the analysis, the reactive gyroscopic couple tends to raise the tail and dip
the nose of aeroplane.
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Case (111): PROPELLER rotates in ANTICLOCKWISE direction when seen
from rear end and Aeroplane turns towards LEFT
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The analysis indicates, the reactive gyroscopic couple tends to raise the tail and dip

the nose of aeroplane T’"il

A !

Case (IV): PROPELLER direction when seen from rear end and Aero
plane turns towards RIGHT
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Fig.54

The analysis and dip the nose of aeroplane.

T l’

!

Case (v): PROPELLER rotates in CLOCKWISE direction when seen
from rear upwards

Fig.53

L N
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Fig.57

The analysis show, the reactive gyroscopic couple tends to turn the nose of aeroplane
toward right

£

Fig.58

Case (v1): PROPELLER rotates in CLOCKWISE direction when seen from rear
end and Aeroplane 1s landing or nose move downwards

Voiy
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Fig. 61

The reactive gyroscopic couple tends to turn the nose of aeroplane toward left

Dimaction aof View
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Case (vi1): PROPELLER rotates in ANTICLOCKWISE direction when seen
from rear end and Aeroplane takes off or nose move upwards

Deaation of View

-V

Fig 63|
The reactive gyroscopic couple tends to turn the nose of aeroplane toward left

Dimaction of View

[Case (viii): PROPELLER rotates in ANTICLOCKWISE direction when seen
from rear end and Aeroplane is landing or nose move downwards
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Fig.65

The analysis show, the reactive gyroscopic couple tends to turn the nose of aeroplane
toward right
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Problem 4

An aeroplane flying at a speed of 300 kmph takes right turm with a radius of 30 m.
The mass of engine and propeller is 300 kg and radius of gvration 13 400 mm. If the engine
runs at 1800 rpm in clockwise direction when viewed from tail end, determine the gyroscopic
couple and state its effect on the aeroplane. What will be the effect if the aeroplane turns to
its left instead of right?

Solution Angular velocity of aeroplane engine:

w=2nﬂ=2n‘xlﬂﬂﬂ
60 60

= 188,49 rad/s

: v
Angular velocity of precession: -

00 1000 1
M == B

"7 T3600 S0
= |67 rad/s
Moment of inertia: I = mk* = 500 = 0.4°
= 80 kg m?
Gyroscopic couple: o = lawa,,
=80 % 138.49 % .67
= 25182.26 Nm

|L.6 Stability of Automotive Vehicle

A vehicle running on the road is said to be stable when no wheel is supposed to leave
the road surface. In other words, the resultant reactions by the road surface on wheels should
act in upward direction. For a moving vehicle, one of the reaction is due to gyroscopic couple
produced by the rotating wheels and rotating parts of the engine. Let us discuss stability of
two and four wheeled vehicles when negotiating a curve/turn.

1.6.1 Stability of Two Wheeler negotiating a turn

Fig.71

Fig. 71 shows a two wheeler vehicle taking left turn over a curved path. The vehicle
is inclined to the vertical for equilibrium by an angle known as angle of heel.
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Let

m = Mass of the vehicle and its rider in kg,

W = Weight of the vehicle and its rider in newtons = m_g,

ki = Height of the Centre af gravity of the vehicle and rider,
1 = Radius of the wheels,

R = Radius of track or curvature,

Iy = Mass moment of ingrtia of each wheel,

Ig = Mass moment of inertia of the rotating paris of the engine,
oy = Angular velocity of the wheels,

oF = Angular velocity of the engine rotating parts,

G = Gear ratio = g/ @,

v Linear velocityw=rw, of the vehicle = @

(¥ Angle of heel. It is inclination of the

[
oy

|
Iy :I Raar winael

o
'

BN 0 4R
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Front View

Fig.73
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Let us consider the effect of the gyroscopic couple and centrifugal couple on the wheels.

1. Effect of Gyroscopic Couple

We know that, V =w* ory
WE=0G .aF o OE=0G.VWrF

Angular momentum due to wheels = 2 [y o

Angular momentum due to engine and transmission = _Ig @E

Total angular momentum (I xw) =2 Lﬂ:mﬁri I[E &g

V

|
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Vv
= ——(2I,, +GI,)

w
L4
Also, Velocity of precession = op|=#

It is observed that, when the wheels move over the curved path, the vehicle iz always
inclined at an angle 8 with the vertical plane as shown of heel’. In other inclined words, to
the horizontal axis of spin at 3 in Fig.73 Thus, the angular momentum vector [ &0 due to
spin is represented by OA inclined to OX at an angle 8. But, the precession axis is in vertical.
Therefore, the spin vector is resolved along OX

Gyroscopic Couple,

(Tw)cosh x w,
2

C, =
W
Cy = @l +Gl,) cos0

Mote: When the engine is rotating in the same direction as that of wheels, then the positive

sign is wsed in the above equation. However, if the engine rotates in opposite direction to
wheels, then negative sign is used.

Wheel Raolation Whieel Batation

m Engmre rainiien

The gyroscopic couple will act over the vehicle outwards i.e.. in the anticlockwise
direction when seen from the front of the two wheeler. This couple tends to overturn/topple
the  vehicle in the outward direction as shown

Analysis:

@(:O(r_—xl_/" Z
X o
L e

oy,
p” e R
™

£ >/
*X ¢
SPNVECTOR | : \

®

’/’

o~~~ Dolnn-‘.'vu

Fig.75
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Reactive gyro.

¥ couple >

2_ Effect of Centrifugal Couple

Centiifugal Force

We have,
Centrifugal force.

Centrifugal Couple, C.=F. xhcosd

mvz

=——hcos@
R

Centiifugal C'ouple
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The Centrifugal couple will act over the two wheeler outwards ie., in the
anticlockwise direction when seen from the front of the two wheeler. This couple tends to
overturn/topple the vehicle in the outward direction as shown in Fig.78

Therefore, the total Over turning couple: C=Cg + C¢

Reactive gyro.

¥ couple >
Cent. couple

"

L4

W=mg

Fig.79

2 2
C=-—(21, +Gl,) cos® + — h cosd
Rr R

For the vehicle to be in equilibrium, overturning couple should be equal to balancing
couple acting in clockwise direction due to the weight of the vehicle and rider.

For the stability, overturning couple must be equal to balancing couple,

2 2
;— (21, +Gl,) cosO + ﬂ;— h cos@ = mgh sinf
Ty

|
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Therefore, from the above equation, the value of angle of heel (0) may be determined, so
that the vehicle does not skid. Also, for the given value of the maximum vehicle speed in the turn
without skid may be determined.

Problem 5

A motorcycle and its rider together weighs 2000 N and their combined centre of gravity is

550 mm above the road when motorcycle is upright. Each wheel is of 580 mm diameter and has a

moment of inertia of 1.0 kgm2. The moment of inertia of rotating parts of engine is 0.15 kg m?.

The engine rotates at 5 times the speed of the vehicle and the same sense. Determine the angle of
heel necessary when motorcycle is taking a turn over a track of 35 m radius at a speed of 60 kmph.

Solution:

Velocity of vehicle: 60 = 1000
"= T 3600
2x16.67

. 2
Angular velocity of wheel: o= E_r — 57.48 rad/s
| o

= 16,67 m/s

. ) v 16.67
Angular velocity of precession: @, = T 0.476 rad/s

(1) Gyroscopic couple due to two wheels:

Cw =1Ly wopcost
=2x1 0x537T48x0476xcosG
= 3472 cosBNm
(1) Gvroscopic couple due to rotating parts of engine:
Cg = IE Goog cosb
=015x5x5748x 0476 x cosb

= 20.52costNm
(111) Centrifugal force due to angular velocity of die wheel:

mv’ 2000 x 16.67°
TR 981x35

=1618.TN

Centrifugal couple: Ce = 1618.7 x0.55 cosb
= E00.28 cos 6Nm

Total overturning couple: =Cw+Ce+Ce
(34.72 + 20,52 + 800 28) cosb
965.52 costNm

Balancing couple - ;.4 sing

2000 .
m » 9.81 % 0.558ing

1100 sinf Nm

For the stability of motorcycle, overturning couple should be equal to resisting couple.

|
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1100 sinB= 96552 cosb

tan & =@ =0.877
1100

heel angle: 8 = 41.27°

Problem 6

A motor cycle with its rider has a mass of 300 kg. The centre of gravity of the machine
and rider combined being 0.6 m above the ground with machine in vertical position. Moment of

inertia of each wheel is 0.525 kg m? and the rolling diameter of 0.6 m. The engine rotates 6 times
the speed of the road wheels and in the same sense. The engine rotating parts have a mass moment

of inertia of 0.1686 kg m?. Find (i) the angle of heel necessary if the vehicle is running at 60 km/hr
round a curve of 30 m (ii) If the road and tyre friction allow for the angle of heel not to exceed

50°, what is the maximum road velocity of the motor cycle.
Solution:

m = 300 kg, h = 0.6 m, Iy = 0.525 kg m2, dw=0.6 m; ny=0.3m, G =6, I =0.1686 m,
V= 60km/hr = 16.66 m/s, R = 30 m (i) 6=2 (ii) 6= 50° V=2

(1) Angle of heel,

We have,

2 2
;— (21, +Gl,) cosO + % h cos@ = mgh sin@
Ty

. 16.66% [2x0.525 + 6x0.1685
" 30 0.3

+ 300 x 0.6] cos @ = 300x9.81x0.6xsin 8

8 = 45°

(i)  Given, 0 =50° V=2,

2 2
;— (21, +Gl,) cosO + m—;— h cos@ = mgh sin@
L

_V?[2x0525 +6x 0.1685
30 0.3

+300x0.6 ] cosS50 = 300x 9.81 x 0.6 xsin 50

=V = 66 Kmph
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1.6.2 Stability of Four Wheeled Vehicle negotiating a turn.

Stable condition [Unstable Condition

Fig.81

—

Consider a four wheels automotive vehicle as shown in Figure 82. The engine is
mounted at the rear with its crank shaft parallel to the rear axle. The centre of gravity of the
vehicle lies vertically above the ground where total weight of the vehicle is assumed to be
acted upon.

Let
m = Mass gf the vehicle (kg)
W = Weight of the vehicle (IN)=m.g,
h = Height of the centre af gravity of the vehicle (m)
rw = Radius of the wheels (m)
R = Radius af track or curvatore (m)
?F = jlgass moment af inertia -:j;_’ e;!ach wheea{ {kg—m'{}_ ; (kgm?)
'z = Mass moment af inertia of the rotating parts of the engine (£g-m
o = Angular velocﬁy of the wheels
gaﬁs mE = Angular velocity of the engine
rad/s
= Gear ratio = e/ oW,
v = Linear velocity w=r w, of the vehicle (m/’s} = e x = Wheel track (m)
b =Wheel baze (m)
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REAR WH'E"ELS

{
J

INNER WHEELS
OUTFR WHFEFLS ‘ Wheel base
)

w

FRONT WHEELS

Left turn =
Fig.82

(i)  Reaction due to weight of Vehicle

Weight of the vehicle. Assuming that weight of the vehicle (ng) is equally distributed over
four wheels. Therefore, the force on each wheel acting downward is mg/4 and the reaction by
the road surface on the wheel acts in upward direction.

R =TE
4

{(ii)  Effect of Gyroscopic couple due to Wheel

Gyroscopic couple due to four wheels is,

Cw=4Iynop

(111) Effect of Gyroscopic Couple due to Engine
Gyroscopic couple due to rotating parts of the engine

CE=IEnnp=IEG nnp
Therefore_ total gyroscopic couple:

Cg=Cw+ CE= wop (4w = IEG)

When the wheels and rotating parts of the engine rotate in the same direction, then positive
sign is used in the above equation. Otherwise negative sign should be considered.

Assuming that the vehicle takes a left turn, the reaction gyroscopic couple on the vehicle acts
between outer and inner wheels.

|
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f X
$PINVECTOR K—? <

I

PRECESSION VECTOR

1
SPNVECTOR ,
E \‘_4
(0]

Fig 83
This gvroscopic couple tends to press the outer wheels and lift the inner wheels,

Reactive Gyvro. Couple

¥\

OUTER WHEELS ASHER WasLh

x—
P P

Fig.84
Due to the reactive gyroscopic couple, vertical reactions on the road surface will be

produced. The reaction will be vertically ypwords on the outer wheels and verfically
downwords on the inner wheels. Let the magnitude of this reaction at the two outer and inner

wheels be P Newtons, then,
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(iif) Effect of Centrifugal Couple
When a vehicle moves on a curved path, a centrifugal force acts on the vehicle in outward
direction through the centre of gravity of the wvehicle (Fig)

Reactive Gwro. C ‘ouple

OUTER \\mus@ INNER WHEELS

1;x

Centrifugal force,

—

Fig.86

Due to the centrifugal couple, vertical reactions on the road surface will be produced.
The reaction will be vertically upwards on the outer wheels and vertically downwards on the
inner wheels. Let the magnitude of this reaction at the two outer and inner wheels be F
Newtons, then,

Centrifugal Couple

¢\

OUTER WHEELS INNER WHEELS
v 4

F
Fig.87

Ce
2X

F

Road reaction on each outer/Inner wheel,

F_
> =
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OUTER WHEELS INNER WHEELS
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Problem 7

An automobile car is travelling along a track of 100 m mean radius. The moment of
inertia of 300 mm diameter wheel is 1.8 kg m?. The engine axis 15 parallel to the rear axle and
crank shaft rotates in the same sense as the wheel. The moment of inertia of rotating parts of
the engine 15 1 kg m?. The gear rafio 15 4 and the mass of the vehicle 15 1500 kg. If the centre

of gravity of the vehicle is 430 mm above the road level and width of the track of the vehicle
15 14 m, determine the limiting speed of the wvehicle for condition that all four wheels
maintain contact with the road surface.

Kolution Let = limiting velocity of the vehicle.

_
alae - =—=— radfs
Angular velocity: @ = s

W Ly
@, =—=——rad's
Precession velocity: R 100

(1) Reaction due to gyroscopic couple:

(2) Gyroscopic couple due to four wheels:

C, =4 wa,

=4X2x——x—— =032+ Nm
0.25

(b) Gvroscopic couple due to engine parts:
C, = 1,Gox,
Vv v 3
=lxd K ——u—=0.16v" Nm
100

0.25
FReaction due to total gvroscopic couple on each outer wheel:

C 2 .
e 048 o 16vN(T)
£ 2 2x%15

|
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FReaction due to total gyroscopic couple on each inner wheel:

C, = 0.16 v'N ()

(11) Feaction due to centrifugal couple:

mv® 1500 % v
; . F ===
Centrifogal force: =g 100

=15*N

Cwverturning couple due to centrifugal force:

Cc=FcKh

=15vx 045=6.75 v Nm
Vertical downward reaction on each inner wheel is:

C, _6.75v

 =—£= =225v"N{)
26 2x15

(111) Reaction due to weight of the vehicle:

mg 1500981
R._ =T e

=3678.75N (D)

The limiting condition to avoid lifting of inner wheels from the road surface is:

o Ri=R,-R.-Rg>0

R,>R.+R,
3678.75 = 2.25+% + 0.16 v

v = 3907 m/s. or 140.65 kmph
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Force Analysis

Static Force Analysis
Introduction

A machine is a device that performs work and, as such, transmits energy by means
mechanical force from a power source to a driven load. It is necessary in the design machine
mechanisms to know the manner in which forces are transmitted from input to the output, so that
the components of the machine can be properly size withstand the stresses that are developed. If
the members are not designed to strong enough, then failure will occur during machine operation;
if, on the other hand, the machine is over designed to have much more strength than required, then
the machine may not be competitive with others in terms of cost, weight, size, power requirements,
or other criteria. The bucket load and static weight loads may far exceed any dynamic loads due
to accelerating masses, and a static-force analysis would be justified. An analysis that includes
inertia effects is called a dynamic-force analysis and will be discussed in the next chapter. An
example of an application where a dynamic-force analysis would be required is in the design of
an automatic sewing machine, where, due to high operating speeds, the inertia forces may be
greater than the external loads on the machine.

Another assumption deals with the rigidity of the machine components. No material is
truly rigid, and all materials will experience significant deformation if the forces, either external
or inertial in nature, are great enough. It will be assumed in this chapter and the next that
deformations are so small as to be negligible and, therefore, the members will be treated as though
they are rigid. The subject of mechanical vibrations, which is beyond the scope of this book,
considers the flexibility of machine components and the resulting effects on machine behaviour.
A third major assumption that is often made is that friction effects are negligible. Friction is
inherent in all devices, and its degree is dependent upon many factors, including types of bearings,
lubrication, loads, environmental conditions, and so on. Friction will be neglected in the first few
sections of this chapter, with an introduction to the subject presented. In addition to assumptions
of the types discussed above, other assumptions may be necessary, and some of these will be
addressed at various points throughout the chapter.

The first part of this chapter is a review of general force analysis principles and will also
establish some of the convention and terminology to be used in succeeding sections. The
remainder of the chapter will then present both graphical and analytical methods for static-force
analysis of machines.

Free-Body Diagrams:

Engineering experience has demonstrated the importance and usefulness of free-body
diagrams in force analysis. A free-body diagram is a sketch or drawing of part or all of a system,
isolated in order to determine the nature of forces acting on that body. Sometimes a free-body
diagram may take the form of a mental picture; however, actual sketches are strongly
recommended, especially for complex mechanical systems.

Generally, the first, and one of the most important, steps in a successful force analysis is
the identification of the free bodies to be used. Figures 5.1B through 5.1E show examples of
various free bodies that might be considered in the analysis of the four-bar linkage shown in Figure
5.1A. In Figure 5.1B, the free body consists of the three moving members isolated from the frame;
here, the forces acting on the free body include a driving force or torque, external loads, and the
forces transmitted:

|
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'«_--'_lII I\..‘f'

ol [

Oy

Figure 5.1(A) A four}bar linkage.

Faa lK‘

Figure 5.1(B) Free-body diagram Figure 5.1(C) Free-body diagram of
of the three moving links two connected links

—

Figure 5.1(D) Free-body diagram Figure 5.1(E) Free body diagram
of a single link of part of a link.

1
- 1y

» 5.1.2 Sratic Equilibrium:

For a free body in static equilibrium. the vector sum of all forces acting on the
body must be zero and the vector sum of all moments about any arbitrary point nmst
also be zero. These conditions can be expressed mathematically as follows:

Y FE=0 (5.14)
3T =0 (5.1B)

Since each of these vector equations represents three scalar equations, there are a fotal
of six independent scalar conditions that nmst be safisfied for the general case of
equilibrivm vnder three-dimensional loadmg.

There are many situations where the loading is essentially planar; in which case,
forces can be described by two-dimensional vectors. If the xy plane designates the
plane of loading, then the applicable form of Eqs. 5.1A and 5.1B 1s:-

S FE =0
2.F, =0
3T =0

(5.24)
(5.2B)
(320

Eqgs. 3.2A to 5.2C are three scalar equations that state that, for the case of two-
dimensional xy loading, the summations of forces m the x and y directions nmst
mdmidually equal zero and the summation of moments about any arbitrary point m
the plane nmst also equal zero. The remainder of this chapter deals with two-
dimensional force analysis. A common example of three-dimensional forces 15 gear
forces.

|
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5.1.3 Superposition:

The principle of superposition of forces is an extremely useful concept, particularly in
graphical force analysis. Basically, the principle states that, for linear systems, the net effect of
multiple loads on a system is equal to the superposition (i.e., vector summation) of the effects of
the individual loads considered one at a time. Physically, linearity refers to a direct proportionality
between input force and output force. Its mathematical characteristics will be discussed in the
section on analytical force analysis. Generally, in the absence of Coulomb or dry friction, most
mechanisms are linear for force analysis purposes, despite the fact that many of these mechanisms
exhibit very nonlinear motions. Examples and further discussion in later sections will demonstrate
the application of this principle.

5.1.4 Graphical Force Analysis:

Graphical force analysis employs scaled free-body diagrams and vector graphics in the
determination of unknown machine forces. The graphical approach is best suited for planar force
systems. Since forces are normally not constant during machine motion. Analyses may be required
for a number of mechanism positions; however, in many cases, critical maximum-force positions
can be identified and graphical analyses performed for these positions only. An important
advantage of the graphical approach is that it provides useful insight as to the nature of the forces
in the physical system.

This approach suffers from disadvantages related to accuracy and time. As is true of any
graphical procedure, the results are susceptible to drawing and measurement errors. Further, a
great amount of graphics time and effort can be expended in the iterative design of a machine
mechanism for which fairly thorough knowledge of force-time relationships is required. In recent
years, the physical insight of the graphics approach and the speed and accuracy inherent in the
computer-based analytical approach have been brought together through computer graphics
systems, which have proven to be very effective engineering design tools. There are a few special
types of member loadings that are repeatedly encountered in the force analysis of mechanisms,
These include a member subjected to two forces, a member subjected to three forces, and a
member subjected to two forces and a couple. These special cases will be considered in the

following paragraphs, before proceeding to the graphical analysis of complete mechanisms.

> 5.2.1 Analysis of a Two-Force Member:

A member subjected fo two forces is in equilibrium if and only if the two
orces (1) have the same masnitude, (2) act along the same line, and (3) are opposite
in sense. Figure 5.2A shows a free-body diagram of a member acted upon by forces

Fand F, where the pomnts of application of these forces are points A and B. For
equilibrinm the directions of F and F,nmst be along line 4B and F mmst equal —F,
graphical vector addition of forces F and F,1s shown in Figure 5.2B. and. obviously,
the resultant net force on the member is zero when# =—F,. The resultant moment

about any point will also be zero.

Thus, if the load application points for a two-force member are known the
line of action of the forces is defined. and it the magnitude and sense of one of the
forces are known then the other force can immmediately be determuned. Such a
member will either be in tension or compression.

F,

Figure 5 2(A) A two-force member. The

resultant force and the resultant moment Figure 5.2(B) Force summation for a
both equal Zero. two-force member
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> 5.2.2 Analysis of a Three-Force Member:

A member subjected to three forces is in equilibrium if and only if’ (1) the
resultant of the three forces is zero, and (2) the lines of action of the forces all
infersect at the same point. The first condition guarantees equilibrmm of forces, while
the second condition guarantees ecuilibrmm of moments. The second condition can
be vnder-stood by considering the case when it is not satisfied. See Figure 5.3A If
mements are summed about point F, the intersection of forces Fand F), then the
moments of these forces will be zere, but F,will produce a nonzero moment,
resulting i a nonzero net moment on the member. On the other hand, if the lne of
action of force F, also passes through point P (Figure 5.3B), the net moment will be
zero. This comwnon pomt of intersection of the three forces is called the point of
CONCTMTENCY.

A typical sifuation encountered is that when one of the forces, F|| iz known
completely, magnitude and direction, a second force, F,. has known direction but
unlmown magnitude. and force Fohas nokmown magnitude and direction The
graphical solotion of this case 5 depicted m Figures 5 4A through 5.4C. First, the
free-body diagram is drawn to a convenient scale and the points of application of the
three forces are identified. These are points 4, B, and C. Next, the known force F| i3
drawn on the diagram with the proper direction and a spitable magnitude scale. The
direction of force F, is then drawn. and the mtersection of this kne with an extension
of the line of action of force F| is the concurrency point P. For equilibrivm, the line
of action of force F, nmst pass through pomnts C and F and is therefore as shown m
Figure 5.4A

The force equilibrinm condition states that

E+F+F =0

Figure 5.3(B) The three forces Figure 5.3(A) The three forces on the
intersect at the same point P, called member do not intersect at a common
the concurrency point, and the net pomt and there is a nonzero resultant
moment s zero. moment.

Since the directions of all three forces are now known and the magnitude of F1 were given, this
equation can be solved for the remaining two magnitudes. A graphical Solution follows from the
fact that the three forces must form a closed vector loop, called a force polygon. The procedure is
shown in Figure 5.4B. Vector 1F is redrawn. From the head of this vector, a line is drawn in the
direction of force F2, and from the tail, a line is drawn parallel to Fs. The intersection of these
lines closes the vector loop and determines the magnitudes of forces 2F and Fs. Note that the same
solution is obtained if, instead, a line parallel to sF is drawn from the head of F1, and a line parallel
to F2 is drawn from the tail of F1. See Figure 5.4C.
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Concurrency point P

Figure 5.4{A) Graphical force
analysis of a three- force member.

— Line of action of F;

Line of action F3

Figure 5.4(B) Force polvgon for the Figure 5.4(C) An equivalent force
three forces member. polvgon for the three force member

This 15 so because vector addition is commmuitative, and, therefore, both force
polvgons are equivalent to the vector eguation above. It is mmportant to remember
that, by the definition of wector addition. the force polygon corresponding to the
general force equation
Y FE=0
Will have adjacent vectors connected head to tail This principle is used n identifying
the sense of forces F, and F,in Figures 54B and 5 4C. Also, if the lines of action of
F and F,are parallel"” then the point of concurrency is at infinity, and the third force
F, mmst be paralle]l to the other two. In this case, the force polygon collapses to a
straight line.

» 5.3.1 Graphical Force Analysis of the Slider Crank Mechanism:

The slider crank mechanism finds extensive application in reciprocating compressors,
piston engines, presses, toggle devices, and other machines where force characteristics are
important. The force analysis of this mechanism employs most of the principles described in
previous sections, as demonstrated by the following example.

¥ EXANMPLE 5.1

Static-force analysis of a sbder crank mechamsm is discussed. Consider the slhider
crank lmkage shown in Figure 5 54 representing a compressor, Which is operating at
so low a speed that mertia effects are negligible. It is also assumed that gravity
forces are small compared with other forces and that all forces lie in the same plane.
The dimensions are OF = 30 mm and BC = 70 numm we wish to find the required
crankshaft torque T and the bearing forces for a total gas pressure force P = 40N at

the instant when the crank angle ¢ =45° . OF = 30 mm

BC = 70 mm
Figure 5 5(A) Graphical force _ ¢ =45°
analysis of a slider crank .
mechanism which is acted on by
piston force P and crank torgque T

SOLUTION

The graphical analysis is shown in Figure 5 5B. First, consider connecting rod 2. In
the absence of gravity and inertia forces, this link is acted on by two forces onby, at
pins 5 and C. These pins are assumed fo be frictionless and. therefore, transmit no
torque. Thms, hnk 2 1s a two-force member loaded at each end as shown The forces
F. and F,, lie along the link producing zero net moment, and nmst be equal and
opposite for equilibrmum of the link. At this point. the magnitude anjd sense of these
forces are unknown
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Next, examune piston 3, which is a three-force member. The pressure force F is
completelv known and is assumed fo act throngh the center of the piston (ie.. the
pressure distribution on the piston face 15 assumed to be synmetric). From Newton's
third law, which states that for every action there is an equal and opposite reaction it
follows that F; = —F,, and the direction of F.; is therefore known In the absence of
friction, the force of the cylinder on the piston F;, is perpendicular to the cylinder
wall, and it also mwst pass through the concurrency point, which is the piston pin C.
Now, knowing the force directions, we can construct the force polvgon for member 3
(Figure 5.53B). Scaling from this diagram the contact force between the cylinder and
piston 15 F, =12.70N , acting upward. and the magnitude of the bearing force at O 1s
F,=F,=420N . This is also the bearing force at crankpin B, because F, =—F,,.
Further, the force directions for the comnecting rod shown in the fisure are correct,
and the Ink is in compression.

Finally, crank 1 15 subjected to two forces and a couple T (the shaft torque T 1is
assumed to be a couple). The foree at B is F, =—F,, and 15 now known For force
equilibrium F;, =—F, as shown on the free-body diagram of link 1. However these
forces are not collinear, and for equilibrmm the moment of this couple mmst be
balanced by torque I. Thus, the required torque is clockwise and has magnitude

T =F,h =(42.0N )26.6mm)=1120N mm =1.120N m

It should be emphasized that this is the torque required for static equilibrivm in the
position shown m Figure 9.10A. If torque mformation is needed for a complete
compression cycle, then the amalysis nmst be repeated at other crank posttions

throughout the cycle. In general. the torque will vary with position

Figure 5.5(B) Static force
balances for the three
moving links, each
considered as a free body
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» 5.3.1 Graphical Force Analysis of the Four-Bar Linkage:

The force analysis of the four-bar linkage proceeds in nmich the same mamner as that
of the shder crank mechanism However, in the following example, we will consider
the case of external forces on both the coupler and follower links and will utilize the
principle of superposition.

¥ EXAMPLE 5.2

Static-force analysis of a four-bar linkage is considered. The link lengths for the four-
bar linkage of Figure 5.6 A are given in the figure. In the position shown, coupler link
2 is subjected to force F» of magnitude 47 N, and follower link 3 is subjected to force
F3, of magnitude 30 N Deternune the shaft torque I7 on input link]1 and the bearing
loads for static equilibriim.

LB = 30 mm
BC =100 mem
Q490 =5 mm

Total problem Sub problem I + Sub problem IT

Figure 5.6(A) Graphical force analysis of a four-bar linkage,
utilizing the principle of the superposition
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SOLUTION
As shown m Figure 5.6A the solution of the stated problem can be obtamned by

superposition of the solutions of sub problems I and [T In sub problem 7, force Fj is
neglected, and in sub problem II, force F» is neglected. This process facilitates the
solution by dividing a more difficult problem into two simpler ones.

The analysis of sub problem [ is shown in Figure 5.6B. with quantifies
designated by superscript [ Here, member 3 is a two-force member because force Fi
is neglected. The direction of forces Fand F are as shown and the forces are

equal and opposite (note that the magnitude and sense of these forces are as wet
vnknown), This information allows the analysis of member 2. which is a three-force
member with completely known force F, known direction for F,, and, using the

concurrency point, known direction for F.. Scaling from the force polygon. the
following force magnitudes are determined (the force directions are shown in Figure
(5.6B):

Fj=Fy=F;=210N Fy=Fy =36N

Link 1 is subjected to two forces and coupleT,'. and for equilibrinm.
Fi =200N w =Fy =Fy

And: T} =FLh'=(36N )(1lmm)=396N mm CW

The analysis of sub problem I 5 very similar and is shown in Figure 5.6C, where
superscript IT 1s used. In this case, link 2 15 a two-force member and link 3 is a three-
force member, and the following results are obtained:

Fll=20N U _FL_FY 17N
And; T =FUp" = (17N )(26mm) = 442N mm CW

The superposition of the results of Figures 5.6B and 5.6C i1s shown m Figure 560
The results omst be added vectorally, as shown By scaling from the free-body
diagrams, the overall bearing force magnitudes are

lo.a = line of action

Figure 5.6B
The solution of
sub problem I
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F, = 50N F, =3IV
F,=50N F, =40N

And the net crankshaft torque is

T, =T} +T" =306N mm +442N mm =838V mm  CW

The directions of the bearing forces are as shown in the figure. These resultant
quantities represent the actual forces experienced by the mechanism It can be seen
from the analysis that the effect of the superposition principle, in this example, was to
create sub problems contaming two-force members, from which the separate analyses
could begin In an attemypt of a graphical analysis of the origmal problem without
superposition, there is not enough mtuitive force information to analyze three-force
members 2 and 3, because none of the bearing force directions can be determined by
mspection

Leva, = lre of oction

Figure 5.6C
The soltion of
sub problem IT
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/I/hl_;lnic Force Ana]\;F
x‘ - ’_//

P 5.4.1 D'Alembert's Principle and Inertia Forces:

An mmportant principle, known as d'Alembert's principle, can be derived from
Newton's second law. In words, d'Alembert's principle states that the reverse-gffective
forces and torgues and the external forces and torgues on a bodv together
give statical equilibrium.

F +i{—ma;)=0 (5.34)

T, +(—l,a)=0 (5.3B)
The terms in parentheses in Eqs. 3.3A and 538 are called the reverse-effective force
and the reverse-effective forque, respectively. These quantifies are also referred fo as
mertia force and nertia forque. Thus, we define the mertia force F, as

Fi=_maeg (5.44)
This reflects the fact that a body resists any change in its velocity by an mertia force
proportional to the mass of the body and its acceleration. The mertia force acts
through the center of mass & of the body. The mertia forque or mertia couple C, is
given by:

C =-l.«a (5.4B)
As indicated, the inertia torque is a pure torque or couple. From Egs. 5.4A and 54B,
therr directions are opposite to that of the accelerations. Substitution of Egs. 5.4A and

3.4B mfo Egs, 5.3A and 538 leads to eguations that are similar to those used for
static-force analysis:

SF=3F+F=0 (5.54)
Z'?_-!'F = ZTA} +Cr =0 {5'5B}

Where Zﬁ‘refers here to the summation of external forces and, therefore, is the
resultant external force, and >°T . is the summation of external moments. or resultant

external moment, about the center of mass &. Thus, the dynamic analysis problem is
reduced m form to a static force and moment balance where mertia effects are treated
m the same manner as external forces and torques. In particular for the case of
assumed mechanism mofion the merfia forces and couples can be determined
completely and thereafter treated as known mechanism loads.

Furthermore, d'Alembert's principle facilitates moment summation about any
arbitrary point P in the body, if we remember that the moment due to mertia force F,
nmist be included in the summation Hence,

Zi" =ZT--P +C, +R,. =F =0 (5.5C)
Where; ZT » 15 the summation of moments, mchuding mertia moments, about point
P ZT . 15 the summation of external moments about P, C. is the mertia couple

defined by Eq. 5.4B. F, 15 the inertia force defined by Eq. 5.4A. and Rpg is a vector
from pomt P to poimt C. It is clear that Eq. 5.5B is the special case of Eq.5.5C, where
point P is taken as the center of mass G (ie., Ree=10).
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For a body in plane motion in the xy plane with all external forces m that plane.
Egs. 5.5A and 5.5B become:

TF, =3 F, +F, =3 F, +(-ma;)=0 (5.64)

> F,=>'F, +F, =3 F, +(-ma;)=0 (3.6B)

2T, =2T.+C =0T +(-.a)=0 (3.60)
Where ag, and a¢, are the x and y components of a¢. These are three scalar equations,
where the sign convention for torques and angular accelerations is based on a night-
hand xy: coordinate systenr that is. Counterclockwise is positive and clockwise
15 negative. The general moment sunmnation about arbitrary point P, Eq. 5.5C,
becomes:

3T, =3 T, +C, +Roe, Fy — Ry, Fi

=Z-?-.~_p +(=l;0)+ R, (-mag, ) — Ry, (—ma;, ) =0
Where Rpey and Rpgy are the x and y components of position vector Rps. This
expression for dynamic moment equilibriim will be useful in the analyses to be
presented i the following sections of this chapter.

(5.6D)

P 5.4.2 Equivalent Offset Inertia Force:

For purposes of graphical plane force analysis. it 15 convenient to define what is
known as the equivalent offset mertia force. This is a single force that accounts for
both translational mertia and rotational mertia corresponding to the plane motion of a
rigid body. Its derivation will follow, with reference to Figures 5.7A through 5.7D.

Figure 5.7A shows a rigid body with planar motion represented by center of
mass acceleration ac and angular acceleratione . The mertia force and inertia torque
associated with this mofion are also shown. The mertia forque —/_« can be expressed
as a couple consisting of forces Q and (- @) separated by perpendicular

h= |j-lfr ‘31 .-"|mq;

Figure 5.7 (A) Denvation of the equivalent offset inertia force associated with planer motion of a igid
body. (B) Beplacement of the inertia torgque by a couple. (C) The strategic choice of a couple. () The
single force 13 equivalent to the combination of a force and a torcque in fizure 5. 7(A)
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Distance , as shown in Figure 5. 7B. The necessary conditions for the couple to be
equivalent to the inerfia torque are that the sense and magnifude be the same
Therefore, in this case, the sense of the couple nmst be clockwise and the magnitudes
of @ and & nmst satisfy the relationship

| Q}i|=| ."G.rz|

Otherwise, the couple is arbitrary and there are an infinite number of possibilities that
will work. Furthermore, the couple can be placed anywhere in the plane.

Figure 5.7C shows a special case of the couple, where force vector () is equal to
mag and acts through the cenfer of mass. Force (- @) nmst then be placed as shown to
produce a clockwise sense and at a distance;

.| Lal_| La
rol ~[ma]

Force ¢ will cancel with the inertia force Fi= - mae, leaving the single equivalent
offset force shown m Figure 5. 7D, which has the following characteristics:

1. The magnitude of the force is | mac|.
2. The direction of the force is opposite to that of acceleration g .
3. The perpendicular offset distance from the center of mass to the line of
action of the force is given by Eq. 5.7,
4. The force is offset fiom the center of mass so as to produce a moment about
the center of mass that is opposite in sense to acceleration a.
The uwsefulness of this approach for graphical force analysis will be demonstrated in
the following section. It should be emphasized, however. that this approach is usually
vnnecessary in analytical solutions, where Eqs. 5.6A to 5.6D. Including the original
inertia force and inertia torque, can be applied directly.

(3.7

B 5.4.3 Dynamic Analysis of the Four-Bar Linkage:

The analysis of a four-bar lnkage will effectively illustrate most of the ideas
that have been presented; furthermore, the extension to other mechanism types should
become clear from the analysis of this mechanism

¥ EXAMPIE 5.3
The four-bar linkage shown i Figure 5.8A has the dimensions shown i the fizure
where & refers to center of mass, and the mechamsm has the followmg mass
properties:

m, =0.10kg I, =20kg mm’

m, =020kg I, =400kg mm"*

m, =030kg 1., =20kg mm’
Determine the mstantaneous value of drive torque T required to produce an assumed
motion given by mput angular veloclly @=9%mad /s counferclockwise and mput
angular acceleration ay = @ for the position shown in the fisure Neglect gravity and
friction effects.
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Figure 5 8(A)
The four-bar
0,04 =10 mm linkage of
@8 =30 mm . E!{EIII]]]IE 53
EE = 100 mm T

By =30 mm
Oy = 50 mm
(3G, = 26 mm

SOLUTION
This problem falls in the first analysis category that 15 given the mechamsm motion
determine the resulting bearing forces and the necessary mput torque. Therefore, the
first step in the solution process is to determine the mertia forces and inertia torques.
Thereafter, the problem can be treated as though it were a static-force analysis
problem

Kinematics analysis of the mechanism can be accomplished by usmng any of the
methods presented i earlier chapters. Figure 5.8B shows a graphical analysis
emploving velocity and acceleration polvgons. From the analysis, the following
accelerations are determined:

a,., = 0(Stationary Center of mass)  a, =0(given)

., =235.000.£312°mm / Sec’ o, =520rad /s cow
-, =235,0002308%mm / Sec” o, =2740md /50 cw

Where the angles of the acceleration vectors are measured counterclockwise from the
positive x direction shown in Figure 58A From Eqs. 5.4A and 54B, the inertia
forces and inertia torques are;

=0
1
=—m,a_, =47.0002132%g mm /5> =47.L132°N
L =—m.a,, =30,000£128%z mm /5* = 30£132°N
=0
i3 =—J o0, =208 000kg mm* /s cw = 208N mm cw

L ==I_,a, =274 000kg mm* /s ccw = 274N mm cow

The mertia forces have lines of action through the respective centers of mass, and the
mertia torqueses are pure couples.

The inertia forces have lines of action through the respective centres of mass, and the
inertia torques are pure couples.
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Velocity polygon

Figure 5.8(E)
3.8 radsec cow the velocity and
4.0 raddsec cow m]ﬂ.amil
analysis
necessary for
determination
of mertia forces
and mertia

«J\J:-z
wy =D

Acceleration polygon

a., =235.000£312°mm / Sec*
o, =520rad /Sec  cow

a., =100,0002308%mm / Sec*

& =2740rad /Sec  cw %
o0

2

GRAPHICAL SOLUTION

In order to simplify the graphical force anabvsis, we will account for the nertia
torques by mtroducing equivalent offset mertia forces. These forces are shown m
Figure 2 8C, and ther placement is determined according to the previous section. For
link 2, the offset force Fr is equal and paralle] to inertia force Fia. Therefore,

F,=47A132"°N
It 15 offset from the center of mass G by a perpendicular amount equal fo

And this offset is measured to the left as shown to produce the required clockwise
direction for the inertia moment about point &2 In a similar manner. the equivalent
offset inertia force for link 3 is
I, 7
F, =302128°N at an offset distance /i, = | Lo:ct| =21 0 13mm
| mga..| 30

Where this offset 15 measured to the right from G; to produce the necessary
counterclockwise inertia moment about Gz From the values of &y and A: and the
angular relationships. the force positions r2 and r; in Figure 5.8C are computed to

hy
' cos(132°-17°-00°)
s
cos(00°+85°—128°)

r, =BG =45.10mm

=38 40mm

r=04G;+
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Now, we wish to perform a graphical force analysis for known forces F and Fa.
This has been done in Example Problem 9.2, and the reader is referred to that

Figure 5.8(C)
Equivalent offset
mertia forces for

members 2 and 3

Analysis. The required input torque was found to be T =383 N.mm cw

ANALYTICAL SOLUTION

Having determined the eguivalent offset inertia forces Fy and F: the amalytical
solution could proceed according to Example Problem 9, 6, which examined the same
problem However, it 1s not necessary to convert to the offset force. and here we will
carry out the analytical solution in terms of the original inertia forces and inertia

Eigm‘e 5.8D shows the linkage with the mertia torques and the mertia forces m xy
coordinate form Consistent with Figure 9.15A we define the following quantities:

£ =30mm  {,=100mm  {;=>50mm

@ =135° ¢ =17° @ =85°

=0 r, = 30mm 1, =25mm

F, =4T7cos(132°)=-3140N F,, =47sin(132%)=34.90N

F,, =30cos(128%)=-18.50N F,, =30sin(128%) =23 60N

C,=-208N mm C,=274N mm

F,=F, =C=0

Figure 5.8(D)
Combinations of

inertia forces and
inertia torgques for
members 2 and 3
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Where the differences are due to round off
a,=-498 a, =292 B =-—786
ay, =436 dy, —95.6 b, =-1920
F.,=3130N F,=5030N
F,=4920N F,,=5030N

And T =—85IN nm

Then,

Thms. it can be seen that the general analviical solution of the four-bar linkage

presented m this Chapter for static-force analvsis = equally well suited for dynanuc-
force analysis. Before leaving this example, a couple of general comments should be
made.
First, the torque determined is the instantaneous value required for the prescribed
motion, and the wvale will vary with position Furthermore, for the position
considered, the torque is opposite in direction to the angular velocity of the crank
This can be explained by the fact that the mertia of the mechanism in this position is
tending to accelerate the crank in the counterclockwise dection, and, therefore, the
required torgque must be clockwise to mamntain a constant angular speed. If a constant
speed is to be maintained throughowt the mechanism cycle, then there will be other
positions of the mechanism for which the required torque will be counterclockwise.
The second comment is that it may be impossible to find a mechanism actuator, such
as an electric motor, that will supply the required forcque versus position behavior.
This problem can be alleviated, however, in the case of a "constant” rotational speed
mechanism through the use of a device called a flyvwheel, which is mounted on the
mput shaft and produces a relatively large mass moment of mertia for crank 1. The
flywheel can absorb mechamism torque and energy- variations with minima] speed
fluctuation and. thus, maintams an essentially constant mput speed. In such a case.
The assumed-motion approach to dynanuc-foree analysis is appropriate.

P 5.4.3 Dynamic Analysis of the Slider-Crank Mechanism:

Drymamic forces are a verv important consideration in the design of shider
crank mechanisms for use in machines such as mternal combustion engines and
reciprocating compressors. Dymamic-force analysis of this mechanism can be carried
out i exactly the same manner as for the four-bar linkage in the previous section
Following such a process a kinematics analysis 15 first performed from which
expressions are developed for the inertia force and mertia torque for each of the
moving members, These quantities may then be converted to equivalent offset nertia
forces for graphical amalysis or they may be refamed m the form of forces and
torques for analytical solution, utilizing, in either case, the methods presented in this
chapter. In fact, the analysis of the slider crank mechamnism is somewhat easier than
that of the four-bar linkage because there 1= no rofational motion and, in furn no
mertia torque for the piston or shider, which has franslating motion only. The
following paragraphs will describe an analvtical approach i defail
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Figure 594 is a schemafic diagram of a shder crank mechanism showing the
crank 1. the connecting rod 2, and the piston 3, all of which are assumed to be rigid.
The center of mass locations are designated by letter G, and the members have masses
mr, and moments of mertia Jg;, § = 1, 2, 3. The following analysis will consider the
relationships of the mertia forces and torques to the bearing reactions and the drive
torque on the crank at an arbifrary mechanism position given by crank anglegd
Friction will be neglected.

Figure 598 shows fiee-body diagrams of the three moving members of the
linkage. Applying the dwnamic equilibrmim conditions. Egs. 5.6A to 56D, to each
member vields the following set of equations. For the piston (moment equation not
mnchuded):

Fiay, +(—mag;) =0 (5.84)
F, +F, =0 (5.8B)

13y

Figure 5.9(A)
Drvnamic-force
analysis of a slider
crank mechanism

E_F" Mgy

Figure 5.9(B) Free-body diagrams of the moving members
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For the connecting rod (moments about point B):
By, +F,, +(-ma;,, )=0
F, +F

12y N +(_mla|$2y:|={}

Fp lsmB+F, (cos8+(—mqag,, ) ;sin g

+(—m!amy Waocos@+ (-1, ,a,)=0

For the crank {moments about point Or):
Fy, +Fy, +(-mag,, )=0 (58F)
Fy, +Fy, +(—-mya;, )=0 (58G)
T,-F,

2]rr5‘in¢+F2]yrms¢+(_mlq?Lr}rﬂ sin g

(5.8H)

+(—my,, I; cos P+ (=L ;) =0

Where T is the mput torque on the crank This set of equations embodies both of the
dymamic-force analysis approaches described in Newtfon's Laws. However, its form is
best suited for the case of known mechamism motion. as illustrated by the following

example.

Question 1:
The four-bar mechanism of Figure has one external force P = 200 Ibf and one

inertia force &= 150 Ibf acting on 1t. The system is in dynamic equilibrinm as a result
of torque T applied to link 2. Find T and the pin forces.
(a) Use the graphical method based on free-body diagrams.

x4 =30mm
AB = &0 mm
OB =45 mm
P= 2001  O:0:=90mm
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Very useful & important principles.

(i) Eguilibrimm of a body under the action of two forces only (no torgue)

Line of action

/

For body to the in Equilibrium under the action of 2 forces (only), the two forces must the equal
opposite and collinear. The forces must be acting along the line joining A&B.

That is,
Fa=- Fy (for equilibrium)

—_—

h

If this body is to be under equilibrium ‘h* should tend to zero

(ii) Egquilibrium of a body under the action of three forces only (no torgue [ couple)

For equilibrium, the 3 forces must be concurrent
and the force polygon will be a triangle.

(i) Eguilibrium of a body acted upon by 2 forces and a torgue.

counter couple. Therefore the forces must be
equal, opposite and parallel and their senses
must be 50 as to oppose the couple acting on the
body

/ f:—\f‘_ For equilibrium, the two forces must form a
II F4+g——ro
' h

[
[
!
L

h = Perpendicular distance between
Fi & F;

Free body diagram

The mass is separated from the system and all the forces acting on the mass are represented.
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Problem No.1: Shider crank mechanism

Figure shows a slider crank mechanism in which the resultant gas pressure 8 x 10° Nm? acts on
the piston of cross sectional area (1.1 m”. The system is kept in equilibrium as a result of the

couple applied to the crank 2, through the shaft at On. Determine forces acting on all the links
(including the pins) and the couple on 2.

P=(8x10%)x(0.1)

=8x10°N

Free body diagram

LcA
\ /(\ LDAF
T ‘Lm F

Force triangle for the forces acting on @is drawn to some suitable scale.

Magnitude and direction of P known and lines of action of Fiy & Fyy known,

Measure the lengths of vectors and multiply by the
scale factor to get the magnitudes of Fyy & Fsy.
Directions are also fixed.

32
= 29=10 N
F:'J-p- B X

~._ Fz3
(O

Since link 3 is acted upon by only two forces, Fys and Fa are collinear, equal in magnitude and
opposite in direction

ie, Fnp=—F, =88x10°N

Also, Fpa=- Fa;(equal in magnitude and opposite in direction).
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(¥ ]

Link 2 is acted upon by 2 forces and a torque
(stated in the problem), for equilibrium the two
forces must be equal, parallel and opposite and
their sense must oppose To,

There fore,
F,=-F, =8.8x 10°N

F3; & F; form a counter clock wise couple of magnitude,

(F. xhl=(F, xh) = [8.8x10°)x0.125 = 1100Nm.

To keep 2 in equilibrium, T should act clockwise and magnitude is 1100 Nm.
Important to note;

i) his measured perpendicular to Fap & Fio;

ii) always multiply back by scale factors.

Problem No 2. Four link mechanism.

A four link mechanism is acted upon by forces as shown in the figure. Determine the torque T>
to be applied on link 2 to keep the mechanism in equilibrium.

AD=50mm, AB=40mm, BC=100mm, Dc=75mm, DE= 35mm,

Link 3 is acted upon by only two forces F; & Fy; and they must be collinear & along BC.

Link 4 is acted upon by three forces Fs, Fas & Fy and they must be concurrent. LOA Fay is
known and Fr completely given.
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Vs
\
3* = Py, »-Fa3” 478N %
r?S'

r2: LT7T8x39.3
: |8.78 N-mm

F3; & F; from a CCW couple which is equaled by
a clockwise couple T,

Problem No 3.

Determine T to keep the mechanism in equilibrium
AC=70mm,
AB=150mm,
Fe =100ON ;A= 40mm

F43

b —s

Ty* Fsz)‘k i Fl?-d'L

Fx and F; form a CCW couple and hence T acts clock wise.
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Problem No 4.
Determine the torque T2 required to keep the givcn mechanism in equilibrium.

0,A=30mm, =AB=0.B, 0,0:=60mm, AQ0:0,=60°, BC= 19mm, AD=15mm.

ched wpon b
‘f; :;z,,dya{'e

307(9 1]14%7[’# @

(cw) Vechov' Seale | 10wy = loon

T =4 60x25 = 11500 N-mm,

|
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Problem No 5.
Determine the torque T, required to overcome the force Fg along the link 6.

AD=30mm, AB=90mm. Oy B=60mm, DE=80mm, 0; A=50mm, O, O; =70mm

’:5(,: .75 N
F,.= 10125 N
7]
= 20 MM ' Fe F =F.,=F
SCALE: ICM = FoRCE 65="56" '35
TRIANGLE

o D
fom = 250 M p '@2
t:l

6

®

A =25 s e MM = ED MM

T,* Fazwh=- Frz'”h = 1300 =50

= 65000 W -MM
)

|
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Problem No 6

For the static equilibrium of the quick return mechanism shown in fig. 12.11 (a), determine the
input torque Tz to be applied on link AB for a force of 300N on the slider D. The dimensions of
the various links are OA=400mm. AB=200mm, OC=800mm, CD=300mm

Than, torque on link 2,

Ta= Esx h=403x120= 48 360 N counter - clockwise
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DYNAMIC FORCE ANALYSIS:

It is defined as the study of the force at the pin and guiding surfaces and the forces
causing stresses in machine parts, such forces being the result of forces due to the
motion of each part in the machine. The forces include both external and inertia
forces. Inertia forces in high speed machines become very large and cannot be
neglected, Ex: Inertia force of the piston of an automobile travelling at high speed
might be thousand times the weight of the piston. The dynamic forces are
associated with accelerating masses.

If each link, with its inertia force and force applied to the link can be considered
to be in equilibrium, the entire system can also be considered to be in equilibrium.

Determination of force & couple of a link

(Resultant effect of a system of forces acting on a rigid body)

G=c.g point
F,& F,: equal and opposite forces
acting through G (Parallel to F)

F: Resultant of all the forces acting
on the rigid body.

h: perpendicular distance between F
& G

m = mass of the rigid body

Note: F=F, & opposite in direction; they can be cancelled with out affecting the
equilibrium of the link. Thus, a single force ‘F° whose line of action is not
through G, is capable of producing both linear & angular acceleration of CG of
link.

F and F, form a couple.

T=Fx h=10=mk" o (Causes angular acceleration)

Also, F; produces linear acceleration, f.
F|: I]'If

Using 1 & 2, the values of ‘f" and *«’ can be found out if F,, m, k & h are known.

|
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D’Alembert’s principle:

Final design takes into consideration the combined effect of both static and dynamic force
systems. D’ Alembert’s principle provides a method of converting dynamics problem into a static
problem.

Statement: The vector sum of all external forces and inertia forces acting upon a rigid
body is zero. The vector sum of all external moments and the inertia torque, acting upon the rigid
body is also separately zero. In short, sum of forces in any direction and sum of their moments
about any point must be zero.

Inertia force and couple: Inertia: Tendency to resist change either from state of rest or of
uniform motion Let ‘R’ be the resultant of all the external forces acting on the body, then this ‘R’
will be equal to the product of mass of the body and the linear acceleration of c.g of body. The
force opposing this ‘R’ is the inertia force (equal in magnitude and opposite in direction).

(Inertia force is an Imaginary force equal and opposite force causing acceleration).

If the body opposes angular acceleration (o) in addition to inertia force R, at its cg, there
exists an inertia couple Ig x o, Where Ig= M I about cg. The sense of this couple opposes a. i.e.,
inertia force and inertia couple are equal in magnitude to accelerating force and couple
respectively but, they act in opposite direction.

Inertia force (F)=Mx f,
(mass of the rigid body x linear acceleration of cg of body)

Inertia couple (C;)=I x o perpendicular to the plane of motion | | acceleration

-

MMI of the rigid body about an axi::.} [Ang_ular }

Dynamic Equivalence:

The line of action of the accelerating force can also be determined by replacing
the given link by a dynamically equivalent system. Two systems are said to be
dynamically equivalent to one another, if by application of equal forces, equal
linear and angular accelerations are produced in the two systems.

|
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i.e., the following conditions must be satisfied;

i) The masses of the two systems must be same.
ii) The cg’s of the two systems must coinside.
iii) The moments of inertia of the two systems about same point must be
equal, Ex: about an axis through cg.

Rigid body G=cug.
Xy .

m = mass of the rigid body

k, = radius of gyration about
an axis through G and
perpendicular to the plane

m,, m, — masses of dynamically
equivalent system at a, & a,
from G (respectively)

As per the conditions of dynamic equivalence,

m=m;+ m, .. (a)
m; a; = ms3 a; . (b}
mk, =m; a”+ma° .. (c)

Substituting (b) in (c),

mk;:(m: a,)a, +(m, a)a

= ﬂ| ﬂ.: (ITI2+[I]|) = El.| 32 {m]
I

. 2 2 2 Tg
ie., ko =a a [, =mk,~ ork, =—]

m

—=aa,
m

|
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Inertia of the connecting rod:

{
¢

B ' Connecting rod to be replaced by a
A massless link with two point
'@ masses M, & my.
| s
! : m = Total mass of the CR m & my
point masses at B& D.

E

2
r,

|

L b |
1 |
my WM

my +my = m - )

my, % b=mgx d — — (ii)

Substituting (ii) in (i):

o m L]
m ny K—|=m
b B
b+d
m, | 1 +—|= ar m, =m
d d

4
or m, = B—
™ m[bmJ ®

. b
Similarly: my = m[ ; +d] —— (D

Also; T =m, b* +m,d"

d . b,
_m[b+d)b +m(_b+d_]d [ from (1) & (2]

= mbd b+d = mbd
b +d

Then, mk; =mbd, (since I=mk )
k;=bd

|
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The result will be more useful if the 2 masses are located at the centers of
bearings A & B.

Let m, = mass at A and dist. AG=a

Since (a+b =1)

Similarly, mb:ﬂ,[ a ]=m%; (Since, a+b 1)
a

: P 5 (Proceeding on  similar
=m, +m, =....=mbd lines it can be proved)

Assuming: a=d. ' =1

i.e., by considering the 2 masses A & B instead of D and B, the inertia couple
(torque) is increased from the actual value. i.e., there exists an error, which is
corrected by applying a correction couple (opposite to the direction of applied
inertia torque).

The correction couple,
AT = o (mab—mbd)

= mb a_ (a—d)

=mb a_|la+b) - (b+ d)]

=mba_ (I-L) because(b + d =L)
As the direction of applied inertia torque is always opposite to the direction of

angular acceleration, the direction of the correction couple will be same as that of
angular acceleration i.e., in the direction of decreasing angle f5.

|
DEPT. OF ME, NRCM Mr. R Sai Syam, Asst. Prof.




DYNAMICS OF MACHINERY (23MES501)

Dynamic force Analysis of a 4 - link mechanism.

OABC is a 4-bar mechanism. Link
2 rotates with constant on. G,, Gs &
G; are the cgs and M, M, & M; the
masses of links 1, 2 & 3
respectively.

(A

()

———

What is the torque required, which, the shaft at o must exert on link 2 to give the
desired motion?

. Draw the velocity & acceleration polygons for determing the linear
acceleration of G,, Gs & G..

2. Magnitude and sense of o; & o4 (angular acceleration) are determined
using the results of step 1.

To determine inertia forces and couples
Link 2

F; = accelerating force (towards O)
F;, = inertia force (away from O)

Since o 1% constant, o> = 0 and no
inertia torque involved.

|
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Link 3

Linear acceleration of Gs (i.e., AG;)
is in the direction of Og, of

acceleration polygon.

F, = accelerating force

Fy=M3Ag

Inertia force F; acts in opposite direction. Due to o, there must be a resultant
torque T; = I5 o5 acting in the sense of o (I5 is MMI of the link about an axis
through Gs, perpendicular to the plane of paper). The inertia torque T} is equal
and opposite to T,

A

F., can replace the inertia force F., and inertia torque T';. F istangent to circle of radius hs
I,

from Ga. on the top side of it s0 as to oppose the angular acceleration o, 3=
M,AG,

Link 4

|
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Problem 1 :

It is required to carryout dynamic force analysis of the four bar mechanism shown in the figure.

o = 20rad /s (cw), oz = 160 rad/s” cw)

OA= 250mm, OG-= 110mm, AB=300mm. AG=150mm, BC=300mm, CGy=140mm,
OC=550mm, £AOC =6l"

The masses & MMI of the various members are

Link | Mass, m MMI (I Kem®)
2 20.7kg 0.01872

3 0 66ke 0.01105

4 2347kg 0.0277

Determine 1) the inertia forces of the moving members
ii) Torque which must be applied m@

(a) Scale: 1 cm = 10 cms

A) Inertia forces:
(i} (from velocity & acceleration analysis)

Vy=25020; Smis, Vy=dmls, Vyp =4T5mls
a, = 2505 207 100m/ s°, a, = 250:=160; A0m/ 5*

Therefore;
2 2
A=Y & 533340
CB 03
2 2
A = V_m= (4.75)
=3,
Og,=Ag, =48 m/s*: Og,= AG, =120m/ s
Og, =A,, =654 mls’
_ Ay 19

e, — =633 rad/s’
AB 03

=7521mls*

A, ;
a, A 1 430 radi s
CR 03
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Inertia forces (accelerating forces)

207
= 981 x 48 =993.6N (in thedirection of Og,)

F, =m, A,;=9.66x120=11592N (in thedirection of Og,)

=F., =m, A, =234T7 % 65.4=153494N (in thedirectionof Og,)

b Lo (@) (001872x160)
TR 993.6

=3.01=%10"m

=6.03x10"m

e (@) _(0.01105x63.3)
R 11592

15412y (00277 x430)

4 F4 1534.94

—776% 10" 3m

h

The inertia force F,.F,; & F;,have magnitudes equal and direction opposite to the mespective
accelerating forces and will be tangents to the circles of radius ha. ha & hy from Ga. Gy & Gy so
as 10 Oppose oy, oz & oy

F,=9936N _F,=11592N F,=133404N

Further, each of the links is analysed for static equilibrium under the action of all external force
on that link plus the inertia force.

Dyvnamic force analysis of a slider crank mechanism.

F, =load on the piston

Link mass
2 m;
3 ms
4 my
oz assumed to be constant
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Steps involved:
1. Draw velocity & acceleration diagrams
2. Consider links 3 & 4 together and single FED written (elimination F., & F,; )

3. Since, weights of links are smaller compared to inertia forces, they are neglected unless
specified.
. Accelerating forces F, , F; & F, act in the directions of respective acceleration vectors

Og, Og, &Dgp

Magnitudes: F,=m, AG, F,=m,AG, F;=mA,
F,,=F, F,=F, F, =F, (Opposite indirection)

Fia I.a,
. hy=—7+°-
F‘3 \ ! M 3ﬂr.u1

F’; is tangent to the circle with

h, radius on the RHS to oppose a,

Solve for To by solving the configuration for both static & inertia forces.

Dynamic Analysis of slider crank mechanism (Analytical approach)

Displacement of piston

=Y
]

x = displacement from IDC

x=BB, = BO - B,O
= BO - (B,A, + A,0)

=(l+r)— (Icos¢ +rcosd)

=(nr+r) — (rncos¢@ + rcosé)

=rl(n+1)— (ncos¢ +cos8)] cos@ =,/1—sin’ @
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=rl{n+]}— (yn*—sin*# +cnsﬁ'}l =1.||I—$
[

=rk]—cusﬁ']+(n—{m}J = |I

o i ;
(similary [=>r,—=n>>1 & max value of sin #=1})
r

o) n —sin" @ —n or nl.

x=r (l—cos#)

This represents SHM and therefore Piston executes SHM.

Velocity of Piston:

dv _ dv dol
ot a8 df

1
r{l—cosé)+n—(n* —sin 26’}_?] Z—H
t

. | i )
0+ sin# +D_E{n_ —sin2 &) ”‘{—Esmﬁ'cnsﬁ'j] ]

sin & +—5i"23
2/n* —sin® @

. ¥ - 3
Since, n” == sin” @,

S =rm[sin:5" +

sin 2&
n

Since n is quite large, Sl;jﬁ' can be neglected.

S v=rmsind
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Acceleration of piston:

a_dv_dv e
di  df i

—i rising + S0
de

cos 2&':|

=rm| cosH +
n

If n is very large;

a=ra cosd | (asinSHM)

Whena =10, at IDC,

1
i =rm1(l +—]
n

When 8 = 180, at 0DC,

2 |.]
a=ra|—1+—
n

Ald =_1§D, when the direction is reversed,
a =rmz(l ——I}
n

Angular velocity & angular acceleration of CR (o)

v =[lsing =r sing

.. sn#
sin @ =
n

Differentiating w.r.t time,

dg 1 dd
—ﬂ=—c05ﬁ' —

COs o
dt n it

cos e
o= o

‘ nlﬁllln:—sinzﬁ'

n

N A e
COS@= —4fn” —sin" &
n

|
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cosH
o = @k

’ -|,||n2—5in:ﬁ"

_dwo,  do, d¥
dt de i

[

d . -z
= — |::1:ISu.‘:"[n‘—51nI &) < |
dd

3 1
=" [ccs H%{nz—sin: #) T{-2sin# cosd) +(n"—sin* &) ? (-sin#)

cos’ #@—(n'—sin’ &)
El
{n’—sin” &)?

=’ sin’ @

(n"—1)
3
(n*-sin®@)?

=—@"sin#

Megative sign indicates that, o reduces (in the case, the angular acceleration of CR is CW)

DEPT. OF ME, NRCM

Mr. R Sai Syam, Asst. Prof.



DYNAMICS OF MACHINERY (ME3101PC)

UNIT-H
Engine Force Analysis and Turning Moment Diagram

Forces acting on the engine are weight of reciprocating masses & CR, gas forces, Friction
& inertia forces (due to acceleration & retardation of engine elements).

1) Piston effort (effective driving force)
- Net or effective force applied on the piston.
In reciprocating engine:

The reciprocating parts (masses) accelerate during the first half of the stroke and the inertia
forces tend to resist the same. Thus, the net force on the piston is reduced. During the later half of
the stroke, the reciprocating masses decelerate and the inertia forces oppose this deceleration or
acts in the direction of applied gas pressure and thus effective force on piston is increased.

In vertical engine, the weights of the reciprocating masses assist the piston during out
stroke (down) this increasing the piston effort by an amount equal to the weight of the piston.
During the in stroke (up) piston effect is decreased by the same amount.

Force on the piston due to gas pressure; FP = P1A1 — P2A2

P1 = Pressure on the cover end,

P2 = Pressure on the rod

A1 = area of cover end,

A2 = area of rod end,

m = mass of the reciprocating parts.

Inertia force (F;)=m a

™

7
Cos26 J (Opposite to acceleration of piston)

=m.r :uz[ Cos8 +

Force on the piston F=Fp- F
(if Fy frictional resistance is also considered)
F=F-F-F

In case of vertical engine, weight of the piston or reciprocating parts also acts as force.

F=Fr+mg-Fi-F

ii) Force (Thrust on the CR)

DEPT. OF ME, NRCM Mr. R Sai Syam, Asst. Prof.



DYNAMICS OF MACHINERY (ME3101PC)

F. = force on the CR

Equating the horizontal components,

F Cos¢=F or F. —
Cos~gh

iii) Thrust on the sides of the cylinder
It is the normal reaction on the cylinder walls
F‘ =F_sing= F tan¢

iv) Crank effort (T)

It is the net force applied at the crank pin perpendicular to the crank which gives the required
TM on the crank shaft.

P H Sin(Beg) = DO
F xr = F_rsin(@+0) £ Hainl0rd)

F = F_sin(d+¢)

pAg B+

= F —sin{ &+ ¢)
cosg

v) Thrust on bearings (F,)

The component of Fe- along the crank (radial) produces thrust on bearings

F_=F Cosif+g¢)=

o5 @

Cos(8 +d)

vi) Turning moment of Crank shajft

T=F =r

. ) F
-SIM(E+ @) = r = L
CO8 @

p (sin & + cosg + cos @sing)

= Fxr|sin#+cosé smq:}]
COsg

Proved earlier
sin#+cosg S0 !

I cos;;"a=i~.|'n3—sin:6'
o —-.||J'J': —sin® @ n

n

sing = sin &
n

Also,
rsin(d+ ¢)= O cosg

T=F =r

FS(‘J- rosin (& + @)

F 0D cosp
COs

T=Fx0D.

L ____________________________________________________________________________________________________|
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Difference between Governor and Flywheel:

A governor controls the speed of the output shaft within close limits, but its action depends
upon controlling the amount of working fluid to the engine as required by the load on the engine.
The flywheel, on the other hand, serves only to smooth out the energy transfer in each energy
cycle. For example, if an engine is operating at quarter load, with the governor in a particular
position controlling the amount of working media to the engine; the flywheel would take care of
redistributing the energy throughout a cycle. If the load was increased to full load the governor
action would permit more working fluid to the engine maintaining the speed of the engine, but
when balance of working fluid to the engine and load on the engine was reached, the flywheel
would continue its action of redistributing the energy throughout a cycle. Changes of seed in an
engine will cause the governor to respond and attempt to do the flywheels job.

Usually, the effect of the governor is disregarded in the design of the flywheel. The flywheel
analysis is limited to engines receiving power at a variable rate and delivering it to a shaft at an
approximately constant rate.

Crank effort diagrams or Turing Moment diagrams:
It is the graphical representation of turning moment or crank effort for the various positions of the
crank. The TM is plotted on ‘y’ axis and crank angle on ‘X’ axis.

Uses of turning moment Diagram:

1) The area under the turning moment diagram represents work done per cycle. The area multiplied
by number of cycles per second gives the power developed by the engine.

2) By dividing the area of the turning moment diagram with the length of the base we get the mean
turning moment. This enables us the find the fluctuation of energy.

3) The max. ordinate of the turning moment diagram gives the maximum torque to which the crank
shaft is subjected. This enables us the find diameter of the crank shaft.

TMD for a four stroke 1.C. Engine

Twmrax

P | A{
Mrr AT 4

, —— CRANK pOsITION
W'SUCT'ONL C *Powa E xHAUSTy
1

We know that four stroke cycle internal combustion engine there is one working stroke
after the crank has turned through two revolutions (4p or 720°). Since the pressure inside the
engine cylinder is less than the atmospheric pressure during suction stroke therefore a negative
loop is formed as shown in figure. During compression stroke the work done on engine the gases
therefore a higher negative loop is obtained. During expansion or working stroke the fuel burns
and the gases expand, therefore a large positive loop is obtained. In this stroke, the work is done
by the gases. During exhaust stroke, the work is done on the gases; therefore a negative loop is
firmed.

|
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Problem 2

The torque delivered by two stroke engine is represented by T = 1000+300 sin 26-500 cos 26
where 6 is angle turned by the crack from inner dead under the engine speed. Determine work
done per cycle and the power developed.
Solution

A, deg. T.N—-m

0 500
90 1500
180 500
270 1500
360 500

Work done / cycle = Area under the turning moment diagram.

x
:[Tda
0o

r
= [ (1000 + 300sin 26 — 500c0s28) d8

0
= 20007 N —m

T W.D [ eycle

mean

2T

20007
2

=1000 N —m

PDWE:I’ dEVE]GPEd = Tmra_u bl wmeﬂ.l'l
= 1000 x ?ﬂ' N

= 1000 = M
60

= 26179W
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Problem: 3
The turning moment curve for an engine is represented by the equation,

T = (20 000 + 9500 sin 26 - 5700 cos 26) N-m, where 8 is the angle moved by the crank from
inner dead centre. If the resisting torque is constant, find:

1. Power developed by the engine;

2. Moment of inertia of flywheel in kg—mz, if the total fluctuation of speed is not the exceed 1%
of mean speed which is 180 r.p.m. and

3. Angular acceleration of the flywheel when the crank has turned through 45° from inner dead
centre.

Solution:
Given, T= (20 000 + 9500 sin 26 - 5700 cos 26) N-m ;
N=180r.p.m. or = 2n x 180/60 = 18.85 rad/s

Since the total fluctuation of speed (w;-@3z, is 1% of mean speed (m), coefficient of fluctuation
of speed,

=% g —001
(3]

|. Power developed by the engine.

Work done per revolution

- dea = j(zmao + 9500 sin 26 — 5700 cos 268)d#
0 0

_ [zﬂom g _ 9500 cos 26 5700 sin 29}'

2

0

=20000x27=400007 N—-m

Mean resisting torque of the engine,

T - Work done per revelution _ 40 000 s Nem
2r 2r

Power developed by the engine

=T, .=20000x18.85 = 377 000W = 377kW.
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2. Moment of inertia of the flywheel
The turning moment diagram for one stroke (i. e. half revolution of the crankshaft) is shown in

the Fig. Since at points B and D, the torque exerted on the crankshaft is equal to the mean
resisting torque on the flywheel, therefore,

T'= Tnk'an
20 000 + 9500sin 26 — 5700 cos 26 —20 000
9500sin 26 =5700 cos 26
tan 26 = sin 26 /cos 28 = 5700/9500 = 0.6
26 =31° or6 =15.5°

ie..0, =15.5° and 6, =90° + 15.5° = 105.5°

m%
/AP .

—— Turning moment —

——— Crank angle
Maximum fluctuation of energy,

n

AE=I(T—T

FRETR

)d6

L

105.5%

= 1(20000 + 9500 sin 26 — 5700 cos 26— 20 000)dé

15.5°

p

. 105.5¢
AE=[(T ~T,..)d8 { 9500;1:1 26 5700 ;os 29}

=11078 N —-m

155

Maximum fluctuation of energy ( AE ),

11078 =Lax 5 =I(18.85)°0.01 =3.551
I=11078/3.55 = 3121 kg-m’.
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3. Angular acceleration of the flywheel
Let o = Angular acceleration of the flywheel, and
8 = Angle turned by the crank from inner dead centre = 45°... (Given)

The angular acceleration in the flywheel is produced by the excess torque over the mean torque.
Excess torque at any instant,

T

ETCERR

=T-T

e

20 000 + 9500sin 28 — 5700 cos 26 = 20 000
9500sin 268 — 3700 cos 26

.. Excess torque at 45°= 9500 sin 90° - 5700 cos 90° =9500Nm

We also know that excess torque=1.cc= 3121 x.
From equations (i) and (ii),

0 =9500/ 3121 = 3.044 rad/s".

Problem 5: The equation of the turning moment diagram of a three crank engine is
2100047000 sin38 Nm. Where 6 in radians is the crank angle. The moment of inertia of the
flywheel is 4.5 % 10’ Nm”and the mean engine speed is 300 rpm. Calculate the power of the

engine and the total percentage fluctuation of speed of the flywheel (i) if the resisting torque is
constant (ii) if the resisting torque is 21000 + 3000 sinB Nm.

a) T, = 21000 Nm.

21 % 21000 x 300
60

Power = = 660LkW.

3
by () AE = [7000 sin 3046 = 4666 .7 Nim .
0

100 AE

.. Total percent fluctuation of speed = IPE
m N mean

100 x 4666.7 % 9.8

45 % 10% x ?ﬂl].i]_
30 )

= 1.04%
(i1) Engine torque = load torque, at crack angles given by
7000 sin36 = 3000 sinB

i.e., 2.33 (3sinf - 4 sin’#) = sind

|
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One solution is sinB =0, i.e., 8 = 0 and 180° and the other is sin® = H0.803, i.e., 8 = 53°24or
126°36 between 0° and 180°. The intersections are shown in figure and the areas between the

curves represent increase or decrease of total energy. The numerically longest is between 8 =
53° 24" and 126°36".

TO008in%8
3000zing
21000 N

126" 361
— 5 B

126 °36°
j{?[}{]{] sin 368 — 3000 sin 6) d6

53°24
=7960 Nm.

100 AE

2
2 " mean

Therefore, the total (percentage) fluctuation of speed

100 = 7960 = 9.8
300;r]3
30

45%10° % [
= 1.65%
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A machine punching 3.8 cm dia hole in a 3.2 c¢m thick plate does 600 J of work / sq. cm of
sheared area. The punch has a stroke of 10.2 cm and punches 6 holed / min. The maximum
speed of the flywheel at its radius of gyration is 27.5 m/s. Find the mass of the flywheel so that
its speed at the same radius does not fall below 24.5 m/s. Also determine the power of the

motor, driving this machine.

d=3.8cm, t=32cm A=382cm’

Energy required / punch = 600 x 38.2=22.920]

(6,-6,)_ 1t _ 32
(27) 2§ 204

Assuming,

f
S (AK L) —E[l—g]_

3,
=22.920{1——2]=—mﬁc‘
204] 2
V. =k =21.5m/s

ma

V. ko, =245mls

m

We get,

22920 [1 - i} _Ln(27.52224.5%)= Loy 158
20412 >

. m = 244kg.
The energy required / minute is 6 x 22920J

-. Motor power = w ke = 2.202kW
1000 = 60
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A riveting machine is driven by a constant torque 3 kW motor. The moving parts including the
flywheel are equivalent to 150 kg at 0.6 m radius. One riveting operation takes | second and
absorbs 10 000 N-m of energy. The speed of the flywheel is 300 r.p.m. before riveting. Find
the speed immediately after riveting. How many rivets can be closed per minute.

Solution.

Given: P=3 kW; m= 150 kg; k = 0.6m; N; = 300 r.p.m. or ey = 271 X 300/60 = 31.42rad/s
Speed of the flywheel immediately after riveting
Let ;= Angular speed of the flywheel immediately after riveting.

We know that, energy supplied by the motor,
E,=3 kW =3000 W =3000 N —m/ s (v IW=1N-mls)
But, energy absorbed during one riveting operation which takes 1 second,

E =10000 N —m

. Energy to be supplied by the flywheel for each riveting operation per second or the
maximum fluctuation of energy,

AE = E; - E; = 10000-3000 = 7000 N-m

We know that maximum fluctuation of energy (AE),

2

7000= 2% mk* (@) - (@, ]= 2% 150 06 [31.42)" ~(@ )" |

=270872 — (o]

(,)?=987.2 = 7000 /27 =728 or @, = 26.98 rad /s

Corresponding speed in r.p.m.,
N,=2698x60/2x=257.6r.pm.
Number of rivets that can be closed per minute.

Since, the energy absorbed by each riveting operation which takes 1 second is 10 000 N-m,
therefore number of rivets that can be closed per minute,

3000 x 60 =18 rivets
10 000
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