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It is a technique for solving a complex problem by first breaking into a
collection of simpler sub problems, solving each sub problem just once, and
then storing their solutions to avoid repetitive computations.

v' Dynamic programming is a technique.

v’ It is breaks the problems into sub-problems, and saves the result for future purposes so
that we do not need to compute the result again.

v’ The sub problems are optimized to optimize the overall solution is known as optimal
substructure property.

v" The main use of dynamic programming is to solve optimization problems.

v' we are trying to find out the minimum or the maximum solution of a problem.
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PRINCIPLE OF OPTIMALITY

v' The principle of optimality is the basic principle of dynamic programming, which was
developed by Richard Bellman: that an optimal path has the property that whatever the
initial conditions and control variables (choices) over some initial period, the control (or
decision variables) chosen over the remaining period must be optimal for the remaining
problem, with the state resulting from the early decisions taken to be the initial condition.
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- ~ Dynamic Programming
Consider an example of the Fibonacci series. The following series
IS the Fibonacci series:

N

0,1,1,23,58 13, 21,34, 55,89, 144, ...

The numbers in the above series are not randomly calculated. Mathematically, we could write each of the terms using the below formula

F(n) = F(n-1) + F(n-2),

With the base values F(0) = 0, and F(1) = 1. To calculate the other numbers, we follow the above relationship. For example, F(2) is the sum £(0) and
f(1), which is equal to 1.
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How can we calculate F(20)?

N

The solution,

The F(20) term will be calculated using the nth formula of the Fibonacei series. The below figure shows that how F(20)is calculated.  © WE calculate F(16) and F(l?) and save
their values in an array.

« The F(18) is calculated by summing
the values of F(17) and F(16), which
are already saved in an array.

« The computed value of F(18) is saved
In an array.

 The value of F(19) is calculated using
the sum of F(18), and F(17), and their
values are already saved in an array.

 The computed value of F(19) is stored
In an array.

 The value of F(20) can be calculated
by adding the values of F(19) and
F(18), and the values of both F(19)
and F(18) are stored in an array.

 The final computed value of F(20) is

] stored in an array.
D).V. Unit-4
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How does the dynamic programming approach work?

The following are the steps that the dynamic programming follows:

0

0

0

or

or

It breaks dnhn the complex problem into simpler subproblems.

It finds the optimal solution to these sub-problems,

It stores the results of subproblems (memoization). The process of storing the results of subproblems is known as memeorization.
It reuses them so that same sub-problem is calculated more than once.

Finally, calculate the result of the complex problem.
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Approaches of dynamic programming
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There are two approaches to dynamic programming:
1. Top-down approach
2. Bottom-up approach

Top-down approach

The top-down approach follows the memorization technique, while bottom-up approach follows the
tabulation method. Here memorization is equal to the sum of recursion and caching. Recursion means
calling the function itself, while caching means storing the intermediate results.

Advantages

v It is very easy to understand and implement.

v It solves the sub problems only when it is required.

v It is easy to debug.

Disadvantages

O It uses the recursion technique that occupies more memory in the call stack.

0 Sometimes when the recursion is too deep, the stack overflow condition will occur.

O It occupies more memory that degrades the overall performance.

—
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int fib(int n)
{
if(n<0)
error;
if(n==0)
return O;
if(n==1)
return 1;
sum = fib(n-1) + fib(n-2);
i

N

Let's understand dynamic programming through an example.

U

U O 0 O

In this code, we have used the recursive approach to find out the Fibonacci
series.

When the value of 'n' increases, the function calls will also increase, and
computations will also increase.

In this case, the time complexity increases exponentially, and it becomes

2N.
One solution to this problem is to use the dynamic programming approach.

Rather than generating the recursive tree again and again,
we can reuse the previously calculated value.

If we use the dynamic programming approach, then the time complexity
would be O(n).

|
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—ADVERICIIORIMMBENND | cottom-Up approact

» It uses the tabulation technique to implement the dynamic programming approach.

N

» It solves the same kind of problems but it removes the recursion.
> |f we remove the recursion, there is no stack overflow issue and no overhead of the recursive
functions.

» In this tabulation technique, we solve the problems and store the results in a matrix.

Key points
0 We solve all the smaller sub-problems that will be needed to solve the larger sub-problems then move to the larger problems using smaller
sub-problems.
0 We use for loop to iterate over the sub-problems.

0 The bottom-up approach is also known as the tabulation or table filling method.
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Let's understand through the diagrammatic representation.

Imitially, the first two walues, i.e., O and 1 can be representaed as:

Wihen i=2 then the values O and 1 are added shown as below:

“ »

Wehen i=2 then the values Tand 1 are added shown as below:

&

N




% Wi 1 =< thienn the valuess 2 amd 1 ares addasd shownmn as eloww:

Wiwvhern =%, then the wvalues 2 anmnd 2 are added showenn as belowe:

]

Im thhe abowe case, we are starting from the bottorm anmnd reaching to the top.

D).V. Unit-4
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DIFFERENCES BETWEEN GREEDY METHOD AND DYNAMIC PROGRAMMING

Feature

Feasibility

Optimality

Recursion

Memoization

Time

complexity

Fashion

Example

DAA

Greedy method

In a greedy Algorithm, we make whatever
choice seems best at the moment in the hope

that it will lead to global optimal solution.

In Greedy Method, sometimes there is no such
guarantee of getting Optimal Solution.

A greedy method follows the problem solving
heuristic of making the Locally optimal choice at

each stage.

It is more efficient in terms of memory as it
never look back or revise previous choices

Greedy methods are generally faster. For
example, Dijkstra’s shortest path algorithm
takes O(ELogV +VLogV) time.

The greedy method computes its solution by

making its choices in a serial forward fashion,

never looking back or revising previous choices.

Fractional knapsack .

Unit-4

|

Dynamic programming

In Dynamic Programming we make decision at each step
considering current problem and solution to previously

solved sub problem to calculate optimal solution .

It is guaranteed that Dynamic Programming will generate
an optimal solution as it generally considers all possible

cases and then choose the best.

A Dynamic programming is an algorithmic technigque
which is usually based on a recurrent formula that uses

some previously calculated states.

It requires dp table for memoization and it increases it's
memory complexity.

Dynamic Programming is generally slower. For example,

Bellman Ford algorithm takes O(VE) time.

Dynamic programming computes its solution bottom up
or top down by synthesizing them from smaller optimal
sub solutions.

0/1 knapsack problem

|-



— Dynamic Programming : Applications
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The various applications of Dynamic Programming are :

1. Longest Common Subsequence.

2. Finding Shortest Path.

3. Finding Maximum Profit with other Fixed Constraints.
4. Job Scheduling in Processor.

5. Bio Informatics.

6. Optimal search solutions.

— —




— Dynamic Programming : Matrix Chain Multiplication

N

It is a Method under Dynamic Programming in which previous output is taken as input for next.
Here, Chain means one matrix's column is equal to the second matrix's row [always].

In general:

It A = Laijj is a p x q matrix

B

LbijJ is a g x r matrix

C = Lcijj is a p x r matrix

AB=CIif Ei]' = E&=l djk hkl

Given following matrices {A;A;A;,..A,} and we have to perform the matrix multiplication, which can be accomplished by a series of matrix

multiplications
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Dynamic Programming : Matrix Chain Multiplication

Matrix Multiplication operation is associative in nature rather commutative. By this, we mean that we have to follow the above matrix order for

multiplication but we are free to parenthesize the above multiplication depending upon our need.

Ingeneral, for 1< ispand 12 <

C I 1= 2y, Al KIB[k ]

Example1: Let us have 3 matrices, A4 A5 A5 of order (10 x 100), (100 x 5) and (5 x 50) respectively.

Three Matrices can be multiplied in two ways:

—]
]

1. Aq.(Az,A3): First multiplying(A,; and As) then multiplying and resultant withA.

2. (Aq1.,A3),A3: First multiplying(A4 and As) then multiplying and resultant withAs.

N
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— Dynamic Programming : Matrix Chain Multiplication

No of Scalar multiplication in Case 1 will be:

N

(100 x 5 x 50) + (10 x 100 x 50) = 25000 + 50000 = 75000

Mo of Scalar multiplication in Case 2 will be:

(100 x 10 x 5) + (10 x 5 x 50) = 5000 + 2500 = 7500

Number of ways for parenthesizing the matrices:

There are very large numbers of ways of parenthesizing these matrices. If there are n items, there are (n-1) ways In

which the outer most pair of parenthesis can place.

— —




N

— Dynamic Programming : Matrix Chain Multiplication

1
(A1) (A,A3,80, cccnnnnnnnnnnnaaAL)
Or {:"ﬂ‘j_:-"ﬂ‘l:' I:‘E"E!:-‘E"ﬂ- """"""""" An}
Or (Aq,A;,A85) e moccas-ccoce-as AL
Dr—'(-'ﬂll.:-"ﬂLE:-"ﬂ‘E!. ------------ 'ﬂ"n—l} ('ﬂ'n}

It can be observed that after splitting the kth matrices, we are left with two parenthesized sequence of matrices: one consist 'k’ matrices and another

consist 'n-k' matrices.

Now there are 'L’ ways of parenthesizing the left sublist and ‘R ways of parenthesizing the right sublist then the Total will be LR:

_ 1 if n=1 1 2n
P = {'get p0pn -1 i nx2 ) ol =5 o 7kn)
Also p (n) = ¢ (n-1) where ¢ (n) is the nth Catalon number On:applying Stirling’s formula we have

co=a ()

Which shows that 4" grows faster, as it is an exponential function, then n'=>.

— =




Development of Dynamic Programming Algorithm

1. Characterize the structure of an optimal solution.
2. Define the value of an optimal solution recursively.

3. Compute the value of an optimal solution in a bottom-up fashion.

4. Construct the optimal solution from the computed information.

Dynamic Programming Approach
Let Aj j be the result of multiplying matrices i through J. It can be seen that the dimension of A;; is pjq x pj matrix.

Dynamic Programming solution involves breaking up the problems into subproblems whose solution can be combined to solve the global problem.

At the greatest level of parenthesization, we multiply two matrices

Thus we are left with two questions:

o How to split the sequence of matrices?

© How to parenthesize the subsequence A,



— Dynamic Programming : Matrix Chain Multiplication
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Step1: Structure of an optimal parenthesization: Qur first step in the dynamic paradigm is to find the optimal substructure and then use it to

construct an optimal solution to the problem from an optimal solution to subproblems.

Let Aj_j where i< ] denotes the matrix that results from evaluating the product

A Ay

of computing A;_y plus the cost of computing Ay 1_j plus the cost of multiplying them together is the cost of parenthesization.

|
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Step 2: A Recursive Solution: Let m [i, ]] be the minimum number of scalar multiplication needed to compute the matrixA;_;.
If i=) the chain consist of just one matrix A; ;=A; so no scalar multiplication are necessary to compute the product. Thusm [i,J] = 0 fori=1, 2, 3...n.

If i<] we assume that to optimally parenthesize the product we split it between A, and A1 where iz k =j. Then m [i,j] equals the minimum cost for
computing the subproducts Ay and Ag.q_j+ cost of multiplying them together. We know Aj has dimension pj.q x pj, so computing the product Ay

and Ay jtakes pjq p pj scalar multiplication, we obtain
m[i,j] =m [i, k] +m [k +1, 3] + psq Pk Py

There are only (j-1) possible values for 'k’ namely k = i, i+1....J-1. Since the optimal parenthesization must use one of these values for 'k" we need only
check them all to find the best.

So the minimum cost of parenthesizing the product A;j Aj;.....A; becomes

0 ifi = j
m[i,j] =4 min{m [i,k] + m[k+ 1,j] + pi_y pxp; } if i < ]
I =k<]

To construct an optimal solution, let us define s [ij] to be the value of 'k’ at which we can split the product A; Aj;q ....A; To obtain an optimal

parenthesization i.e. s [i, ] = k such that

m[i,3] =m[i, k] +m [k + 1, J] + pi.3 Pk Py



% Dynamic Programming :  Example of Matrix Chain Multiplication %
Example: We are given the sequence {4, 10, 3, 12, 20, and 7}. The matrices have size 4 x 10, 10 % 3,3 x 12, 12x 20, 20 x 7. We need to compute M [i], 0
<1,]2 5. We know M [i, 1] = 0 for all .

1 2 3 -1 5
O

O

o
nnhWN-=

O

Let us proceed with working away from the diagonal. We compute the optimal solution for the product of 2 matrices.

Sequence: 4 10 3 12 20 Id

A A +

P'I:I 'Pl .Pz PE .Pq__, FE - F}DSitiDI"I

For M, — p[i] as column
\./ \j\-/\/\j ‘ p [i-1] as row ‘
M, M- Mo M., M - Matrix ‘

Here Pg to Ps are Position and M, to Mg are matrix of size (p; to pj-1)

On the basis of sequence, we make a formula |




— Dynamic Programming :  Example of Matrix Chain Multiplication

N

Calculation of Product of 2 matrices:
1. m (1,2) = m; x my
=4 x 10 x 10 x 3
=4 x 10 x 3 = 120
1 2 3 4 5
2. m (2, 3) = m x m3 0 120 1
=139 3 % i 1) 0 360 2
= 10 x 3 x 12 = 360 0 720 3
3. m (3, 4) = m3 x my 0 ]680 4
=3 x 12 x 12 x 20 0 5
= 3 x 12 x 20 = 720
4. m (4,5) = my x mg
= 12 x 20 x 20 x 7
= 12 x 20 x 7 = 1680 %

Unit-4




Mow product of 3 matrices:

| M [1, 3] = M; M, Mg

1. There are two cases by which we can solve this multiplication: { M x M3) + M3, My+ (Max M3)

2. After solving both cases we choose the case in which minimum output is there.

M [1,2] + M [3,3] + popzpa = 120 + 0 4 4.3.12 = 264}

M1, 3] = min {M [1,1]+ M[2.3] + popips = 0+ 360 + 4.10.12 = 840

M [1, 3] =264
As Comparing both output 264 is minimum in both cases so we insert 264 in table and ( My x M;) + M; this combination is chosen for the output

making.

‘ M[2, 4] = M, My M,

1. There are two cases by which we can solve this multiplication: (Mox M3)+Myg, Mo+(M3 x My)

2. After solving both cases we choose the case in which minimum output is there.

M[2,3] + M[4.4] + pipaps = 360+ 04 10.12.20 = 2?61]}

M2, 41=min {M[zjz] + M[34] + pspops = 0+ 720 + 10.3.20 = 1320

Y
M [2, 4] = 1320



1. There are two cases by which we can solve this multiplication: ( M3 x My) + Ms, M3+ ( MgMs)

2. After solving both cases we choose the case in which minimum output is there.

~ (M[3,4] + M[5,5] + papaps = 720404 3.20.7 = 1140
M [3, 5] :ITIII'I{ }
M[3,3] + M[4,5] + p;psps =0+ 1680+ 3.12.7 = 1932

M [3, 5] = 1140

As Comparing both output 1140 is minimum in both cases so we insert 1140 in table and ( M3 x M,) + Msthis combination is chosen for the output

making.
1 2 3 4 5 1 2 3 4 5
0 |120 1 0 |120 | 264 1
0 | 360 2 0 | 360 [1320 2
0 | 720 3 ——» 0 | 720(1140|3
0 [1680|4 0 |1680|4
0 |5 0 |5
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— Dynamic Programming :  Example of Matrix Chain Multiplication

MNow Product of 4 matrices:
There are three cases by which we can solve this multiplication:

1. I:M1}{M2}{M3} M4
. M1 }({ME}( Mg > Md}

3. {M~| }{ME::I x [ ME x M4}

After solving these cases we choose the case in which minimum output is there

MI1.3] + M4,4] + popapa = 264 + 0 + 4.12.20 = 1224
M [1, 4] = min 4 M[1,2] + M[3,4] + pop22ps = 120 + 720 + 4.3.20 = 1080

M[1,1] + M[2.4] + papPiPe = 0+ 1320 + 4.10.20 = 2120
M [1, 4] =1080

DAA Unit-4




— Dynamic Programming :  Example of Matrix Chain Multiplication S, —
I M [2, 5] = Ms M3z My Mg MAI.LA REDDY
UNIVERSITY
There are three cases by which we can sclve this multiplication:
1. I:r"-.-"'lz x r"-.-"'lg} = M4]K M5
2. M2 }':I:: r"-.-"'lg} = M4K Mﬁ}
3. I:ME o Mg}}{ |: M4 o ME}
After solving these cases we choose the case in which minimum ocutput is there
M[2,4] + M[5,5] 4 pypaps = 13204 0410207 = 2720
M [2, 5] =min { M[2,3] + M[4,5] + p;paps = 360 + 1680 + 10.12.7 = 2880
M[2.2] + M[35] + pypops = 0+ 1140 + 1037 = 1350 1 2 3 4 5 1 2 3 4 5§
0 [120 | 264 1| 0 |120 | 264 1080 1
IM [2, 5] = 1350 0 | 36011320 2 0 | 360132013502
0 | 72011403 0 | 720]1140|3
0 |1680|4 0 |1680(4
0 |5 0 [
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Dynamic Programming :

Now Product of 5 matrices:

Example of Matrix Chain Multiplication

There are five cases by which we can solve this multiplication: Final Output s

12 3 4 5 2 3 4 5

1. (Mq x Mo xMy x M M
iz b b e 0 [0 [264Toso] |1 [0 [120 [ 264 i080] 1344
2. Mq x( Mz xM3 x My xMsg) 360 {1320 1350 2 360 {1320 1350
0 |720(1140{3 — 0 | 7201140

3. (Mq x Mo xbMa)x My xM
(My x M xMz)e My xMg 0 |16804 0 {1680
4. My x Mox(M3 x My xMs) 0 |5 0

After solving these cases we choose the case in which minimum output is there

M[1,3] + M[4,5] + popaps = 264 + 1680 + 4.12.7 = 2016
M[1,2] + M[3,5] + popops = 120 + 1140 + 4.3.7 = 1344

M[1,4] + M[5,5] + popaps = 1080 + 0 + 4.20.7 = 1544
M [1, 5] mln{ ]
M[1,1] + M[2,5] + popipPs = 0+ 1350 + 4.10.7 = 1630

I M [1, 5] = 1344

DAA Unit-4
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—, Dynamic Programming :  Example of Matrix Chain Multiplication
Algorlthm of Matrix Chain Multiplication

MATRIX-CHAIN-ORDER (p) Analysis: There are three nested loops. Each loop executes a maximum n times.

1. |, length, O (n) iterations.
. n length[p]-1

for i « 1 to n 2. 1, start, O (n) iterations.
.dom[i, 1] « @

. for 1 « 2 ton // 1 1s the chain length
. do for i+« 1ton-1+1

3. k split point, O (n) iterations

Body of loop constant complexity
.do j+« i1+ 1 -1
- m[i,3] ¢« »

for k i to j-1 Total Complexity is: O (n?)

L L I = TR ¥ o I R O [y S I

.dog «m[i, k] +m [k + 1, jJ] + p;_q Pk P+
18. If g < m [i,7]

11. then m [1,3] + q

12. s [1,7] <« k

13. return m and s.

DAA Unit-4
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=1 All-Pairs Shortest Paths

What is All Pairs Shortest Path Problem?

The all-pairs shortest path problem is the determination of the
shortest graph distances between every pair of vertices in a
given graph. We have to calculate the minimum cost to find the
shortest path.
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All-Pairs Shortest Paths

o I

Procedure to find the all pairs shortest path:

* First we consider “G” as a directed graph

* The cost of the graph is the length or cost of each edges and
cost(i,i)=0

* If there is an edge between i and J then cost of (i,j)=length/cost of
the edge from i to j and id there is no edge then (i, j)= =

= Need to calculate the shortest path/ cost between ant two nodes
using intermediary nodes.

* The following equation is used to calculate the minimum cost
A4(i,j)=min{A*(i,j), A¥(i,k), A¥(k,j)}

— —
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All-Pairs Shortest Paths

o I

Algorithm of All Pairs Shortest Path

Algorithm AllPaths(cost, A, n){
fori:=1to ndo
forj :=1ton do
Ali, j]:=cost[i,j];
for k :=1to ndo
fori:=1to ndo
for j :=1to n do
Ali,j]l:=min(A[i,jLAli.k]+A[k.j];

— —
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All-Pairs Shortest Paths

Example:
0 4 11
Here, A°=Cost=|6 0 2
3 e 0

When we calculate A! will omit column 1 and row 1 and
calculate cost for rest of the 4 element.

Al(2,3)=min{A'1(2,3), A1 (2,1)+ A" (1,3)}
=min{2,17} =2

Al(3,2)=min{Al! (3,2), A1 (3,1)+ At1(1,2)}
=min{ee,7} =7

0 4 11
Al=l6 0 2

3 7 0

Unit-4
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All-Pairs Shortest Paths

o I

Now we will calculate A?
AZ(1,3)=min{AZ* (1,3), A1 (1,2)+ A+1(2,3)}

=min{11,6}
=6
AZ2(3,1)=min{AZ1 (3,1), A2 (3,2)+ A%21(2,1)}
=min{3,13}
=3
0O 4 6
A2=[6 0 2]
3 7 0

— —
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All-Pairs Shortest Paths

o I

Now we will calculate A2
A3(1,2)=min{A31 (1,2), A3 (1,3)+ A31(3,2)}

=min{4,13}
=4
A3(2,1)=min{A3>1 (2,1), A3 (2,3)+ A3 (3,1)}
=min{6,5}
=5
0O 4 6
A3—[5 0 2‘
3 7 O

— —
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All-Pairs Shortest Paths

Applications of All Pairs Shortest Path

* Road Networking
* Network Routing

* Flight Reservations
* Driving Directions

N
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TRAVELLING SALES PERSON PROBLEM

Algorithm: Traveling-Salesman-
Problem

C({1),1) =0 Time Complexity

fors = 21w ndo

for all subsets § € {1,2,3,... ,n} of size s and contamning |
) S [ e - ; » There are at the most 2 n .n sub-problems and each one
C(51) =w takes linear time to solve. Therefore, the total running
for all ;CS and I > 1 tme 1s 0(2 n.n2 ).

C(5)) =min{C(S~-(/}LO)) +d(ij)foriESandt # |)

Rewm minf € ({1,2,3,...,n},)) + d(},0)

Unit-4 Department of AIML, School of Engineering, Malla Reddy University, Hyderabad.
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Simple Example

IS there a route that f\l)[)ll(‘&lll()lls
takes you through every
city and buack to the

starting point | for less

~ A real-world application that calculates the
route of the Travelling Salesman Problem using
the current traffic intensity information from
Google Maps is prepared.

» A user-friendly interface, displaying the
shortest route in distance or duration on Google
Maps, has been developed by adding different
features.

than 7

he solution is : 13241

i
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TRAVELLING SALESPERSON PROBLEM:

o 1
N

Let G = (V, E) be a directed graph with edge costs C;j. The variable cjis defined such
that cj > O for all I and jand cjj= aoif < i, J>  E. Let [V] = n and assume n > 1. A
tour of G i1s a directed simple cycle that includes every vertex in V. The cost of a tour
iIs the sum of the cost of the edges on the tour. The traveling sales person problem is
to find a tour of minimum cost. The tour is to be a simple path that starts and ends
at vertex 1.

Let g (i, S) be the length of shortest path starting at vertex i, going through all
vertices in S, and terminating at vertex 1. The function g (1, V — {17}) is the length of
an optimal salesperson tour. From the principal of optimality it follows that:

g(i,v-{1})= min Loy g(k v-{1,k})} - 1

2<k<n
Generalizing equation 1, we obtain (fori  S)
9 G, s)=min{c; +gG.s-{i}} - =
The Equation can l;; solved forg (1, Vv — 13%) if we know g (k, Vv — {1, k}) for all
choices of k.
Example :

For the following graph find minimum cost tour for the traveling salesperson
problem:

15
The cost adjacency matrix = | = o = f
|I (&) 13 s 12 |
© © s = 2 ol

— —




Let us start the tour from vertex 1:

o 1
N

g(i, Vv — {13) = min {cik + g (k, v — {1, K})> = 13

2=k=n

More generally writing:

g (i, s) = min{c; +g((3,s — L3> = =
Ciearly, g (i, ®) = ci1, 1 = i = n. So,

g (2; ) = Czxxg— 5

g (3, ) = C31 = 6

g (a8, ) = Ca1= 8
Using equation — (2) we obtain:
g (1, L2, 3, 43) = min {c:2 + g (2, {3, 4%, ciz+ g (3, {2, 453), casa + g (4, {2, 3F3)5
g (2, {3, 43) = min {ca3 + g (3, {43), c2s + g (4, {337

= min {9 + g (3, {43), 10 + g (a2, {33)>

g (3, {43) = min {cz3+ g (4, ) = 12 + 8 = 20
g (4, {33) = min {caz+ g (3, ¥)>F =9 + 6 = 15
Therefore, g (2, {3, 43) = min {9 + 20, 10 + 153% = min {29, 253 = 25

g (3, {2, 43) = min {{(cz2+ g (2, {43), (c3s + g (2. {2315

g2, {43) = min {cza+ g (4, €3> = 10 + 8 = 18
g (a4, {23) = min {cs2+ g (2, )3 =8 + 5 = 13
Therefore, g (3, {2, 43) = min {13 + 18, 12 + 13y = min {41, 253 = 25

g (4, {2, 33) = min {cs2 + g (2, {33), caz + g (3, {23)>

g (2, {3Y) = min {c22z3+ g (3, 3 = 9 + 6 = 15

g (3, {23Y) = min {cz2+ g (2,3 = 13 + 5 = 18

Therefore, g (4, {2, 33) = min {8 + 15, 9 + 183 = min {23, 273 =23

g (1, £2, 3, 43) = min {caz+ g (2, {3, 943), c1z3 + g (3, {2, 4F), caa+ g (4, {2, 3F)>
= min {10 %+ 25, 15 + 25, 20 + 23 = min {35, 40, 43) = 35

The optimal tour for the graph has length = 35

w The optimal tour is: 1, 2, <, 3, 1.

i
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Conclusion

- It can be concluded that on application of TSP
algorithm with dynamic programming is able to
produce optimal route tour to serve a customers
including the shortest or minimum length of
travel time or optimal travel tme.
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Example of 0/1 knapsack problem.

o I

Consider the problem having weights and profits are:
Weights: {3, 4, 6, 5}

Profits: {2, 3, 1, 4}

The weight of the knapsack is 8 kg

The number of items is <4

How this problem can be solved by using the Dynamic programming approach?
First,
we create a matrix shown as below:

N

—
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wj = {3, 4,5, 6

pi=1{2.3. 4,1}

The first row and the first column would be 0 as there is no item for w=0

0 1 2 3 4
0 0 0 0 0 0
1 0
2 0
3 0
4 0

N

—




o 1
N

When i=1, W=1

wq = 3; Since we have only one item in the set having weight 3, but the capacity of the knapsack is 1. We cannot fill the item of 3kg in the knapsack of

capacity 1 kg so add 0 at M[1][1] shown as below:

0 1 2 3 4 5 6 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0

2 0

3 0

4 0

— —




o 1
N

Wheni=1,W=2

wy = 3; Since we have only one item in the set having weight 3, but the capacity of the knapsack is 2. We cannot fill the item of 3kg in the knapsack of

capacity 2 kg so add 0 at M[1][2] shown as below:

0 1 2 3 4 5 5 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0

2 0

3 0

4 0

— —
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When i=1, W=3

wq = 3; Since we have only one item in the set having weight equal to 3, and weight of the knapsack is also 3; therefore, we can fill the knapsack with

an item of weight equal to 3. We put profit corresponding to the weight 3, i.e., 2 at M[1][3] shown as below:

0 1 2 3 4 3 6 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2

2 0

3 0

4 0

N

—
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Wheni=1, W=4

w1 = 3; Since we have only one item in the set having weight equal to 3, and weight of the knapsack is 4; therefore, we can fill the knapsack with an

item of weight equal to 3. We put profit corresponding to the weight 3, i.e, 2 at M[1][4] shown as below:

0 1 2 3 4 5 5 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2

2 0

3 0

4 0

— —
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Wheni=1, W=>5

w1 = 3; Since we have only one item in the set having weight equal to 3, and weight of the knapsack is 5; therefore, we can fill the knapsack with an

item of weight equal to 3. We put profit corresponding to the weight 3, i.e., 2 at M[1][5] shown as below:

0 1 2 3 4 5 5 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2 2

2 0

3 0

4 0

1
]

N

|
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Wheni =1, W=6

w1 = 3; Since we have only one item in the set having weight equal to 3, and weight of the knapsack is 6; therefore, we can fill the knapsack with an

item of weight equal to 3. We put profit corresponding to the weight 3, i.e, 2 at M[1][6] shown as below:

0 1 2 3 4 5 8 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2 2 2

2 0

3 0

4 0

N

—
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N

Wheni=1, W=7

w1 = 3; Since we have only cne item in the set having weight equal to 3, and weight of the knapsack is 7; therefore, we can fill the knapsack with an

item of weight equal to 3. We put profit corresponding to the weight 3, i.e., 2 at M[1][7] shown as below:

0 1 2 3 4 5 5 7 g
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2 2 2 2

2 0

3 0

4 0

—
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Wheni=1, W =8

w1 = 3; Since we have only one item in the set having weight equal to 3, and weight of the knapsack is 8; therefore, we can fill the knapsack with an

item of weight equal to 3. We put profit corresponding to the weight 3, i.e,, 2 at M[1][8] shown as below:

0 1 2 3 4 5 6 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2 2 2 2 2
2 0
3 0
4 0

N

—




Mow the value of 'i' gets incremented, and becomes 2.
Wheni =2, W =1

The weight corresponding to the value 2 is 4, i.e., w> = 4. Since we have only one item in the set having weight equal to 4, and the weight of the

knapsack is 1. We cannot put the item of weight 4 in a knapsack, so we add 0 at M[2][1] shown as below:

0 1 2 3 4 5 6 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2 2 2 2 2
2 0 0

3 0

4 0

Wheni =2, W =2

The weight corresponding to the value 2 is 4, i.e., ws = 4. Since we hawve only one item in the set having weight equal to 4, and the weight of the

knapsack is 2. We cannot put the item of weight 4 in a knapsack, so we add 0 at M[2][2] shown as below:

o 1 2 3 <4 5 L& i S
0 0 o 0 o 0 0 0 0 0
1 0 o0 0 2 2 2 2 2 2
2 O o O
2 0



Wheni =2 W=3

The weight corresponding to the value 2 is 4, i.e., wz = 4. Since we have two items in the set having weights 3 and 4, and the weight of the knapsack is

3. We can put the item of weight 3 in a knapsack, so we add 2 at M[2][3] shown as below:

0 1 2 3 — = G Fi 8
o o 0 0 o 0] o 0 O o
1 O o 0 2 2 2 2 2 2
2 o o 0 2
3 O
= o0

Wheni =2, W =4

The weight corresponding to the value 2 is 4, i.e., w> = 4. Since we hawve two items in the set having weights 3 and 4, and the weight of the knapsack is

4. We can put item of weight 4 in a knapsack as the profit corresponding to weight 4 is more than the item having weight 3, so we add 3 at M[2][4]

shown as below:

0 1 2 3 — = G Fi 8
O o o 0 o o o0 0 o o
1 0 0 0 2 2 2 2 2 2
2 0 0 0 2 3
3 0



Wheni=2 W=25

The weight corresponding to the value 2 is 4, i.e.,, w> = 4. Since we have two items in the set having weights 3 and 4, and the weight of the knapsack is

5. We can put item of weight 4 in a knapsack and the profit corresponding to weight is 3, so we add 3 at M[2][5] shown as below:

0 1 2 3 4 5 6 7 3
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2 2 2 2 2
2 0 0 0 2 3 3

3 0

4 0

Wheni=2 W=686

The weight corresponding to the value 2 is 4, i.e., w; = 4. Since we have two items in the set having weights 3 and 4, and the weight of the knapsack is

6. We can put item of weight 4 in a knapsack and the profit corresponding to weight is 3, so we add 3 at M[2][6] shown as below:

0 1 P 3 - 5 (& Fi 8
o o o 0 o 0 o o o o
1 0 0 0 2 2 2 2 2 2
2 0 0 0 2 3 3 3
3 o
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N

Wheni=2, W=7

The weight corresponding to the value 2 is 4, i.e., w; = 4. Since we have two items in the set having weights 3 and 4, and the weight of the knapsack is

7. We can put item of weight 4 and 3 in a knapsack and the profits corresponding to weights are 2 and 3; therefore, the total profit is 5, so we add 5 at
M[2][7] shown as below:

0 1 2 3 4 5 8 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2 2 2 2 2
2 0 0 0 0 3 3 3 :

3 0

4 0

—




Wheni=2, W=238 I

The weight corresponding to the value 2 is 4, i.e., w3z = 4. Since we have two items in the set having weights 2 and 4, and the weight of the knapsack is I

7. We can put item of weight 4 and 3 in a knapsack and the profits corresponding to weights are 2 and 3; therefore, the total profit is 5, so we add 5 at
rA[21[7] shown as below:

0 1 2 3 4 5 6 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2 2 2 2 2
2 0 0 0 2 3 3 3 5 5
3 0
4 0

Mow the value of 'i' gets incremented, and becomes 3.
Wheni=3 W=1

The weight corresponding to the value 2 is 5, i.e,, wz = 5. Since we have three items in the set having weights 3, 4, and 5, and the weight of the

knapsack is 1. We cannot put neither of the items in a knapsack, so we add 0 at M[3][1] shown as below:

0 1 2 3 - 5 6 i 8
o o 0 0 O o o 0 o 0
1 0 0 0 2 2 2 2 2 2
2 o 0 0 2 3 3 3 5 5 I
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Wheni=4 W=28

The weight corresponding to the value 4 is 6, i.e., wy = 6. Since we have four items in the set of weights 3, 4, 5, and 6 respectively, and the weight of

the knapsack is 8. Here, if we add two items of weights 3 and 4 then it will produce the maximum profit, i.e., (2 + 3) equals to 5, so we add 5 at M[4][8]

shown as below:

0 1 2 3 4 3 6 / 8
0 0 0 a 0 0 0 a 0 0
1 0 0 0 2 2 2 P 2 2
2 0 0 0 2 3 3 3 5 5
3 0 0 0 2 3 3 3 5 5
- 0 0 a 2 3 3 - 3 3

N

—




As we can observe in the above table that 5 is the maximum profit among all the entries. The pointer points to the last row and the last column having I
5 value. Now we will compare 5 value with the previous row; if the previous row, i.e., i = 3 contains the same value 5 then the pointer will shift upwards. I

Since the previous row contains the value 5 so the pointer will be shifted upwards as shown in the below table:

0 1 2 3 4 5 B Fi 8

0 0 0 0 0 0 0 0 0 0

1 0 0 0 2 2 2 2 2 2

2 0 0 0 2 3 3 3 5 5

3 0 0 0 2 3 3 3 5 5

4 0 0 0 2 3 3 - 5 5
Again, we will compare the value 5 from the above row, i.e,, i = 2. Since the above row contains the value 5 so the pointer will again be shifted upwards

as shown in the below table:

0 1 2 3 4 5 6 7 8
0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 2 2 2 2 2
2 0 0 0 2 3 3 3 5 5
3 0 0 0 2 3 3 3 5 5 |
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Again, we will compare the value 5 from the above row, i.e., i = 1. Since the above row does not contain the same value so we will consider the row

i=1, and the weight corresponding to the row is 4. Therefore, we have selected the weight 4 and we have rejected the weights 5 and 6 shown below:
x=1{1,0,0}

The profit corresponding to the weight is 3. Therefore, the remaining profit is (5 - 3) equals to 2. Now we will compare this value 2 with the row i = 2.

Since the row (i = 1) contains the value 2; therefore, the pointer shifted upwards shown below:

0 1 2 3 < 5 0 7 8

0 0 0 0 0 0 0 0 0 0

1 0 0 0 2 2 2 2 2 2

2 0 0 0 2 3 3 3 5 5

3 0 0 0 2 3 3 3 5 5

- 0 0 0 2 3 3 4 5 5
Again we compare the value 2 with a above row, i.e,, i = 1. Since the row i =0 does not contain the value 2, so row i = 1 will be selected and the weight

corresponding to the i = 1 is 3 shown below:
X = {1, 1, 0, 0}

The profit corresponding to the weight is 2. Therefore, the remaining profit is 0. We compare 0 value with the above row. Since the above row contains

a 0 value but the profit corresponding to this row is 0. In this problem, two weights are selected, i.e., 3 and 4 to maximize the profit.

DAA Unit-4
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