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3.2 REGULAR EXPRESSIONS

The languages accepted by FA are regular languages and these languages are easily described
by simple expressions called regular expressions. We have some algebraic notations 1o represent
the regular expressions.

Regular expressions are means to represent certain sets of strings In some algebraic [i
manner and regular expressions describe the language accepied by FA.

If ¥ isanalphabet then regular expression(s) over this can be described by following rules. l
1. Any symbol from .« and § are regular expressions,
2. 1f , and r, are two regular expressions then unlon of these represented as 7, u r, or
K + ny isalsoaregular expression
If , and r, are two regular expressions then concatenation of these represented as rr, is
also a regular expression,
4. TheKleene closure of a regular expression risdenoted by , + isalsoa regular expression.
Ifr is a regular expression then (r) is also a regular expression.
6. Theregular expressions obtained by applying rules 1 to 5 once or more than once are also

regular expressions,

' Examples :
| (1) If S = {a, b}, then
| (a) aisaregularexpression (Usingrule 1)
l () bisaregularexpression (Usingrule 1) |
i (©) a + b isarcgularexpression (Using rule2) |
: (@ b+ isaregularexpression (Using rule 4)
' () ab isarcgularexpression (Usingrule3)

() ab + b+ isaregularexpression (Using rule 6)

(2) Find regular expression for the following

(a) A language consists ofall the words over {a, b} endingin .

(b) A language consistsofall the wordsover (g, b} endingin pp.

() Alanguage consists of all the words over (a, 5} starting with aand endingin b.
(d) A language consists of'all the words over {a, b} having p} asasubstring.

(¢) A language consists ofall the words over {4, b} ending inaab.

Solution :Let Z={a,b},and

Allthewordsover £ = (e a, b, aa, bb, ab, ba, aaa, .. ... }=Ztor(a+b)*or(@aud)®
M “
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Now let us compuite for final state, which denoles the regular expression,
r! will be computed, because therearo total 2 siates and final stale s , whose start states g,

o= o o )
=0(€)'(e) + 0
=040
) = 0 whichis final regulrexpression.

3.6.1 Arden's Method for Converting DFA to RE

As we have seen the Arden's theorem is useful for checking the equivalence of two regular
expressions, we will also sec its use in conversion of DFA to RE.

| Following algorithm is used to build ther. c. from given DFA.

1. Let g, betheinitial state.
2. Thereareq,, §;:83.G11+4n mutberof stales. The final state may besome g, where /< #
3. Leto, represents the transition from g, f0 4,.
4. Calculate g, such that
g, =04,
If g, isastarlstate

q, =qﬁ,.q‘+E

5. Similarly compute the final stale whichultimately gives the regularexpression .

Example 1 ; Construct RE for the given DFA

Solution :

Since there is only one state in the finite automsta letus solve for g, only.

do=Tu0+qol*+E
qo=gas(0+1)+E
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Example 3 : Conatruct RE for the DFA given in below figure.

Solution : Letus see the cqualions
o =qil +q,0+€
91 =950
g2 =gl
9y =q0+g1+q,(0+1)

Letussolve g, first,
Qo = gyl + g,0+ €
go = qo0Ll+ gol €
90 =q(01+10)+€ *R=0+RP
gy =€ (01-+-10)* = OP* where
g =(01+10)* R=gy,0=¢,P=(01+10)

Thus the regular expression will be
r=(01+10)*

Since g, isa final slate, we are interested in g, only.

Example 4 : Find out the regular expression from given DFA_
0




= (¢ a,b, aa, b, ab, ba, aaa, bbb, abb, baa, aabb, .. .)
= {All the words over (a, ) )

. (ath)®

So,(a®1b*) =(a1b)®

H{{Elalblmlbb."'l}. q

3.3 IDENTITIES FOR REs

The two regular expressions P and Q are equivalent ( denoted as P = Q ) if and only if P
represents the same setof strings as Q docs, For showing this equivalence of regular expressions
we need to show some identities of regular expressions.

Let T, Q and R are regrular expressions then the identity rules are as given below
L eR=Re=R

2 o eisnullstring
3. (#)=¢ ¢ isemptystring.
4. oR=Ry=¢

5. $+=R=R

6. R+R=R

1. RR*=R*R=R'

8. (R)=F

9. e+RR =k’

0. . (P+O)R=PR+QR

11. (P+Q) =(P'Q)=(P'+Q)
12. R'(e+R)=(e+R)R = &'

13, (R+e) =R

14. etk =R’

15, (POY P=P(QPY

16. RR+R=RR

331 Eqguivalence of two REs i

Let us see one important theorem named Arden's Theorem which helps in checking the
equivatence of two regular expressions.
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Arden's Theorem : Lot P and Q be thotwo regular expressions over the input set L. The

regular expression Ris given as
R=Q+RP

Which has a unique solutionas R = QP°

Proof: Let, Pand Q are two regular expressions over the inpul string 3 .
1P does notcontain ¢ then there exists R such that
R=Q+RP ()
We will replace R by QP* incquation 1.
Consider R. H. 8. of equation 1.
tQ-rﬂP'P
«Q(e +P'P)

=QF" v e+ R'R=R'

Thus R=0F

isproved. To prove that R = QP"is aunique solution, we will nowreplace LILS. 0

by Q + RP. Then it becomes
Q+RP

Bul again R can be replaced by Q + RP.
Q+RP=Q+(Q+RP)P
=0+QP+ RF
Again replace R by Q +RP.
=Q0+0P+(Q+RP)P
=0+0P+QP +RP
Thusif we go on replacing R by Q +RP then weget,
Q+RP=0+0QP+0P +..tQF + RP"
= Ole+P + P+ P') 4 RP™

meeqmﬂﬂﬂ 1,

R=Qe+F+ P? +unet P4 RE™
Where iz0
Consider equation 2,

R=Qle+P+ P t P RE
%

R=QP +RP"

Let wbea string of lengthi.

FORMAL LANGUAGES AND AUTOMATA THEORY
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(i2,0,00, L1010, e )
= { &, any combination of0's, any combination of ', any combination of
Oand 1}
Henee, L.IL S, =R 1. 8. is proved,

3.4 RELATIONSHIP BETWEEN FAAND RE

Thereisaclose relationship between a finite automatn and the regular expression we can show
this relation in below figure.

Canbe B Regular Can be
Converted expression converted o

Delerministic NFAwith
finite ¢ TOVES
aulomala
Can be Canbe
converted converted to
MEAwithout
e MmovEs

The above figure shows that it is convenient to convert the regular expression toNFAwith e
moves. Let us see the theorem based on this conversion.

3.6 CONSTRUCTING FAFOR A GIVEN REs
Theoren :If » beareguiarexpression lhen thers exstsa NFAWID e - moves, whichaccepls L(r).
Proof: First we will discuss the construction of NFA 3¢ with & -movesfor regularexpression
r and then we prove that L(M) = L(r).

Let  be theregularexpression over the alphabel £

FIGURE : Relationship between FAand regular expression l

Construction of NFA with ¢ - moves |
Case 1! l

M r=b

e e — ‘
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NFA M = ({s, £), [ 1B, (/) na shown in Figure) (a)
{(No path from initial state s (o
' reach (he final state /)
Figure 1 (a)

@ r=e
NFA M = ({5}, { ). 8,5, (s)) as shown in Figure | (b)

( ) (The initial state 5 is the final state)

Figure 1 (b)
ﬁﬂ r= u,[’ﬂraﬂa el,
NFA M = ({s, /). 58,5 /)
& (One path is there from initial state §
@ @ (o reach the final state fwith label a.)
Figure 1 (c)
Case2: |[r|21

Let r, and r, be the two regular expressions over £, Z, and N and N, arotwo NFA for
r, and r, respectively as shown in Figure 2 (a).

Figure 2 (a) NFA for regular expression » and r,
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which denotes the regular expression.
(otal 2 stntes and finnl state is g, W whose sturt stnle is g, .

‘ Now let us compute for final state,
will be computed, because there are

"n"' ’lilﬂl}(’n)'(!h)

|
!
\ w0(e)*(e) + 0

e

=0+0
r} = 0 which {sa final regular expression.

3.6.1 Arden's Method for Converting DFAto RE

As we have seen the Arden's theorem is useful for checking the equivalence of two regular
expressions, we will also sec its use in conversion of DFA to RE.

" Following algorithm isused tobuild ther o fromgiven DFA.

1. Let g, bethe nitial state.

2. Thereareq,, ¢y @ssdas+an mhunfmlhﬁnalsmmmbcsome g, where J<n

3. Leta, represemsl.'lxtlmsilion&omq, 10g,.
4. Calculate g, such that
g, =,
If g, isastartstate
g, =aug,*€
Si S‘unilﬂﬂy::mxputeuwﬁuﬂmwhich

_

Example 1 : Construct RE for the given DFA.

ultirnately givcsﬂwtagnﬁaracprﬁsiunr.

B

Solution :

Sinneihcrcisonlyoncstateimhn finife automata letus solve for g, only.

o =g,0+gpl+€
=go(0+1)+€
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Example 3 : Construct RE for the DFA glven in below figure.

Solution : Letus see the equations
Qo= ql+qy0+e
=0
41 =l
g =q,0+ g1+ gy(0+1)

Letus solve g, first,

go =gl + 9,0+ €

qo = g0l +gol0+e

qo = qo(01+10)+ € “R=Q+RP

go =€ (01+10)* = QP* where

go =(01+10)* R=gqy,0=¢,P=(01+10)
Thus the regularexpression will be

r=(01+10)*
Siumqoisaﬁnalslﬂtc.mmint:mwdh g, only,

Example 4 : Find outthe reqular expression from given DFA.
0
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Example8: ghow thal the language Lela b>0) 10 not regular.
Solution : The set of string$ od by language L Is,

L= {abb, aabbbb, aoabbbbbb, umﬂbbbbbﬁbb...]
Applying Pum sirings above,
Take thestring abb.
[t is of the form uvw.
Where, | [S i)l V2]
To find i such that w'wi L
Takei =2 here, then
w'w = a(bb)b

=abhb

Hence wv'w =abbb ¢ L
Sinceabbb is nolpmminlhcsuinss of L.

. Lisnot ;
Example 9 : Show that L= (0|n is2 perfact square } fs not regular.

Solution :
Step1:LetLis
Step2: Letz=0" then | 2|
Thcrcfare,mmnwritcz-‘-uvw;
Take any string of the lenguage L=
Takeoﬂﬂﬂasﬁﬁng,hercu=ﬁ,v=ﬂ,w=00tn find i
Take i =2 here, then

v w= 0(0)700

= 00000
This string Uﬂﬂ-ﬂﬂisnotpmentin strings of language L.So uv'we L+
Itis a contradiction.

mgtﬂarbmepinglcma.wuben
=n22.

Where |wvjsn Rl

{ 00,0000, 000000.... }

suchthat w'weL.

3.9 PROPERTIES OF REGULAR SETS

Rngaﬂarsets m‘ﬂclosedtmderfotlowingprnpcrﬁcs.

1. Union
2. Concatenation
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Kleene Closure
Complementation
Transpose

Intersection

i ol

1. Unlon : If R, and R, are two regular sets, then union of these denoted by R, + R, or
R, \s R, isalso a regular set.

Proof : Let R and R, be recognized by NFA N, and ¥, respectively as shown in
Figurel(n) and Figure1(b).
e (@)

FIGURE 1(a) NFA for regular set R

FIGURE 1(b) NFA for regular set R;
We construct a new NFA N based on union of N, and N, asshown in Figure 1 (c)

FIGURE 1(c) NFAfor N, + N,

Now,
L(N) = € L(N,) € + e L(N;) €
=eR€ + €R,E
=R +R,
Since, Nis FA, hence L(N) isaregularset (language), Therefore, R, + R, isaregularset.
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2. Concatenation: If R and R, aretwo regular sets, then concatenation of these denoted
by RR, isalsoaregularset.
Proof : Let R, and R, be recognized by NFA », and N, respectively as shown in
Figure 2(g) and Figure 2(b).

FIGURE 2(b) NFA for regular set R,
We construct anew NFA. Nbased on concatenation of ¥, and N, asshown in Figure2(c).

FIGURE 2(c) NFA for regular set RiR,

Now,
L(¥) = Regular setaccepled by N, followed by regular setaccepted by N, = R\ &,

Since, L(N) isaregular set, hence R,R, isalsoa regular set.

3. Kleene Closure : If Risaregularset, then Kleene closure of this denoted by R *isalso
aregular set.

Proof: Let R isaccepted by NFA N showninFigure 3(a).

€ N o ‘fffj“["' Sipueih
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